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Abstract

Recently, WHO reported that 240 million people are infected with the schistosomiasis
in the world with over 700 million people living in endemic areas. Reports also show
that Nigeria has the highest cases of schistosomiasis in the world with over 30 million
infected persons expected to be treated every year. Several deterministic population
models have been formulated to study the dynamics of schistosomiasis in human,
snails and the parasites population. In this study, we present a nonlinear
mathematical model to provide mathematical and epidemiological insight to the effect
of case detection on the transmission dynamics of schistosomiasis. The qualitative
properties of the the model as well as the local and global asymptotic stability of
equilibria are established. The existence of backward bifurcation is investigated.
Furthermore, the disease-free equilibrium of the model was shown to be globally
asymptotically stable (GAS) whenever the related effective reproduction number, R,,
is less than unity; this implies that schistosomiasis cannot prevail in the population.
Moreover, we established the global asymptotic stability of the endemic equilibrium
when the associated reproduction number R, is greater than one. This suggests that
schistosomiasis will prevail in the population. Numerical simulations of the model
showed the effect of varying some parameters of the model on the population
dynamics of schistosomiasis.

Keywords: Disease free equilibrium, endemic equilibrium point, local asymptotic stability, global
asymptotic stability, reproduction number, schistosomiasis.

1. Introduction

Schistosomiasis is a rapid, sensitive and chronic parasitic disease produced as a result of the blood flukes (trematode
worms) of the genus Schistosoma [1-4]. Schistosomiasis being the incidence and susceptibility condition to death for
developing nations in Africa, Caribbean, Middle East, South America, and Asia. The death toll from schistosomiasis is
considered to be second only to malaria as the most devastating parasitic disease and one of the neglected tropical diseases
(NTDs) [5]. WHO reported that about 240 million people are suffering from schistosomiasis in the world with 700 million
people and above living in tropical and sub-tropical regions, in rural areas and areas with poor sanitation [1-4]. Africa has
the highest cases of schistosomiasis with an estimated 85% of the world’s schistosomiasis cases where more than 50%
people live in endemic areas [6-8]. Nigeria is the leading country suffering from schistosomiasis in the sub-Saharan region
of Africa and even in the entire world [8-11] with about 30 million Nigerians estimated to need treatment every year [9].
There are two major forms of schistosomiasis, intestinal and urogenital, and it is caused by 5 main species of blood fluke,
namely: Schistosoma mansoni, Schistosoma japonicum, Schistosoma mekongi, Schistosoma guineensis and Schistosoma
haematobium [2-4]. These parasites possess in common some of their life-cycle characteristics, for example, eggs through
excreta (urine or faeces) deposited by people infected with schistosomiasis into water bodies hatch on contact with water
and then develop into miracidia; the miracidia are attracted to certain intermediate snails host through chemical sensors,
and they must find and enter a suitable snail specie within 24 hours in order to survive, as the posibility of survival of the
miracidia decreases quickly in all the schistosoma species after about ten hours [8]. The miracidia multiply inside the snail
and the parasite progress into sporocysts, the sporocysts develop into cercaria, the free-swimming larval period of
development of the parasite after the first to the second months within the snail. The cercaria is similar to the miracidia in
terms of their short life span characteristics of about 2 days to penetrate man or a few distinctive sensitive mammalian
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explicitly host that come in contact with the infected water [12]. Schistosomiasis (or bilharzia) is unusually considered
among helminth diseases because much of the origination and development of the disease is due to the eggs and not in
larvae or adults stage with most of the pathology caused by delayed-type hypersensitivity and granulomatous reactions. The
period of infection is frequently differentiated into Acute, Migratory and Chronic phase [6, 13]. Patients during migratory
phase exhibit no symptons, but responsive patients may experience transient dermatitis (swimmers itch), occasionally
pulmonary lesions and pneumonitis [13], while the acute phase (also known as Katayama syndrome) occurs at the same
time with the first egg release and is characterized by excessively sensitive responses (serum sickness due to overwhelming
immune complex formation) leading to lymphadenopathy, aches, gastrointestinal discomfort, pyrexia, eosinophilia and
fatigue [6, 14] and the chronic phase occurs in response to the cumulative deposition of fluke eggs in tissues and the host
responses that progress against them, although the eggs laid by female worms are not all successfully penetrating the gut or
bladder walls, some are caught in organs where strong granulomatous responses was evoked and were taken away in the
circulation [15, 16].

