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Abstract

A novel deterministic model for the transmission dynamics of schistosomiasis is
designed and deployed to both qualitatively assess the role of the impact of re-infection
on the population dynamics for schistosomiasis disease burden in the presence of
intermediate stages of development of the pathogen responsible for the disease. The
model is shown to undergo the backward bifurcation phenomenon due to the presence
of the reduced re-infection parameter. A unique threshold for the reduced rate of re-
infection was also obtained. A special case of the model showed that the disease-free
equilibrium was locally asymptotic stable in the absence of the reduced rate of re-
infection.
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1. Introduction

Schistosomiasis is an acute and chronic parasitic epidemic precipitated by Schistosoma spp which are blood flukes [1-7].
Global estimates reveal that at least 220.8 million persons required preventive treatment in 2017 [6-7]. Preventive medical
care, which should be repeated over a number of years, will decrease and curtail morbidity [3-7]. About 78 countries have
reported schistosomiasis outbreak worldwide [29-33]. People are infected during casual agricultural, domestic,
occupational, and recreational activities, which bring them in direct contact with infested water [1, 3-7]. The absence of
hygiene, coupled with play lifestyles of children of school age such as fishing or swimming in water infested, make them
specifically vulnerable to infection [1, 3-7]. Schistosomiasis control focuses on reducing disease through periodic, large-
scale population treatment with praziquantel; a more comprehensive approach including potable water, adequate sanitation,
and snail control would also reduce transmission [9-10]. However, preventive chemotherapy for schistosomiasis, where
people and communities are targeted for large-scale treatment, is only required in 52 endemic countries with moderate-to-
high transmission [3-7].

Generally, several authors have developed mathematical models for investigating schistosomiasis disease dynamics with
different questions in mind which have enriched the literature [8-31], and in particular, Qi et al. [27] investigated the effect
of re-infection on schistosomiasis dynamics amongst other issues of interest.

It is evident, from the foregoing, that the several mathematical models have been developed to analyze schistosomiasis
infection but none has looked at the possibility of the impact of the intermediate stages of development of the Schistosoma
spp on the burden of the disease in the population in the presence of re-infection of individuals treated for the disease, to the
best of the authors’ knowledge.

Hence, we propose a new mathematical model to provide insight into schistosomiasis dynamics with the impact of the
reduced re-infection of individuals treated for the disease, incorporating the intermediate stages (cercariae and miracidia,
respectively) of development of the pathogen responsible. The paper is organized as follows: Section 2 contains the model
formulation. The qualitative mathematical analysis is done in Sections 3 while Section 4 gives the conclusion.
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Table 1: Model variables and their definitions

Variables Description

Su Susceptible human population

Eys Human population exposed to schistosomiasis

Iys Human population infected with schistosomiasis

Tys Human population treated for schistosomiasis

L Miracidia (parasite larvae just after hatching from the eggs) population
Ss Susceptible snail population

Is Snail population infected with miracidia in the aquatic environment

] Cercariae (larvae in the water that penetrates the human skin) population

Table 2: Model parameters and their definitions

Parameter Description

Ay Human recruitment rate

Uy Natural death rate of humans

) Reduced rate of infection with schistosomiasis

a, Progression rate from latently to actively infected with schistosomiasis
Ag Recruitment rate for snail population

Us Snail mortality rate

€ Limitation of the growth velocity

Lo Saturation constant for the miracidia

By Miracidial infection rate

N, Number of eggs secreted by humans

y Rate at which eggs successfully become miracidia
U Miracidial death rate

¢ Cercarial production rate

Jo Saturation constant for the cercariae

By Cercarial infection rate

Uy Cercarial death rate

The purpose of this current study is to mathematically (i.e., theoretically) investigate the impact of re-infection on the
population dynamics for schistosomiasis disease burden in the presence of intermediate stages of development of the
pathogen responsible for the disease.

In this study, in Section 2, a novel mathematical model is formulated to investigate the effect of re-infection on the
dynamics of schistosomiasis at population level; important thresholds governing the disease dynamics are obtained and the
local and global asymptotic stabilities of equilibria are established. Section 3 concludes the paper.

2.0 Model Formulation

The total human population at time t, denoted by Ny, (t), is split into the mutually exclusive compartments of susceptible to
infections (S (t)), exposed to schistosomiasis (Eys(t)), infected with schistosomiasis (Iy5(t)), treated for schistosomiasis
(Tys(t)), individuals so that

Ny(t) = Su(®) + Ens(t) + Ius(t) + Tys(t).

