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Abstract

A new lifetime distribution called the Lomax-Exponential distribution is
proposed in this study with its defining functions presented. Statistical
properties such as quantile function, moments, inequality curves, entropy
measures, measures of residual life and order statistics are discussed.
Inference for point and interval estimation for parameters of the proposed
distribution is presented. Application of the new distribution to lifetime data is
illustrated to determine the usefulness and applicability in lifetime analysis.
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1. Introduction

Competing risk method has been used to generate several flexible univariate models to analyze monotonic and non-monotonic lifetime
data over the years [1]. For a series system with i*" (i=1,2) components which will independently failure at time z, then the probability of
survival, Pr(Z, > z,Z, > z) which is the survival function for the series distribution is given by

2
S(2)=]]Si(2);z2>0, @
i=1
where S;(z) = Pr(X; > z) is the survival probability of the i®* component at time z. The corresponding cdf, pdf and hazard function to
(1) are given respectively as
2

F(2)=1-]] S (2). 2
i=1
~ 2 fi(2) 2 3)
f(z)= S(Z)é 5.(2) = S(Z)é h; (2)
and
2
h(z) =Y h,(2) 4)

i=1
where cdf, pdf and hazard function are denoted by is F(z), f(z) and h(z) respectively.
Examples of some existing univariate models that have been introduced with the distribution form of a competing risk model include the
log-logistic Weibull distribution [2], additive Weibull distribution [3] and modified Weibull distribution [4].
The motivation behind proposition of the Lomax-Exponential (Lom-E) distribution as a lifetime model is to generate a flexible model
that combines the structural properties of the Lomax and exponential distributions, thereby enhancing the flexibility and applicability of
the proposed distribution to lifetime data analysis. The flexiblility and usefulness of the new distribution is presented by its application to
Vinyl chloride data.
The organization of the paper is presented as follows. Section 2 presents formulation of Lom-E distribution by presenting the defining
distribution functions. Other structural properties of the proposed distribution are detailed in section 3. Section 4 presents inference of the
distribution which leds to point and interval estimation of its parameters using maximum likelihood estimation (MLE) method. Section 5
presents application of the LomE, Lomax and exponential distributions to some lifetime datasets and discussion of results from the
application. Section 6 gives concluding remarks to the study on the proposed distribution.

2. Lomax-Exponential distribution

2.1 Formulation of the Lom-E distribution

Let a series system be made up of two independently components that will fail at time z such that one of the component's failure follows
the Lomax distribution while the failure of the other component has the exponential distribution, the defining distribution functions of
Lom-E model are obtained from (1)-(4) and given as
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S(z)=A+az)Pe?,2>0,a>0,6>01>0, (5)

F(2)=1-(1+az) %, (6)

f(2) = (a8 +A(1 + az))(1 + az) 0~1le )

and

h(z) = (@b + A1+ az)) (8)
1+ az)

Expansion of the pdf of the Lom-E distribution can be derived from (7) for simplified manipulations to derive other structural properties
of the distribution which include quantile function, moments, entropy measures, order statistics and residual lifetime.
The algebraic expansion of (7) is given as

f(z):i(erij(—i)iaizi(aé+/I(l+az))e’}‘z ©)
i=0

which defines a simple expression for the pdf of Lom-E distribution.

3. Structural properties of Lom-E distribution

Other defining structural properties of Lom-E distribution will be consider in this section.

3.1 Quantile function

For p € (0,1), the quantile function for Lom-E distribution is the root, z,, of the equation which is given by

Olog(1+ az,) + Az, + log(1 —p) = 0. (10)

The root, z,, is obtained as a unique solution for every value of p € (0,1) in (10) for different values of 6, a and A numerically with
method such as the Newton-Raphson method or the Lambert-W function. A detailed of evaluating solutions to some algebraic equations
using Lambert-W function [5]. The unique algebraic solution of (10) using Lambert-W function is given as

W[(l—m%’)—l

a
where W (x) is the Lambert-W function which defines the inverse function of W (x)e"® = x,
Random number generation can be achieved using (10) or (11) if p € U(0,1) where U(0,1) is the Uniform distribution.