Schistosomiasis is diagnosed through the discovering of parasite eggs in urine or stool specimens, the antigens discovered
in blood or urine samples are also signs of infection [3-5]. Urogenital schistosomiasis, which is geographically distributed
in Africa and the Middle East countries is detected through the filtration technique diagnosed using paper, nylon, chemical
reagents strips and polycarbonate filters [3-6, 16]. Fecal and urine specimens is used to detect the eggs of intestinal
schistosomiasis through a practical method using methylene blue-stained cellophane immersed in glycerin or glass slides,
known as the Kato-Katz technique and CCA (Circulating Cathodic Antigen) test [3-6, 17]. However, Polymerase chain
reaction (PCR) tests and Blood tests are also effective in establishing the diagnosis of schistosomiasis but this test may not
be positive until the parasites have penetrated into the skin for about two months because it usually takes time for the egg to
develop and stimulate the system of an infected individual [16]. In some chronic cases of schistosomiasis, eggs are not
always present in the fecal or in the urine specimens, other tests and procedures like liver biopsy, cytoscope, colonoscopy
and endoscopy may be adopted to obtain the tissue biopsy materials [16]. In addition, CT scan, chest X-rays, ultrasound,
echocardiograms, liver function tests , and complete blood count (CBC) may be used to ascertain the extent of the infection
or if there has been damage caused by the parasites [16]. Praziquantel has been the recommended drug for the treatment of
all types of schistosomiasis, because it is safe, its treatment is simple and it is not expensive [18]. Naji and Majeed [19]
studied the transmission dynamics of schistosomiasis with the existence of treatment. They described a mathematical model

where saturated treatment function 15 ywas used instead of the natural recovered term [19]. Chen et al. [20] proposed and
0

analyzed a schistosomiasis mathematical model for human-cattle-snail transmission, emphasizing Hubei province, together
with Anhui, Hunan, Jiangsu, and Jiangxi in the eastern and central China where schistosomiasis is endemic [20]. Chiyaka
and Garira [21] developed a deterministic mathematical model to study schistosomiasis transmission behaviors in the
Human-snail hosts population with the inclusion of the characteristics of the interaction between miracidia and cercariae.
They concluded that the control strategies that is centered on the transmission of the disease from snail to human will be
more effective in the control of the disease than preventing the transmission from man to snail [21]. Li et al. [22]
constructed a periodic transmission rates deterministic model based on the monthly data delivered by the Chinese Center
for Disease Control and Prevention (China CDC) on the cases of human schistosomiasis in the following provinces, Hubei,
Hunan and Anhui (Lake and marshland region), they suggested to control human schistosomiasis, hygiene, education,
treatment of at risk populations groups, snail control and improving sanitation will be an effective measures in these lakes
and marshland region [22]. Remais [23] presented a mathematical model of the transmission of schistosomiasis involving
several Environmental phases, he applied human understanding to the environmental determinants of the infectivity,
viability, longevity and morbidity of these environmental stages to control the disease [23]. Adekiya et al. [24] examined
the impact of rainfall and temperature on schistosomiasis; he showed that climatic change improves the reproduction
number of schistosomes and the reproduction rate of snails [24]. Aboudrame et al. [25] considered a nonlinear deterministic
model based on the transmission of schistosomiasis with two general incidence functions and delays.

In this paper, a deterministic mathematical model that investigates the impact of case detection on the dynamics of
schistosomiasis in a given population is developed.

2. The Mathematical Model

This population model is divided into five human sub-populations, two-snail sub-populations and two parasites states. The
human sub-populations are susceptible individuals (S;) who are open to contract the disease, exposed (individuals who are
already infected but not infectious) (E},), undetected infected individuals (infectious but are not yet detected of the disease)
(I1), detected infected (individuals who have been infected, infectious and also detected of the disease) (1,), and treated
humans (individuals who have been treated of the disease) (T},). The two snail epidemiological state are susceptible snails
(S,) that is capable of contracting the parasite miracidia and infected snails (/) that has contracted miracidia and is able to
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release another parasite called cercaria. There are two parasites states; miracidia (free-swimming ciliated larval) class (M)
and cercariae class (J5). The recruitment into the population is through influx of individuals into the human susceptible
class at the rate of A, and influx of snails into the susceptible snails compartment at the rate of A,. The population get
infected with the disease when the parasites (cercaria) discharged by the snails penetrate a susceptible human skin during
contact with infected fresh water at the rate 4;, given by

Bl
;= L L (1)
Jo + €/ . . N o .
and the snail population also get infected when the free-swimming ciliated larval (miracidia) penetrate the snail at the rate
Am given by,
ﬁmMs

Ap=—"—, 2

™ My + €M @

where B; is the cercaria penetration rate, S, is the miracidia infection rate, J, is the carrying capacity for cercaria, M, is the carrying
capacity for miracidia and ¢ is the limiting growth factor for cercaria and miracidia. The population is infected with schistosomiasis when
the parasites (cercaria) discharged by the snails penetrate a susceptible human skin during contact with infected fresh water, the newly
infected susceptible human and a portion w of treated human re-infected with schistosomiasis are assumed to progressively move to the
Exposed class Ej, individuals in this class of the population is believed to progressively move out from the latent periods to the active
infected periods at the rate v. A fraction of the detected cases of the active infected persons with schistosomiais (pvEy) moved to the
detected infected class I, with schistosomiasis per unit time. The remaining fraction of the active infected persons with
schistosomiaisis (1 — p)vE;, progressed to the undetected infected class I;,; of the population and the population reducing as a result of
the disease-induced deaths (d,, d;) and the proportion (n,) of the detected schistosomiasis patient commencing treatment. The
population of individuals treated of schistosomiaisis (T},) increases due to treatment of detected (11,;) persons, the treated individuals
may be re-infected at the rate (w4;) and the miracidia (free-swimming ciliated larval) population increases as a portion n, of the parasites
egg secreted by both the undetected and detected infected individuals, contaminate the fresh water with their feaces or urine which hatch
into miracidia, the free-swimming ciliated larval at the rate ¢ and all the human population dies naturally at the rate u;,. The miracidia
finds and penetrate its suitable species of a fresh water snail and change it into a sporocyst, if in anyway the miracidia failed to find a
suitable snail, it dies naturally at the rate p,,. The snail population is infected at the rate A,, as the free-swimming larval known as
miracidia penetrate into the susceptible snails and also die naturally at the rate u. The infected snails will then release another form of
free swimming larva called cercaria at a rate 6 which will infect humans and may also die naturally at the rate ;.