Similarly, the entire snail population in the freshwater environment at time t, given by Ng(t), is broken down into the
mutually exclusive compartments of susceptible snails (Ss(t)) and snails penetrated with miracidia (I5(t)), where

Ng(t) = Ss(8) + Is(D).

The miracidia and cercariae population at the different stages in the life-cycle of the Schistosoma spp are depicted by L(t)
and J(t) compartments respectively.

The model is the following deterministic system of eight non-linear ordinary differential equations (the parameters of the
model are tabulated in Table 2):
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Su =y — Sy — uuSu,
Eps =4Sy +YTys) — (g + puy)Eys,
Iys = ayEps — ({s + 85 + up)lys,
Ths = {slys — w/leHs — UpTys,

L' = Neylys — L,

Sg = As — ALSs — usSs,

Is = A,Ss — usls,

] =¢ls— ﬂ]]-
where the force of infection associated with schistosomiasis (following penetration by cercariae) and snail penetration by
miracidia respectively are given below:

2.1)

_ _BO

S rd 22)
BLL()

T Lrd® @9

2.1 Positivity and Boundedness of Solutions
Theorem 2.1: Let the basic data for the tuberculosis-schistosomiasis co-infection model be given as S;(0) > 0, Ey5(0) >
0,1,5(0) > 0,Tys(0) > 0,L(0) > 0,55(0) > 0,I5(0) >0 and J(0) > 0. Then the orbits
(Sy(6), Eys (), Iys (), Tys (), L(1), Ss(t), Is(t),J(t)) of the model with positive basic conditions, will continue to be
positive for all time ¢t > 0.
Proof: Let t; =sup{t > 0:54(0) >0, Eys(0) > 0, Iy5(0) > 0, Tys(0) >0, L(0) >0, Ss(0) > 0, I5(0) >0, J(0) >
03}. Consider the first equation of model (2.1), given below as
dSy(t)

T Ay = (4 + 1) Su (), (2.4)
which can be re-expressed as

d t
G Oeplut + | 2@ dr)

t

> Ayexp {,th + J A (‘[)d‘[}. (2.5)
0

t1

Sp(ty)exp{ut, + | 4 (r) dt}—Su(0)
0

t1 y
ZL Ay [exp {,tu+j0 A (‘L’)d‘[}] dy, 2.6)

So that,
ty

Su(t) = Sy(0)exp  [—uyt; — | A5 (7)d7]
0

t1

Hewp(—uty — | 4 0]
0

t1 y
xfo Ay [exp {,tu+J0 A (‘[)d‘[}

Hence, Sy(t) >0, Vvt > 0.
Similarly, considering the second equation of model (2.1), given below as

dy > 0. 2.7)

dEys(t)
dt = A](SH ® + l/)THs(t)) — (a1 + uy)Eys(t), (2.8)
It follows from (2.8) above that
2Ens®) 2 —(ay + ) Eys(0), (2.9)

dt
which can be re-expressed as
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 [EusOexp{(as + )] 2 0. 210)
Thus, integrating (2.10) with respectto t € [0, t;], we obtain
Eys(tyexp{(a; + py)t} — Eps(0) 20, (2.11)
So that,

Eps(ty) = Eys(0)exp{—(a; + uy)t1} > 0. (2.12)

Hence, Eyus(t) >0, Vt>0.
Similarly, considering the third equation of model (2.1), given below as

dlys(t)

i a1 Eys(t) — ({s + 8s + pp)lys(t), (2.13)
It follows from (2.13) above that
dIIZiSt(t) > (8 + 85 + i)y (£), (2.14)
which can be re-expressed as
s (©exp{(Gs + 85 + 1)) 2 0. (215)
Thus, integrating (2.15) with respectto t € [0, t;], we obtain
Iys(t)exp{({s + 05 + upts} — Iy5(0) = 0, (2.16)
So that,
Iys(ty) = Iys(0)exp{—({s + &s + pup)t:} > 0. (2.17)

Hence, Iys(t) >0, Vt > 0.
Similarly, considering the fourth equation of model (2.1), given below as

dTys(t)
dr {slys(t) — YA Tys(t) — puTys(t), (2.18)
It follows from above that
dTys(t) -
T — YA Tys(t) — uyTys(t), (2.19)
which can be re-expressed as
d t
E[THs(t)exp{th +J- YA (r)dr}] = 0. (2.20)
0
Thus, integrating (2.20) with respect to t € [0, t,], we obtain
ty
Tys(t1)exp {“Htl + | Y (T)df} —Tys(0) 20, (2.21)
0
So that,
ty
Tys(ty) = Tys(0)exp {—thl - ll)lj(r)dr} > 0. (2.22)
0