.- (1)

3.2 Moment, conditional moment and moment generating function
The " raw moment (u,.) for the Lom-E distribution can be expressed as

E[Zr] —u, = z(@:—l) (—1)iai.[: (QaZHi 4 ﬂ(ZHi +92r+i+1)) e M4z
i=0
Let x = Az, then we have

> i il 6al” i+1 r i+1 r i+2
SIS D PO T >]T

r+i+l r+i+2
i=0 A A

(12)

2 (0 +1 i il ear(r+i+y) r+i+\\I(r+i+1)]
:E( |+ ](_l)a LT+l[l+a[ ) ]} //Lr+i+1

(0 +1 P [ a(r+i+) T\ (r+i+l)
:Z( I+ ](—l)a (6’0{ +1Ll+ B } e

The conditional moment of Lom-E distribution denoted by w- is derived as follows
EY"/Y > t] = =55 ) 2 f(@)dz

)
(Z?ozo (_1)ia,i ftw (eazr+i+1 +A(Zr+i + azr+i+1))e—ﬂzdz)

1
T 1-(1+at)-fet
Evaluating the numerator of the right-hand side of the above expression for which x = Az, the " conditional moment for Lom-E
distribution is given as
o0 i i[ear i+1,4 T\ i+1,A T i+2,A
(o Petn y(0ienan Loy .
Hr = 1-(1+at)~be—4t (13)

. P omea i i
where f(mvﬁ):fﬂ «" e *gy and Y(m'ﬂ):.[o x™te~*gx are the incomplete upper and lower gamma functions such that

i=0

r(mpg)+y(m,g)=1r(m)-
The evaluation of standard deviation (SD), coefficients of variation (CV), skewness (CS) and kurtosis (CK) for Lom-E distribution can
be obtained from (12) using moments based relations given by

3,2 2 4
D =, —u? ooy - g = e TBHaMH2UT)" and (g | Ha = AHap + Bl uT —3u
243 2,2
H (= 17) (g —17)
where u defined the first raw moment if r=1.
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The moment generating (mgf), M, (t) for LomE distribution is derived as
My (t) = = [, ef(2)dz = T (Dia’ [, (Baz' + A(z" + azi*1))e"P7dz (14)
Further algebralc manipulation of integral at the right-hand side of (14) results in

ES

t' 241 D [ ar+i+) N r+i+1]
Mz(t):jz:[)?g)( i*j(fl)a(eawu . } pm

3.3 Measures of entropy

The Shannon and Rényi entropies ([6]; [7]) are important information measures needed in investigation of randomness of a variable
having a lifetime distribution, which have found relevance in sciencific areas such as physics, ecology, statistics, medicine and
engineering. The Shannon [H ¢ (f (z))] entropy for Lom-E distribution can be derived as follows.

Let

Hs(f(2)) =E[-log f(Z)] = —j: f(z)log( f(z))dz -

The above equation can be rewritten as

H (f(2)) = —Eflog( 6 + A(L+ aZ))] + (6 +1)E[log( 1+ aZ)] + AE[Z] (15)
We consider the expansions of the following terms

Efo o i+l I+l (- 1)|+2 A i+l j j
o O + A(L+ aZ))] = log( 90()-%—22( j a E[Z7]

i=0 j=0 (I +l)
and
Eflog( 1+ aZ)] = i D" oM E[z'™
(i)
Substituting the two expansions into the right-hand side of (15), the Shannon entropy for Lom-E distribution is given as
w0 i+l 1 ( l)|+2 i+l ) _
H (f(2)) = - log( 9a)—§§( * J 0D [—] a’E[Z']+ AE[Z] (16)
+(0+1)z( 1) |+1E[Zi+1]

i=0 ( )
where the explicit expressions for e[z 1], E[z] and E[z'*'] are obtained from (12).
Also, we derive the Rényi [1 ()] entropy for Lom-E distribution.
Let

| =
R () a

1 ©
Iog( f”(z)dz];n>1,n¢l
-1) L’

- log (jw(ga + A+ az) L+ az)’”“’“)e”’“dz).
1-n) 0

Further expressed as
1 n n @ . o
| _ I [ ) n Ill 1 i-n(0+1) U“d .
r (1) “m Og[g[lj(a) IO(+aZ) e z]

Using the expression for the definite integral in Gradshteyn and Ryzhik (2007) which is

pb.
¢ j F[m +1,E]; p>0, arg[p—b]
a a
the explicit expression for Rényi entropy of the Lom-E distribution is given as
[, o [ 77(9+1)+177/VJ 17)
) |0g LZK ) " ' /17 | n(0+1)+1 J
3.4 Mean deviations of Lom-E distribution about its mean and median

Mean deviation (MD) measures total variations from the mean and median of a set of data. The mean deviations of the Lom-E
distribution about the mean ( 4 ) and median (M ) are derived as follow.