The assumptions above are combined to form the model for the dynamics of the schistosomes parasite transmission as

, B Snl.
Sp =4y — / S_:uhshv

= ot e, (Sp + wTp) — (v + wy)Ey,

Iy = QA =pvE, — (do + tpln1,
Iy =pvE, — (Mo + dy + updlna,
wﬂj]sTh
= — — un T, 3
Noln2 To + €l hih 3
Ms’ = ne((lhl + Ihz) - .umMSﬁ
ﬁmMSSS

Se =Ay ——————ugS,,
s S M0+6MS #S S
r BrmM;Sq
Is = e~ It

o+ €M;
Js =0l — s

The total human population is represented by N, =S, + E, + I; + [, + T, while the total snail population in the
environment is accounted for by N; = Sg + L.
A schematic representations of the system is given in figure

Figure 1: Schematic diagram of our schistosomiasis model (3).
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2.1 Positivity and Boundedness of Solutions
Theorem 1: Let the initial data for the tuberculosis-schistosomiasis co-infection model be given as S, (0) > 0,E,(0) >
0,1, (0) > 0,I,,(0) > 0, T, (0) > 0,M,(0) > 0,5,(0) >0,I,(0) >0 and  J,(0)>0. Then the  orbits
(S (), En (), In1 (), Iz (1), Tr (), My (t), S (t), I;(t), ] (t)) of the model with positive initial conditions, will continue to
be positive for all time t > 0.
Proof: Let t; = sup{t > 0:5,(0) > 0,E,(0) > 0,I,,(0) > 0,1,,(0) > 0,T,(0) > 0, M;(0) > 0,5,(0) > 0, I,(0) >
0,J5(0) > 0}. Consider the first equation of model (3), given below as
dS,(t)

Praniatli (A + un) S (®), 4
which can be re-expressed as

d t
S et + [ 2, dr

t
> Ajexp {ujt + f A (‘L’)d‘[}. (5)
0

Su(t)exp{ut; + f W@ di) - $,(0)
0

ty y
> f Ay [exp {uhy +f A (‘L’)d‘[}] dy, (6)
0 0
So that,

Su(ty) = Sp(0)exp [—tnts — f 3 (@]
0

+[exp{—upt; — | A; ()dr}]
0

ty y
XJ;) Ay [exp {uhy+f0 A (T)d‘[}

Hence, S,(t) >0, vt > 0.
Similarly, it can be shown that E;(t) > 0, I,;(t) > 0, I;,(t) > 0, T,(t) > 0, M,(t) > 0, S,(t) > 0, I,(t) >0, J,(t) >
o,vt>0.

dy>0. (7)

Theorem 2: Let (S,(t), Ex(t), I, (£), Ix (£), T, (), My (1), Ss(t), L (1), Js(t)) be trajectories of the system with initial
conditions and the biological feasible region given by the set D, = D, x D,, x Dy x D; € R} X R} X RZ x R} c R,
where:
Ap
Dn = {(Sn En In1, In2s Tr) € R3: N, < E}
neZAh

D, ={M,eR}:L<———
m { S + ﬂmﬂh}

A
Dy ={(Ss1;) € RE:N, < #—S}
S

D; ={;€R}:J <9AS}
g T T g
is positively-invariant and attracts the entire positive trajectories of the model .

Proof: Adding up the right flank of the vector field for the human population in (3), yields

dNy,

ar Ap = ppNp = dolpy — dylp,. (8)

From (8), it follows that % < Ay — upNy,. Hence, % <0 if Ny(t) = ;ﬂ Employing a standard comparison theorem
h

[26], we prove that N, (t) < Nj,(0)e Hrt + %(1 — e #rt), In particular, if N,(0) < 2—" thus N, (t) < 2—’1 for every t > 0.
h h h
Hence, the set D, is positively invariant. Moreover, if N, (0) > 2—’1 then either the orbits enters the domain D, in finite time
h

or N, (t) asymptotically tends towards % as t — oo. Thus, the domain D,, attracts every orbit in R3.
h
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M,
i Ne{(Iny + Inz) — 1sM, €))

From (9), which follows that dMS < "e:/l”‘

- ,leMS 5|nce Nh = Sh + Eh + Ihl + IhZ + Th < % = Ihl + IhZ < ;i Hence,
h h

%S 0 if My(t) Z’Le(—ﬂ:. Emponmg a standard comparison theorem [26], we prove that M, (t) < M, (0)e #m! +

%(1 — e~Hmt) In particular, if M,(0) <2222 then M,(t) <2< for all ¢ > 0. Hence, the set D,, is positively
shh HsHh Hshn

invariant. Moreover, if M,(0) > %ﬂ/‘h then either the orbits enters the domain D,, in finite time or My(t) asymptotically

e(h

approaches as t — oo, Thus, the domain D,), attracts every trajectory in R}.