Hence, Tys(t) > 0, vVt > 0.
Similarly, considering the fifth equation of model (2.1), given below as
dL(t)

dt Neylus — piL, (2.23)
It follows from above that
dL(t)
dr > —u L(t), (2.24)
which can be re-expressed as
d
E[L(t)exp{mt}] > 0. (2.25)
Thus, integrating (2.25) with respect to t € [0, t,], we obtain
L(ty)exp{u t:} — L(0) =0, (2.26)
So that,
L(ty) = L(0)exp{—p,t;} > 0. (2.27)

Hence, L(t) >0, Vt > 0.
Similarly, considering the sixth equation of model (2.1), given below as

dSs(t
% = As— 4S5 — UsSs, (2.28)
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which can be re-expressed as

d t
S Oelt + [ 4 @dry

> Agexp {,ust + ftAL (‘r)d‘r}. (2.29)

Thus, integrating with respect to t € [0, t; ], we obtain
ty

Ss(texp{usty + | A, ()dt} — Ss(0)
0

t1 x
> f Ag [exp {,usx +f A (‘L’)d‘[}] dy, (2.30)
0 0
So that,

ty

Ss(t1) = Ss(0)exp  [—psty — | A, (D)d7]
0

+[exp{—pst; — | A, (v)dr}]
0

xfOlAS [exp{,usx+f0 A (T)d‘[}

Hence, Sg(t) >0, Vvt > 0.
Similarly, considering the seventh equation of model (2.1) , given below as

dx>0. (231)

dIs(t)

dr ALSs(8) — psls(8), (2.32)
It follows from (2.32) above that
dlflit) 2 —psls(t), (2:33)
which can be re-expressed as
1 (explust]] 2 0. (234)
Thus, integrating (2.34) with respect to t € [0, t;], we obtain
Is(ty)exp{ust } — I5(0) = 0, (2.35)
So that,
Is(t1) = Is(0)exp{—pst;,} > 0. (2.36)

Hence, I;(t) >0, Vt> 0.
Finally, considering the eighth equation of model (2.1), given below as
dj(t)

ar ¢ls — 1y, (2.37)
It follows from (2.37) above that

daj(t)

9 2 —u,J (t), (2.38)
which can be re-expressed as

%U(t)eXp{u/t}] > 0. (2.39)
Thus, integrating (2.39) with respect to t € [0, t;], we obtain
](t1)exp{#]t1} —J(0) =0, (2.40)
So that,

J(ty) = J(0)exp{—p,t,} > 0. (2.41)

Hence, J(t) >0, Vt > 0.

Thus, we have established positivity for all the state variables in model for all time.
We proceed to establish the boundedness of solutions to the model (2.1).

Journal of the Nigerian Association of Mathematical Physics Volume 59, (January - March 2021 Issue), 61 —74

65



The Impact of Reduced... Ako, Akhaze and Olowu J. of NAMP

Theorem 2.2: Let (Sy(t), Egs(t), Iys(t), Tys(t), L(t), Ss(t), Is(t), ] (t)) be trajectories of the system with initial conditions
and the biological feasible region given by the set D, = Dy X D, x Dg X D; € R} X R} x R} x R} < RY, where:

4 Ay
Dy = {(Su,Eus lus, Tys) € RL:Ny < ™
H

N.yA
D, ={LeRi:L <M
HilH
2 As
Ds ={(Ss,Is) € Ri:Ng < —}
Us
$As
D, ={JeRL:J<
y =UeRyJ M]#S}

is positively-invariant and attracts the entire positive trajectories of the model .
Proof: Adding up the right flank of the vector field for the human population in (2.1), yields

dar = Ay — puN — 8slys. (2.42)

From (2.42), it ensues that ‘i;v—t” < Ay — uyNy. Hence, dN” < 0if Ny(t) > Employlng a standard comparison theorem

[32], we prove that Ny (t) < Ny (0)e #Ht + #—(1 ‘”Hf) In partlcular if NH(O) < thus Ny(t) < —H forevery t > 0.
H

Hence, the set Dy is positively invariant. Moreover, if Ny (0) > B then either the orblts enters the domam Dy in finite

time or Ny (t) asymptotically advances towards as t - oo, Thus the domain Dy, attracts every trajectory in R%.