- a
J'O (ax +b)"e Pdx = <,

IR(U):

MD , =E(Z-ul :J':|z—,u| f(z)dz :—Zfoﬂzf (2)dz + 2uF (u) = 21— L+ au) Pe ™)

(= i
~2T '

0oy (i+24u) 4[””2 zﬂ) y(|+3 Aﬂ)]T

poie I

i+2 |+3
A

and
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MD, =E(Z-M |):J-:|Z—|V| |f(z)dz:y—2j0sz(z)dz

(= .
-2z

6y (i+2,AM) ;{Y(Hz AM) Y (i+8, iM)jﬂ}
ﬂ’l+2 EHZ ﬂ.HS JJ :

3.5 Order statistics for Lom-E distribution
Let z .2 ) be ordered variables from n continuous independent variables z,,z,,...,Z , then pdf of k" 1<k <n)

order statistics is derived as

_ n'f(z) k—lpy n—-k
@) = G PN - F ()

_ ntf(z) il(k

-1 _ j n+ j-k
(k=D1(n—knsl )( Vs

,ni! k 1 (n+j-k+1)0-1 _—(n+ j—k+1) iz
7(k—1)!(n—k)!§3[ i )( D' (6o + A1+ a2))(1+ az)” e

The corresponding cdf for Fo.(2) is given as

Fen(2) = zn:(?j[F(z)]'[l— FEN-3 3 (1§ Jen s can

i=k i=k j=0

P ———
i=k j=0
The r'™ raw moments of f,(z) isgivenas

. w n! k-1 i
- f()dz=——
E[Z[ 1=, 2" i, (2)az (k_l)!(n—k)!jgo( j( Y

x '[: 2" (6o + AL+ az))(1+ az) "INt gtz gy

n! k-1 o .
k-1)(n+ j-k+1)0 i
"ozl ](( e j(fl)' «
(k=D'(n -k 5% i
xr 2" (B + A(L+ az))e "D g,
Therefore, the explicit expression for the " raw moments of @ is given as

! k1o o
ElZ] J= ZZ[ ][(”” I"”)g](fl)“'a'

(k =1)t(n - k)!]

[ a(r+i+1) | r(r+i+1)
x| Oa + 4|1+ -
[ L (n+j—k+l)iJ][(n+jk+1)i]”'*1

It is important the distribution functions for the minimum and maximum values of the variables, 7 o and z(n) are presented.
Remarks

(i) If k=1, then the distribution functions of Z ) e

Fo(2)=1-[1-F(2)]" =1- (1 +az) e "™

with

f..(2)=n(0a + AL+ az))(1+az) " e ",

This is n-order Lomax-Exponential distribution which is a competing risk model.
(i) If k=n, then the distribution functions of z, are
Foa(2)=[F@)]"=-Q1+az) e "]
with

f.(2)=n(0a + A(L+az))(1+az) " e " [1-(1+az) e P]"
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This is a new lifetime model called the exponentiated Lomax-Exponential distribution with the exponentiated parameter, N, where n is
a positive integer.

3.6 Residual lifetime

Residual lifetime function is an important measures which is used to test reliability and survival of systems that will experience failures
over time, say t. Its application has been employed in diverse scientific fields for maintenance and survival analysis. The residual lifetime
function defines the life remaining for a system beyond age t > 0 until failure time is known. It is known as the conditional random

variable z —[(z —t)/Z > t].
Suppose m. (t)=E[(Z-t)/Z >t] denotes the r™ moments for residual lifetime functions for a random variable Z following Lom-E
distribution, then m, (t);r=12,... is given as

1 * r 1 L2 r g +i j+i i
m(t)=—°7[ (z-t) f(2)dz =————— (j( : j(fl)j t'a
S(t)L (L+at)e™ ,ZDZO DUl (18)
[Gal (r—j+i+1At) F(r—j+i+1,At)  I(r—j+i+1,4t))]
X — + A — +a — .
ir—]+|+1 ﬂr—1+|+1 ir—]+|+2
4. Point and interval estimation for parameters of Lom-E distribution
Let 2,,Z,,...,Z, be N -sized random sample drawn from a random variable Z which follows the Lom-E distribution, then its total

log-likelihood function is given as

L, =L, (z;:0,a,4) = Zn“ln f(z;)= i In( 6o + A(1+ az;)) —(H+1)Zn: In(1+ azi)—lzn: z;. (19)

i=1 i=1 i=1 i=1
The first partial derivatives of equation (19) with respect to each of the parameters are equated to zero to obtain the set of nonlinear
equations given as

oL znll(l ) En: = 0
=>I(l+az,)+Y ——=

00 = Y e+ 2+ az)
oL "z ! 0+ Az,
—=—(0+D)Y ——+ - =0
oa mltaz; D 0a + AL+ az;)
and
oL " " 1+ az;