For the snail populatlon we add up the right flank of the vector field of the snail population in (3), which gives

dN,
dt = As — psN;. (10)

From (10), it follows that %SO if Ny(t) 2%. Consequently, N(t) =Ns(0)e‘“st+;ﬁ(1—e‘”st). Then the

limsup;_,0 Ng(t) =%. In particular, if Ng(0) < ;ﬁ then Ng(t) S;ﬁ for every t > 0. Hence, the set Dy is positively
invariant. Moreover, if Ng(0) > % then either the orbits enters the domain D in finite time or N, (t) asymptotically
S

approaches f as t — oo, Thus, the domain Dy attracts every trajectory in RZ.
For the concentration of the cercariae, we consider the right flank of the vector field J in (3), yields

dj
d_ts =01 — /. (11)
From (11) %— 015 — u;Js which follows that d]S < %4 —ujjs since Ny = S + I < =>I <% " . Hence, 'Z]S <0 if
J(@®) > Employlng a standard comparison theorem [26] we prove that J,(t) < ]S(O)e‘“l %(1 —e MY, In
jHs
64

04
<= <
partlcular, |f Js(0) < e then Jo(t) < n,

04

p for all t > 0. Hence, the set D; is positively invariant. Moreover, if /;(0) >

e then either the orbits enters the domain D; in finite time or J;(t) asymptotically approaches % as t - oo,
JEs jHs

Thus, the domain D; attracts every trajectory in R}.

Therefore, it is sufficient to study the dynamics of the flows engendered by the model system in D. We conclude, therefore,
that the model is together mathematically and epidemiologically well-posed.

3 Mathematical Analysis of the Model

We establish the Local and global stability of the disease-free equilibrium (DFE) and endemic equilibrium (EEP) in this
section.

3.1 Local Asymptotic Stability (LAS) of the Disease-free Equilibrium (DFE)

At the disease-free state, the cercaria and miracidia states do not exist, then the host and the intermediate host do not have
any infection. Thus, the disease-free equilibrium for (3) is

Ay
Uo = S0, Ef, Ifs, I8, T, M, S8, 18, U = (32, 0,0,0,0,0, 7%, 0, 0) (12)
S

The effective reproduction number R,, is defined as the expected number of secondary cases produced in a totally sensitive
population by a typical infective individual during infectious period at a disease free equilibrium. The effective
reproduction number is used to ascertain the transmission ability of a disease. The reproduction number is affected by the
rate of contacts in the host population, the probability of infection transmission during contact and the contagious duration,
hence, it follows that matrices f and k, representing transfer rate of individuals into new compartments and out of the
compartments at DFE can be expressed as,

A
/oooooh\
Joltn
0000 0 0
Fo_ooooﬁo/1 0 (13)
mis
o000 = o |
MO#S
\00000 0/
0000 0 0
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and
v+ up) 0 0 0 0 0
(=1+pv (do+up) 0 0 0 0
_ —pv 0 (do+mo+mn) 0 0 0
k= 0 0 0 4 0 0 14
0 —(n, —(n, 0 Um0
0 0 0 -6 0

respectively. Thus, it follows that the effective reproduction number of the model (3) denoted by R, is obtained as,

{0vne BB AnAs (1 — p) (o + di + pp) + p(do + pr)) (15)
JoMopn (v + tn)(do + pp)(dy + 0o + Up) g

where, p(FoK 1) is the matrix (FyK ~1) spectral radius [27]. Thus, it is observed in this case that,

Ro =V RonRo,s (16)

where,
__ SvneBiAp(1-p)(Mo+d1+up)+p(do+un)) _ Bmb94s
Ron = Jotn(w+in)(do+n)(d1+0o+itn) i and R, = 1juZMo 17)
From the above generated effective reproduction number R,, it is observed that the R, is obtained as a geometric mean of
two quantities because an infected individual introduced into an entirely susceptible population generates R, infections
during his/her infectious period [27]. Schistosomiasis passes through a snail before another human can get infected,
therefore the number of new infections is obtain by the geometric mean of R, , and R, . If we consider an infectious
individual, present in a population at the disease free equilibrium, then the likely number of snails infected by this person,
that is, the man-snail transmission coefficient is approximately
_ BnbA

B ﬂj.ungO

Ry = P(FOK_I) =

(18)

0,s

Similarly, if we consider an infectious snail entering and present in a population at the disease free equilibrium, then the
likely number of humans infected by this snail that is, the snail-man transmission coefficient, is approximately
R = {vn B;iA, (1 —p)(o + dq + pp) + p(do + 1y))
O Joma( + pa)(do + ) (dy + Mo + BB
Lemma 3: The disease-free equilibrium point of the system (3), U,, is LAS whenever R, < 1 and unstable otherwise. Thus
we can deduce that there is possibility of eliminating the disease from the population when the effective reproduction
number R, < 1.
3.1.1 Examination of R,
The impact of some parameters is evaluated by examining the effective reproduction number with respect to the sensitivity
of the progression rate from latently to actively infected with schistosomiasis v, the case detection p, and the
schistosomiasis treatment rate n,. If we consider the change of R2 with respect to v, we have