L
E = Neylys — L. (2.43)
. dL NeyAg . Ag Ay dL .
From (2.43), which follows that = < o u L since Ny = Sy + Eys + Iys + Tys < g Iys < o Hence, — <0 if
H H H
L(t) = % Employing a standard comparison theorem [32], we prove that L(t) < L(0)e Lt + %(1 —e MY, In
LHH LHH

particular, if L(0) < —I\ny:” then L(t) < —Aif”” for all t > 0. Hence, the set D, is positively invariant. Moreover, if L(0) >

NeyAn

I\L"V#A” then either the orbits enters the domain D;, in finite time or L(t) asymptotically approaches ast — oo. Thus,

the domain D,, attracts every trajectory in RL.
For the snail population, we add up the right flank of the vector field of the snail population in (2.1), which gives
dNg

ar As — psNs. (2.44)

From (2.44), it ensues that S< 0 if NS(t) > . Consequently, Ng(t) = Ng(0)e™#st + 5(1—e‘”st) Then the
limsup;Ng(t) == In partlcular if Ng(0) < = then Ng(t) < —5 for every t > 0. Hence, the set Ds is positively
invariant. Moreover |f Ng(0) > —S then either the orbits enters the domain Ds in finite time or Ng(t) asymptotically
approaches as t — oo. Thus, the domaln Dy attracts every trajectory in R2.

For the concentratlon of the cercariae, we consider the right flank of the vector field J in (2.1), yields
daj
at bls — . (2.45)
aj _ : aj dms dj .
From (2.45), — = Pl — ) which follows that = S —u;J since Ng =S5 +15 < => Is < s Hence, — <0 if
S
J(@®) 2%. Employing a standard comparison theorem [32], we prove that J(t) SJ(O)e‘“Jt %(1 —e WY, In
JHS JHs
particular, if J(0) < m, then J(t) < 245 torall t > 0. Hence, the set D; is positively invariant. Moreover, if J(0) > ﬂ,
UjHus HUS UjUS
then either the orbits enters the domain D, in finite time or j(t) asymptotically approaches % as t — oo.
JHS

Thus, the domain D, attracts every trajectory in R}.

Therefore, it is sufficient to study the dynamics of the flows engendered by the model system in D. We conclude, therefore,
that the model is together mathematically and epidemiologically well-posed.
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3.0 Mathematical Analysis of the Model
We proceed to qualitatively analyze the model (2.1).

3.1 Local Asymptotic Stability (LAS) of the Disease-free Equilibrium (DFE)
The model system has a disease-free equilibrium (DFE) given by
& = (SmEns Is Tis, L7, S5, 15, ]7)

Ay As

= (—, 0,0,0,0,—,0,0) (3.1)

Hu Us
The linear stability of &, is established by deploying the next-generation operator method on the model system [26].
Deploying specific notations as espoused by [33], it follows that matrices F and V, respectively, for the fresh infection
terms and the other transition terms, are given by
00 o &

0 Tofim (ay + p1g) 0 0 0 0]
000 0 0 - @s+ds+py) 0 0 O
Lors 0 —Ne¥Y 0 —p O
00 0 O 0 0 0 _ 0 n
000 0 0 _ ¢ Y
It ensues that effective reproduction number, denoted by Ry = p(FV 1), is denoted by
a Ay AsdN,
Rys 1ﬁ]ﬁL nAsPNyy (3.2)

JoLottuiyurpg(ay + py) (s + 8s + pyy)
where p(FV™1) is the spectral radius belonging to the matrix FV~1. Consequently, the result below stems from the
conclusion of Theorem 2 in [33].

Lemma 3.1: The DFE &, of is locally asymptotically stable on the condition that Rys < 1 and unstable on the condition
that Rys > 1.

The threshold quantity,R s, is the effective reproduction number of the disease [33-34]. It is a measure of the mean number
of secondary schistosomiasis infections engendered by a typical infected human in a completely exposed population or at
the DFE [33-34]. The epidemiological connotation of Lemma 3.1 implies that whenever Rys is less than one,
schistosomiasis can be annihilated from the populace if the basic (initial) sizes of the classes of the model system (2.1) are
in the basin of attraction of the infection-free equilibrium &,. Thus, a small arrival of schistosomiasis-infected humans into
the populace will not engender enormous schistosomiasis outbreaks, with the resultant effect of the disease dying out over
time.