OR3 _ {01, BB AndAs(P(do + ) + (1 — p)(Mo + dy + )

(19)

>0 20
90~ JoMo( + 1) (do + Ao + ds + ) isHk2 @0
2
Clearly, from (12), % > 0, this implies that schistosomiasis infection progression rate from latently to actively infected

cases on the dynamics of schistosomiasis will have negative impact.
Also, if we consider how R3 changes relative to p, we have

amg — U(Qneﬂjﬁm(do - dl - no)AhAs (2 1)
op  JoMopn (v + up)(do + up) (Mo + dy + wp)tjlmp?
Thus,

2
1. Ifdy < (dy+ng) (ie.dy —dy <7nyg), then % < 0; since R, is a decreasing function of p, then detection (as well as

quick commencement of treatment) of a proportion of persons infected with schistosomiasis will have a positive
impact (reduced the burden of the disease) in a population.

2
2. Ifdy,—d; >n,, then % > 0; since R, is an increasing function of p, then case detection of schistosomiasis will
have a negative impact (will not reduce the burden of the disease) in the population.
2
3. Ifdy = d;, this implies that %" < 0; since R, is a decreasing function of p. Hence, case detection of schistosomiasis

will have a positive impact on the dynamics of the disease.
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Also if we consider how %3 changes in respect to 7, that is,

OR3 —pv{On,L; fmAn/
0= p( eﬁ]ﬂm h 52 2<O (22)
o JoMopn(v + pn) (Mo + dy + pn)? 1 pim s
2
Clearly, % < 0, this implies that if the proportion of detected persons with schistosomiasis, promptly treated is large, it
0

will result into reduction in schistosomiasis burden in a population.

3.2 Existence of the Endemic Equilibrium Point (EEP)

Let the endemic equilibrium point (EEP) corresponding to the system (3) be defined as
U™ = (S, Exs, Iy, Iny, TR, My*, S5, L, J30). (23)

and the non-trivial endemic equilibrium as,

P Ay o ATSE H T .. (1 —pwE;
Y rm T ) M ot )
UE** [** n I** + I**
I = pvEy ’ - 712 h2 ’ Mo = eCUp1 + I3 24)
(o +dy + pp) WA+ Hm
S** — AS k% ___ A:;;S;* *k 91;*
° (A + 1)’ ° us T
The endemic cercaria force of infection polynomial 4;* is computed by considering
BiJs*
=L 25
/ Jo +€J5” (25)
and
BmMs*
Ay =——"— 26
™ My + eMr (26)
then the EEP associated with the system (3) satisfy the following polynomial written as a function of 4;" as,
COA2+ O +C9=0 (27)
where,
CY = JoMoB;((1 — plvwny + vw(dy + py) + wpn (Mo + dy + pup))pjus
+ JoMoB; (1 — p)vwn, + vw(d, + py) + wup (Mo + dy + 1))
+0JoBmtn (v + up) (Mo + dy + up) (€045 + Joujus)Rop  (29)
€2 =JoMoBj(un(v + un) (Mo + dy + pp))pjpié
+unfoMof; (1 — P)vwng + van, + vao(dy + uy) + wpp(Me + dy + pp)Iujus
—0w]oBiBmAstin(v + up) (Mo + dy + up)Ro
+eJun(w + ) (Mo + dy + )i Ro
+oBmttn (v + ) (Mo + dy + 1) (€64 +]0/1j.“s)5no,h (30)
C3 = JoMoBmuh (v + pp) (Mo + dy + pp)p;pui (1 — R). (31)

We solved the polynomial in (26) to obtain the components of the EEP. Clearly, the coefficient C? is always positive (since
0 <p<1),italso follows from (26) that the coefficient C? is always positive if the reproduction number R3 is less than
one and always negative if the reproduction number R32 is greater than one, therefore we establish the following theorem.

Theorem 4: Together with the above statement, the system (3) has:
1. aunique endemic equilibrium whenever RZ > 1 and C < 0
2. no endemic equilibrium whenever R3 < 1 and €Y > 0

3.2.1  Backward Bifurcation Analysis

Set the variables such that

Sp=%1, En =3, Ing = X3, Ing = X4, T = x5, Mg = X¢, Ss = X7, Is = X5, Js = Xg,
and rewrite equation (3) as

2t = G = (91,9295 94, 95 96 9795, 9o)
such that,
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, Bjx1%9
x(t) =91 = _]0]+ o — UrX1,

, Bjxo(x1 + wxs)
x() =g, = JJOT — (v + up)x,,
x3(t) =g3=0A—-pvx, — (dg + pp)xs,
x4(8) = ga =pvx, — (o + dy + Up)xs, (€29

, WPix5Xq
X5(t) = gs =MNoXs — m — UnXs,
X6(t) = 9ge =nel(x3+ Xx4) — UmXe,

, BmXex7
x7(t) =9g;,=4s— m — psX7,

, PmXeXxy

) =gs= -2 — uxg

xg(t) gs = M, + exg UsXg

x9(t) = go = O0xg — U;X.

Suppose B; = B; is chosen to be the bifurcation parameter for the system (31) then when R, = 1,we obtain

8 = = JoMoptn ittt (v + up) (do + ) (Mo + dy + 1)
]

BmArAsneCvO((1 —p)(o + dy + pp) + p(do + 1))
The Jacobian matrix associated to the model (31) at the DFE, is obtained as

(32)

JWo)lg=p; =

__ _% -
n 0 0 0 0 0 0o o -2
0 —@+u) 0 0 o o o o Hm

Hnlo
0 (I—pw —(do+pp) 0 0 0 o 0 0
0 pu 0 —(Mo+ di+un) O 0 0 0 0
0 0 0 o —Un 0 0 0 0 1(33)
0 0 n,¢ n,¢ 0 —u 0 0 0
BmAS
0 0 0 0 —Emx o0 0
BmAS

0 0 0 0 0 =0 o 0
0 0 0 0 0 0 0 0 —U;

By the Centre Manifold Theorem in [28, 29], we investigate the possibility of ba(;kward bifurcation at R, = 1. We can
show that the Jacobian (]3],) at g; =p; of the system (31) possesses a right eigenvector given as w =

(Wq, Wy, W3, Wa, Ws, We, Wy, Wg, Wo)T by multiplying the Jacobian matrix (25) with, we further express each of the vectors in
terms of wy

e = —BjApWq e = BiApwq e = (1 —p)vB;Apwe
! 1o 27w+ ulo” 7 + ) (do + 1o

w. = pvﬁjAhwg e = TlopvﬁjAhW9 (34)
YT @+ )Mo + dy il * TR+ ) (Mo + dy + o

e = 15 Moptjwo o = W . = B
6 0Bl T e 87 9

Similarly, we can obtain that the Jacobian (]B]’f) at B; = pB; of the system (31) possesses a left eigenvector given as u =

Uy, uy, Uz, Uy Us, Ug Uy, Ug, Ug| by multiplying the Jacobian matrix (33) with u and express each of the vectors in
terms of ug as

U =u =0 u = .uj:uhjou9 Ua = 6ne€,8m/1$u9
U BiAy T a2 (do + un) M, 35)
N {BmAsug o, O,Bm/l u9 6u9
u Ug=———, Ug = —
4T k2 (Mo + dy + p)My’ 6T mpZM, 2T

Using the expression derived by [29] for computation of a and b for the system (31), the corresponding non-zero partial
derivatives is given as,
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n

azgk(0,0)
a = Z ukWinTaxj (36)
k,i,j=1
and
= 92g,.(0,0)
b = Z Uy wlki'* (37)
) axlaﬁ]
thus
Bi B 2eBjxjuwi 2B, x;ugwé j
=2 —+2 - = — +2 —,
a U, WoWq 7o U, W5 Wo 7o ]3 Mg UgWe W5 M,
Zw/?}‘umopvugwgz

) (dy + 10 + tn))o

B (2/1;[3}‘119%2 N 2uunexiuows  2€0u3 1k xsusws ZMSM?u9W§) 38)
uno Ao 62 Bn A2 04
Thus, a > 0 if and only if
H
w>H—6(H1+H2+H3+H4) (39)
5
where,
_ Zﬂjﬁ;u‘BW‘g H. = Zﬂjﬂhfxfu9Wr32 _ ZEQHEHjx;Ur;Wg
! plo Ao P 2P /2
2 2 (40)
2pspiugwy 2
H, = oA Hg = 2Buinopvugws, Hg = up(v + pp)(dy + 1o + tin)/o
S
and
UpWoX  [hjfpX]UgWy
b= = > 0. (41)
Jo BjAn

Hence, we establish these results with the following theorem:.
Theorem 5: If R, = 1, and

H
w> H—G(H1 +H, + Hs + H,) (42)
5

where wy, wy, -+, wy and uy, u,, -+ Uy are given in equation (34) and (35) respectively, then the system (31) undergoes a
backward bifurcation, otherwise it undergoes a transcritical bifurcation.

3.3 Global Asymptotic Stability (GAS) of DFE
Consider the system (3) without re-infection (i.e. w = 0), we have the following sub-model
S = An — 4iSh — UnSn,

Ep = 4Sh— (W + un)Ep,
Iy = A = p)vE, — (do + up)ln1,
Iy = pvE, — (Mo + dy + wp)lna,

Th = Molnz — UnTh (43)
Mg =nl(Iny + Inz) — ppMs,

Se = As — AnSs — UsSs,

Iy = AnSs — psls,

Js =0l — .uj]s-

where,
ﬂj]s
. = 44
/ Jo+€Js (44
_ .BmMs
A = M, + eM; (45)

Theorem 6: The disease-free state of the system (43), without re-infection (i.e., w = 0) is globally asymptotically stable
(GAS) in R whenever R, < 1 and unstable when R, > 1.
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Consider the following Lyapunov function associated with system (34)

Ly = GiEp + Gylyq + Gilpy + Gulg + Gs Mg + G (46)
where XT = (Ep,, Inq, Inz, Is, My, ) and

_ BnAs0%vn (1 —p)(o + dy + up) + p(do + pp))