3.2 Analysis of the Effective Reproduction Number, Ryg

Utilizing the threshold parameter, R, we wish to determine the effect of the medical care rate ({s) of humans occupying
the infectious class on the control of schistosomiasis in the population.
Calculating the partial derivatives of R,s with respect to the parameter under scrutiny ({s ) further exposes the
consequence of this parameter on schistosomiasis regulation among the populace. This implies
0Rfs _ a1 B BL Ay AsdNey

90 JoLottuiyppug(ay + py) (s + 8s + py)?
Apparently, it ensues from (3.3) that the partial derivative is negative, unconditionally. Thus, effective medical care rate of
schistosomiasis at the phase of infection will exert a positive consequence in decreasing the burden of schistosomiasis
among the populace, regardless of the rates of the other parameters in the expression on the right flank of (3.3). It is
obvious from (3.2) that
(lim Rys =0 (3.4)

S—)OO
From (3.4), a near complete annihilation of schistosomiasis is feasible. In this situation, an effective strategy will be to pay
close attention to medical care programmes for infected humans.

Lemma 3.2: Effective treatment rate ({s) for the infectious phase of infection will exert a positive influence in decreasing
the schistosomiasis hardship in a populace, regardless of the rates of the other parameters that constitute the effective
reproduction number.

<0 (3.3)

3.3 Endemic Equilibrium Point (EEP)
Let the endemic equilibrium point, &g, of the system is defined by
& = (Sa'’» Eds, Ifs) Tas, L™, S57 1%, J™) (3.5)
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where
Ay
S** — —_—,
f A+ iy
o Ay (G5 + 65 + #H)ﬂ-;* (wlj* + tu)
Eys =

A" + p)(ay + ) (s + 65 + ) WA + ) — aidsPA) ]’
= a; Ay )" (YA + puy)

s (A;* + ug)[(ay + ug) (s + 85 + #H)(lp);* + uy) — 0‘1551!)/17] '
a1 Ayl A" (VAT + py)

T** = *k *% *k *%7 7 36
WS G G+ (@ R s + 65 + )W+ o) — anlswdy ] OO
I = a1AHNeVA;*(¢A;* + uy)

(" + ) [(ay + pug) (s + 8s + u) A" + py) — a1 dsPA]°
o = As
SN +us
* ok Aslz*
I8 =
pus(AL + ps)
. Aseny
wks (AL + us)
The forces of infection, respectively, are:
ﬁ]]**
o _ ’ 3.7
/ Jo+ €] (3.7)
and
*% ﬁLL**
AL = m (38)

Substituting the value for J** in (3.6) into (3.7), the force of infection for cercarial penetration becomes:

" BiAspAL

] = 2.** A 2.** ) (3'9)

Jorgus(AL" + ps) + €AspAy

while substituting the value for L™ into (3.8), the force of infection for miracidial penetration becomes:
P a1 B ANy A" (DA + py) (3.10)

P Lo T + )@y + i) Gs + 8s + up) (DA + ) — axlspA)"] + eay AgNey Ay '
Substituting (3.10) into (3.9) and after several algebraic manipulations and simplifications, it is shown that the EEP
associated with the system (2.1) satisfies the polynomial (expressed as a function of ;")

A}*(AZZ(A}*)Z + A1 4] + Ago) = 0. (3.11)
Now,

1 =0 (3.12)
or

AZZ(Aj*)Z + A1 4" + Ago = 0. (3.13)
where

Ao = JoLotfmmppi(ay + py) (s + 85 + uy) (1 — Ris),
Ay =eaBLAyAsNeyuy +]0:“H.u].u5a1Ney(ﬁL + eAyps)
+]0L0#HH]#L.‘A2¢(“1 + 1) (s + 8s + uy)
+JoLotut e (8s + py) (3.14)
+JoLotsiyupus(ls + 8s + uy) — Yai BB Ay AsNey
Ay =€y BLAuAsNeyd + Jotypisay Noy (B + €Ay us)
+]0Loa1#/#Ll1§*(5s + Uy) +]0L0ﬂHli]IiLl132‘({S + 65 + py))
The components of the EEP are obtained when we solve for A;* from the polynomial given in (3.13). Thus, we substitute
the values obtained for A;* into (3.6). The above result is captured in the theorem below.

Theorem 3.3: The model system has:

1. two endemic equilibria on the assumption that A;; < 0,4y, > 0 and Rys < 1,

2. one unique endemic equilibrium on the assumption that A;; > 0,A4g0 < 00r A;; < 0,4y < 0and Rys > 1,
3. nil endemic steady state otherwise, whenever Ry¢ < 1.
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It is significant to mention, at this juncture, that item (1) of Theorem 3.3 (above) is indicative of the presence of backward bifurcation in
the model . The backward bifurcation phenomenon is pronounced as a consequence of the co-existence of an infection-free state as well
as an endemic steady state that are both stable at whatever time the corresponding reproduction number is less than one. This, therefore,
implies that the standard condition required for disease control (Rys < 1) is not any more sufficient for effectively regulating
schistosomiasis among the populace, although it remains a necessary condition. In such a scenario, effective strategies for
schistosomiasis control will now have to be based on the basic conditions of different compartments of the model system under
consideration [2]. We observe that the EEP of the model (2.1) possesses a unique endemic equilibrium point when Rys > 1 (and does
not have an EEP whenever Rys < 1, and hence no possibility of a backward bifurcation when Ry < 1).

3.4 Backward Bifurcation Analysis

Theorem 3.4: The model (2.1) experiences backward bifurcation at R, = 1 whenever y > ¢, with ¢ expressed as
_ Vo Wys + v, Wss

Ye 0, 3.15
Vo Wee ( )

and

Wi = ﬁ;¢UoL0#1#L#§(Q1 + puy) (s + 85 + py) + €a1 B Ay AsPpN,Y),

Wss = J§aapuupiusNey (B, + €ps), (3.16)

Wee =/0Loa1ﬁ/*§s¢#]#1,#§-
Proof: We employ the ensuing alteration of variables. Let Sy = x;, Eys = x5, Iys = X3, Tys = X4, L = x5, Sg = x¢, Is =
x; and | = xg, so that Ny, = x; + x, + x3 + x,; hence the model (2.1) is re-written as

Byx1xg
X, =Efi=Ay ————— uyxy,
1 fi H To + €xg HuXy
. ﬁ]xle
X, =fp=—"—"—x +¥x,) — (a1 + X5,
2 f2 ]0+Ex8(1 Yxy) — (aq + pg)x,
X3 = f3=a1x; — ({s + 85+ Up)xs,
. Bx4xg
Xy =fr=0{x3—Y———Uuyx,,
4 fa = Gsx3 lp]0+€x8 HpXy (3.17)
Xs = fs = Neyxs — pxs,
BLxsxe
Xg =fo=ANg———————— ligX,
6 fe s Ly + €xs UsXe
X, =f = BLxsXs — ugx
T Ly exs 7
Xg = fg = Px7 — lyXs.
The Jacobian for the system (3.16) at the DFE is given by
_—u 0 0 0 0 0 0 —w_
" Jottu
A
0 —(ay+uy) 0 0 0 o o B
Jottu
0 aq _((S + 65 +H.H) 0 0 0 0 0
o 0 s —uy 0 0 0 0
Jg;=| o 0 Ny 0 —uw 0 0 o | G18®
BLAs
0 0 0 — — 0 0
Lops #s
BLAs
0 0 0 0 - 0
Lops #s
0 0 0 0 0 0 [0) —u; |

Consider the case when Rys = 1. Working out the value for g, = ; from Rys = 1 gives

. JoLotuuyppu(ay + puy) (s + 85 + py)
=8 = a, By AN (3.18)
1P AgdsPNY

Matrix ]B} possesses a right eigenvector given by w = (w, w,, ..., wg)T, such that
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o = (a1 + up) (s + 65 + py)ws o, = ({s + 6s + pp)ws
! a1y e a, '
w N.yw AsNyyw
ws =w3>o,w4=€S—3,w5= 24 3,w6=—m57“’y23. (3.19)
Hu 193 Loppus
BLAsNeyws BLAsPNey w3
w7 = 72, wg = 72
Loppus Lopyupps
In addition, ]ﬁ; possesses a left eigenvector v = (v, v,,....,vg) satisfying v.w = 1, with
a1V3
vy =0,v, = , V3 =v3 > 0,v, =0,
1 2 T g 2 3 4
({s + 6s + pp)vs
Vg =———"—,v, =0,
Ney (3.20)
S Lopps(s + 85 + py)vs '
’ BLAsNey ’
S Lopt u3(Gs + 85 + py)vs
° BLAsdN,y

Applying the Center Manifold Theory as espoused by [35], we calculate the related non-zero partial derivatives of the right
flanks of the transformed system (3.16), (appraised in the absence of infection with 8, = f;) that the related bifurcation
coefficients, a and b, are given by

2 n 92
a= Z vkwleaag (0,0), andb—z:vkwla ;; (0,0), (3.21)

kij=1 ki=1
The related non-zero partlal derivatives for bifurcation coefficient a for the model system (3.16) (or (2.1) ) are:

*f, B _ 9%,

dx,0xg  Jo O0xglx;’
f  _ B _ 0f
0x,0xg Jo  0xgdx,’
0%f, _  2eBjdy 322)
0x3 Joun '
0°f; 2eBAs
0xg T Lius
f  _B_ f
0x50x Ly 0xgdxs

It ensues from the above expressions (after several algebraic calculations), that

2*f;
- Z Wi Bx,0%; a Z Wi ox,0x;

i,j=1 i,j=1

2B, AgN VV2w3 2B, AgN V‘Ug
W [oWi,] - Tzeﬂz [voWo, + v, Wss].  (3.23)
oMLHs
where
W, _ Loﬁj*(sd’llL
1 Joluty '
¢Uo oBj g (ay + pug) (s + 8s + ) + eay By BLAHAS¢Ney)
W (3.24)
2 1§ 0‘1#;1#/#5
Wss = Ny (B, + €us).
Hence, a > 0 implies that
2B, AgNyv w3 2B, A V‘U
+223 [YW;,] > 2—83 [vaWa, + v, W3s]. (3.25)
Louzus Louius
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That is, Y > ¢¥°¢ > 0, where
VoW + v, Wss

e = 274 T 7SS (3.26)
v, Wes

where

Was = BjoUoLotyppi(ay + puy)(ls + 8s + uy) + €ay LAy AspN,y),

Wss = Jgai iyl usNey (B + €pis), (3.27)

Wee = ]0%“1[’7(5‘1’#}#1,#5-
The related non-zero partial derivative for bifurcation coefficient b for the model system (3.16) (or (2.1)) is:
’f, _ Ay

= . 3.28
axsaﬁ] Jotu ( )
It ensues also from that

=V ) WisT o0

~ axl-aﬁ]
A
= v, |2 ] (3.29)
Joln

Obviously b > 0 for all biologically reasonable parameter values. Thus, backward bifurcation appearers if and only if the
rate of reduced re-infection (), is large enough such that a > 0. This, therefore, implies that if the reduced re-infection
rate is less than the quantity, ¢, the effective reproduction number then becomes a necessary and sufficient tool for
promoting control measures that will lead to disease eradication.
Consequent upon the results obtained in Theorem 3.4 above, we claim the following result.
Theorem 3.5: (Non-existence of backward bifurcation) The model (2.1) (or (3.16)) does not experience backward
bifurcation in the direction Rys = 1, whenever ¢ = 0.
Proof: Consider the distinctive case of the model (2.1) with negligible reduced re-infection (i.e., ¥ = 0). Then the
backward bifurcation coefficient, a, in (3.23) reduces to:

2B, AN,y w?
a= —% [V, Wy, + v, Was] < 0. (3.30)
Thus, this study has confirmed that the existence of reduced re-infection activates backward bifurcation in the epidemic
dynamics of schistosomiasis.

3.5 Global Asymptotic Stability (GAS) of DFE
Consider the special case of the model (2.1) with ¥ = 0 (i.e., removing the parameter that causes backward bifurcation as
discussed above). In this case, the model reduces to
Sy =Ay-— /1]51-1 — UpSy,
Eps =4Sy — (ay + py)Epys,
Iys = ayEys — ({s + s + pp)lys,
Ths = {slus — tuTus,
L' = Neylys — L, (331)
Ss = As — A.Ss — psSs,
Is =245 — usls,
J' =l — uyl.
We claim the following result.
The DFE of the model (3.31), without re-infection (i.e., ¥ = 0) is GAS in D, if Rys < 1 and unstable on the condition that

Rys > 1.
Proof: Consider the following Lyapunov function
U = K Eys + K,y + K31 + K, L + K, (3.32)
where
_ a1 fLAsPNey K, = BLAsPNey
2

 Lowjpiud(@ i) Cs+Ss+um)’ " Lowjuiuf(Cs+8s+un)’

(3.33)
K, _ Rus¢ K, = BLAsP and K5=RHS

wus ' T Lowgupud’ 1y

’
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with Lyapunov derivatives (where a dot represents a time derivative)
U=K Eys+K,Iys + K3 Is+ K, L+Ks]. (3.34)
Substituting the right hand side of model (3.31) into (3.34) gives
U = KML]SH + [a1K, — (g + puy)Ki]Eys
+[NeYKy — (s + s + un) Kz llys
+HKs — psKs]ls
—u K, L
—MJKSJ,
a, B, AsdNy ﬁ]]
L 2, + 1) G5 + 85 + ) (g + 1)~ Rs]
oMjHLUs(A1 T Uy