G )
! Mottt pi2 (v + ) (do + pn) (0 + dy + )
G — ﬁmAsgqne
2 MopjumpZ (v + ) (do + )’
G — ﬂm/lseqne
S MopjumpZ (v + ) (Mo + dy + )’
(47)
0R,
G4_ = )
Hilks
YN
Gy =——"—s,
Mopjtmbis
R
GG = _0
Hj
The time derivative of the Lyapunov function at DFE is given as
Ly = GiE}, + Gyl + Gsliy + G I + Gs M, + GgJ; (48)
Substituting the right-hand side of (43) and (47) into (48) gives,
o= Bmv$ONn A Sy A (1 —p)(Mo + dy + up) + p(do + pr))
! Moijpim i3 (v + i) (do + 1) (Mo + dy + )
_ eﬁmMs/zls + elisRO _]SERO
Mop;us Hjls
_ BnvdneAsAi (1 —p) (o + dy + 1a) + p(do + Ka)) < Bils )s
Mok jtmi2 (v + pn)(do + un) (o + dy +1n) — \Jo+ls) ™"
QERO ﬁmMs :BmGAs
—JsRo + ( ) - M 49
o Hjls M, + eM; * MO.uj.us ° ( )
At DFE,
o< BiBmviOneAnAs((1 —p)(mo + dy + pn) + p(do + pp))
1 == N

JoMotj i pin i (v + pp) (do + pn) Mo + dy + 1)

AR 6A
+ (ﬁ;ll § 20>Ms - (Bm 52) Ms _]smo
oMjUs Moujus

BmAs0 )
< Mg+ JRo | (R — 1
(Mo,uj,ug N ]s 0 ( 0 )

< (RosM; + JsRo) Ro — 1) (50)
Hence, L7 < 0 whenever R, < 1 with L} = 0 if and only if M; = J; = 0. Therefore, it follows that L, is a Lyapunov
function in the domain D. Hence, from LaSalle’s Invariance Principle [30], we have that
(Eh (t)vlhl (t)lIhZ (t)' IS(t)' Ms(t)']s(t)) - (0,0,0,0,0,0) as t— oo, (51)
This result shows that in a population where there is effective case-detection and treatment for active schistosomiasis cases,
on the condition that there is negligible re-infection, that is, w = 0, the DFE will be GAS whenever R, < 1. Hence,
schistosomiasis can be eradicated from the population whenever R, < 1, irrespective of the initial sizes of the sub-
populations.

34 Global Asymptotic Stability of Endemic Equilibrium Point (EEP)

Assume that the stable manifold of the DFE of the model system (34) is

Do = {(Sn EnIntIn2 Th Ms, S, 15, Js) €D Ep = Ipg =lpp = Ms =1y =];=0}. (52)

We claim the following result.

Theorem 7: The unique EEP, U**, of model (34) with w = 0 is globally asymptotically stable in D, \ D, at any time R, > 1
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Proof: Consider the system (43) together with the force of infection and the Reproduction number R,. Hence whenever
R, > 1, the unique EEP (U™*) exist. We represent the Lyapunov function L, for the EEP as

Sh E, Iy
Lz = S _S;{*ln . +Eh. _E;;*ln P + Gl Ihl Ihlln P
S; E; I

In, Ty
+GZ (IhZ - Ihzln ) + G3 <Th - ;*ln **)
IhZ Th

M
+G4<M - M lnM**)+S -5 lnS**+I =g lnF
46 (e Jirm %) (53)
S
where
c. = W+ pp)(Mo +dy + up)
! v((1 = p)(1o + dy + ) + p(do + 1n))’
G W + pp)(do + pp)
2

v((1=p)(o + dy + pp) +0(do + pr))’
G =0 (54)
W+ up)(do + pn) (Mo + dy + 1n)

G )
* v{n,((1 —p)(mo + dy + up) +p(do + 1))
Us
GS = g
Taking the time derivatives of L, in (53), we have
S** E** [
= s (B - () s - ()
2 s, ntEp— E, nt Gi{ln I, ™
. (Th2 o (e
+G, (Ihz ( )1hz> + G <Th ( >Th>
Inz Ty
I M;* I ! S** I I I;* !
+G, (MS _ (Vs) MS) 45— (5—5) SII— <I) I
+6 (i~ (7)) (55)
S
substituting the right hand side of (3) into (55) and manipulating the result, we have
Sy Sh
Ly = wSi (2 5T 5) + 475y X

[4 Sp’ ( I N Iy )Eh <Ih1+1h2>MS**]
Sn \Im(Upt +153)  Ina(py +153) ) B \Ipy + 1)) Mg

*k

s S IJ SWEr s Sy
+ S**(Z—L— S)+ 1**(2—” - +,1**s**(1——) 56
l’tS S SS SS** luS N I;*]S Sh Ehjs** m+s ( )

Since arithmetic mean is greater than or equal to geometric mean, we conclude that the following inequalities hold
(2— ii—i) 0, 42— ( e T **)so
Sp’ S Sh Ihl([hl + Inz)  InaUpy + 1

Iy +1 s S IJs  SuE;
(’3—@_0 (2——— f*)so,<2—i]f - ﬁ“]f*)so, (57)
Ly + 17 Se S 1]y S;EnJ:
S
(1 - ) <o0.
Ss
Therefore, whenever R, > 1, L, < 0.
Since the relevant variables in the equation of I,,; and I, are at the endemic equilibrium, they can be substituted into the
equations representing I,; and I, in the model (43) so that
Iy, (8) = I3, L,(t) > I, as t— oo,
Therefore, L, represents a Lyapunov function in D,\D,.
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This outcome shows that in a population with endemic schistosomiasis, if w = 0, the EEP will be GAS whenever R, > 1.
Thus, schistosomiasis will persist in the population regardless of the initial sizes of the sub-populations whenever R, > 1.