:R’HS¢ BL BLAS(p
e (—Lo - EL) 55] _ (Loum%) L. (3.35)

AtDFE, Sy < Ay/uy, Ss < Ag/us and € = 0. Hence

S U< ((f: ]S(p)L + Ry [Rus — 1] (3.36)

Hs
Hence, U < 0 whenever Ry < 1 with U = 0 if and only if L =] = 0. Hence, U represents a Lyapunov function in D;.
Therefore, it ensues from LaSalle’s Invariance Principle [36] that:
(Eus(©), Ins(©), Is(®), L(), ] (t)) - (0,0,0,0,0) as ¢ — oo. (3.37)
Consequently, every orbit of the equations of the model (3.31), with i = 0, approaches the DFE of the model (3.31), as
t - ooforRys < 1.
This result shows that in a population where there is treatment for active schistosomiasis cases, on the condition that there
is negligible re-infection, that is, i = 0, the DFE will be GAS whenever Rys < 1. Hence, schistosomiasis can be
annihilated from the populace whenever Ry < 1, irrespective of the basic sizes of the sub-populations.

3.6 Global Asymptotic Stability (GAS) of EEP

Assume that the stable manifold of the DFE of the model system (3.31) is

Do = {(Su,Ens: Ius: Tus, L, Ss, 15, ]) € Dy: Eys = Iys = Tys = L = Is = ] = O},

We claim the following result.

Theorem 3.6: The unique EEP, &, of model (3.31) with iy = 0 is globally asymptotically stable in D; \ D, at any time
Rys > 1.

Proof: Consider also the ensuing non- Iinear Lyapunov function

Iys
) + Ry(Iys — IiisIn

Q =5y-— ln(S**) + Eys — Eﬁgln(E;g I**)

+R,(Tys — Thsl Sl

2( HS HS nTIj;; n(S;*)
I J

+Is — I5"In I +R, (] ]**ln]**>, (3.38)

Where
_ aatuy _ _ (a1 +un)(Gs+8s+un) _ Hs

R, = P R, =0, R3= wiNoy , R, = e (3.39)

Q has Lyapunov derivatives, given as

ok ok ok

. Sy Eys Iis Ths
Q _(1_S_)SH+(1__)EHS+R1(1__)IHS+R2(1_T_)THS
HS

+R (1 L )L+<1 55 )s (1 I**)I +R (1 ]) (3.40)
3 L SS S IS S 4 ] ] .
Substituting the right flanks of the equations in model (3.31) corresponding to Sy, Eys, Tys, Tus, L, Ss, I, ] into (3.40), after several

algebraic calculations gives:
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. S Sy
Q = l'l S**(z - - **)
HOH Sy Sy

S** E 1** 1 L** S 1**L
R (R
Su Epslys  Igsl  Sg7IsL™

)

Ss*  Ss
S** 2 -
+Au5 S ( SS SS**)
I SyEgRs]
sl - s
S T T Sy Eusl
S.
FASE (1 - —S> (3.41)
5‘S
For as much as the arithmetic mean exceeds the geometric mean, the ensuing inequalities hold
S** S S** S I *k S E**
2 LMoo, 2% 3o, B Snhad
Su Si Ss 83 BT SitBusl™" 54
_513* _ Eyslys _ IysL™ _ Ssls"L <0 1 S <0 '
Su  Efslys  IgsL  Sg™IL™ = 7 S5t

Thus, Q < 0 whenever Rys > 1.

Since the relevant variables in the equation of I is at the endemic equilibrium, they can be supplanted into the equations representing
Iys in the model (3.31) so that

Ius(t) = Iy as t— oo

Therefore, Q represents a Lyapunov function in D;\D,.

This result shows that in a population where schistosomiasis is endemic, if Y = 0, the EEP will be globally asymptotically stable (GAS)
whenever Ry > 1. Hence, schistosomiasis will persist in the population regardless of the initial magnitudes of the sub-populations
whenever Rys > 1.

4.0 Conclusion

A new mathematical model to theoretically investigate the role of the impact of reduced re-infection on the population dynamics for
schistosomiasis disease burden in the presence of intermediate stages of development of the pathogen responsible for the disease in a
given population was developed in this work. The model was shown to undergo the backward bifurcation phenomenon due to the
presence of the reduced re-infection parameter. This implies that as long as there is re-infection of the population with schistosomiasis,
the disease will remain endemic in the given population. A unique threshold for the reduced rate of re-infection was also obtained. A
special case of the model showed that the disease-free equilibrium was locally asymptotic stable in the absence of the reduced rate of re-
infection.
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