4 Numerical si

mulations

The model (3) is simulated in this section with the parameter values set as given in Table 1. Some of the epidemiological

parameters are set related to Nigeria.

Table 1: Parameter values used in model (3)

Parameters Values Reference
Uy 0.02041 [31]
€ 0.2 [21]
) 0.1 Assumed
Ay 4,147,316 Estimated
n, 500 [32]
v 6.5 Assumed
Ag 73000 [21]
U 0.72 [10]
p 0.1 Assumed
B; 4.19 Assumed
U 0.504 [10]
7o 0.23 Assumed
B 1.475 Assumed
U 0.75 [33]
dg 0.02 Assumed
M, 100,000,000 [21]
{ 0.835 [13]
d; 0.0201 Assumed
Jo 90,000,000 [21]
0 0.9 [13]

Nigeria population is estimated to be 203,200,191 as at August 2019 [34]. The mean natural mortality rate for human was estimated to be
un = 0.02041 [31, 35] and the mean annual rate of recruitment into both human and snails population is A; = 4,147,316 and A; =
73,000 respectively. For the initial conditions, we obtain the following values from: S,(0) = 22,000,600, E,(0) = 101,400,000,
I1(0) = 30,000,000, I, = 29,000,000,T,(0) = 20,089,0000, M,(0) = 70,000,000, S;(0) = 50,000,000, I;(0) = 30,000,000,

J5(0) = 10,000,000.
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Figure 2: Graph of undetected infected human
population with varying case detection (p)
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Figure 4: Graph of undetected infected human population

with high and low case detection (p) and varying re-infection (w)
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Figure 3: Graph of detected infected human
population with varying case detection (p)
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Figure 5: Graph of detected infected human population with
high and low case detection (p) and varying re-infection (w)
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Figure 6: Graph of treated human population with high and low case detection (p) and varying re-infection (w)

Figure 2 shows the result of varying the case detection parameter p. The undetected infected human population reaches its
maximum value after about 3 years and then gradually declines until it attains a value where it remains asymptotically
stable for all time. This implies that it will take a much longer time for the disease to be eradicated from the population.
Meanwhile, Figure 3 shows that the detected infected human population reaches an maximum after 2 years, and then
decreases rapidly as a result of the treatment given to the detected infected population. Figure 4 represents the impact of
varied re-infection rate at high and low rate of case detection. It shows that the presence of the re-infection parameter has
very little effect on the number of the undetected infected human population. The undetected infected human population
increases at varying rates of re-infection within the first 5 years and decreases slowly thereafter. Figure 5 shows the
propagation of the detected infected human population at high and low case detection with varying re-infection rates. The
detected cases of the infected human population at low rate of re-infection, unlike the propagation of the population at high
detection rate, shows no significant difference as re-infection rate increases. The propagation of the treated human
population is shown in Figure 6. The treated human population increases at high detection rate as the re-infection rate is
varied and the detected cases of schistosomiasis increases up until the 15" year after which it begins to decline and then
becomes asymptotically stable.

5. Conclusion

Schistosomiasis transmission and infection remains a threat to developing countries in the world. Detection of this disease
performs a very significant role in treating and controlling the disease. In this work we have developed a mathematical
model to examine the effect of case detection on the transmission dynamics of schistosomiasis, a very severe neglected
tropical disease (NTD). This study presented a novel schistosomiasis population model by considering two infected classes:
undetected class of infected human population and the detected class of infected human population. Another class is also

introduced for the treatment of detected infected human population. The effective reproduction number R, = \/RonRos IS
obtained and the DFE of the formulated system was shown to be locally asymptotically stable (LAS) whenever the
associated reproduction number is less than unity. Furthermore, the DFE of the system was shown to be globally
asymptotically stable (GAS) with negligible re-infection rates when the corresponding reproduction number R, is less than
unity. We established the case to have backward bifurcation and the GAS of the EEP.

Numerical simulation results from the system (3) showed that a significant decrease in the schistosomiasis cases could be
achieved in the population if there is an increase in the proportion of the detected human cases of schistosomiasis which are
set for treatment immediately. It is obvious from the result of this work that schistosomiasis can be controlled in a
population if the public health control programmes provide and implement strategies for detection as well as the timely
treatment of a very large number of persons infected with schistosomiasis.It is also important to mention that continuous
contact of the treated population with the infected water with cercaria is one of problem in eradicating the burden of
schistosomiasis. Therefore an increase in the proportion of detected cases of schistosomiasis infection, treated as soon as
possible, would reduce the cases of schistosomiasis and possibly eradicate the disease from the population.
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