LYz tay —————————=
0A -~ i O + AL+ az;)

To obtain the estimates for & , ¢ and A , the set of equations are solved simultaneously using any known iterative method. The unique

solutions from the set of nonlinear equations are the point estimates given as 6 ,a and A are achieved by numerical packages found in
R.

For interval estimation, then the asymptotic distribution of \/ﬁ(gﬁ,y/)_d> N3(Q,I'1(¥’)) for which 0 = (O,O,O)T,

_ and o’L, ; is the expected Fisher's information. A valid asymptotic results exist
¥ =0 ) TR @) =11, 1 = E| - =123 P yp

04,04,
with Ay ) as observed information matrix evaluated at ¥ whenever a(¥ ) replaces | ). The multivariate normal distribution given
as N, (0, AT (¥)) is needed to construct approximate confidence intervals for &, , 4 using the approximation of the total Fisher

information matrix which is given as
x 00 7;’ Oa 7{‘ [z )

An(yl):_l : xaa Kzzl|
xu}
2
Where}L 762Ln, _azl—n,...,x :aLn.
00~ |2 ba ~ 2 2
00 000a oA

— .9)9 i i i ) 5 s 5
The 100 (1-9)% approximate confidence intervals for 6 ,a and A are presented as bc, /xw e, ,Ma and
2 2
) . N 3
i+, 1% " , Where Cﬂ is the critical value of standard normal distribution at —-.

2 2
5. Vinyl chloride data analysis
The Lom-E distribution is applied to the Vinyl chloride data and compared with four distributions (namely the Marshall Olkin Fréchet
(MOF)[8], Lomax-Gumbel{Fréchet} (LG{F})[9], Weibull (W)[10] and exponential (Exp) distributions) using values of the log-
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likelihood function, Kolmogorov-Smirnov (KS) test and p-value of KS test as goodness-of-fit criteria. the goodness-of-fit criteria are

computed using AdequacyModel package in R software. The cdf of comparing distributions are given as

777279

Fuor (2) = :
a+(l-a)e

,0>0,aa >0,4>0.

-nz~
Flogry (1) =1-@+ee™) ™’ 0>0,a>0,2>0.

Fu()=1-¢"" a>01>0.

Fo(z)=1-¢", 2>0.

The vinyl chloride data are obtained from clean upgradient monitoring wells in mg/l which is obtained from [11]. Vinyl chloride is an
organic compound which is volatile and carginogenic in nature. They are given as: 5.1, 1.2, 1.3, 0.6, 0.5, 2.4, 0.5, 1.1, 8, 0.8, 0.4, 0.6, 0.9,
04,2,05,53,32,2.7,29,25,2.3,1,0.2,0.1,0.1,1.8,09,2,4,6.8,1.2,0.4,0.2.

Table 1 presents the parameter estimates and the goodness-of-fit tests for the Lom-E and the competing distributions.

Table 1: Point estimates and goodness-of-fit criteria for five compared distributions

Model

(std.Oe!rror) (std zrror) (std irror) -loglik KS p-value

i 00r0) Saa | %] ssam | ooms | ooeu
MOF (ﬂg%‘g) (éjgggg) (gzgggg) 55.7062 0.0857 0.9640
LG{F} (8:;‘2122) (8:85%) éé?gﬁ) 55.9650 0.1005 0.8819
e (&%2‘71) (g:ii%) 55.4496 0.0919 0.9364
Pt (gjgg%) 7271127 | 27048 (g:gggg)

It should be noted that in comparing the lifetime distributions, the distribution with the smallest values of loglikelihood function and KS
test fits the data better than the other distribution while the distribution with the largest value of p-value of the KS test, also, fits the data
better the the remaining distribution. It is seen from Table 1 that that the values of the loglikelihood function and KS test of the Lom-E
distribution is the smallest value, while the p-value of the KS test is the largest. It indicates that the Lom-E distribution better fits the
vinyl data than the four competing distributions.

6. Conclusion

A new three-parameter Lomax-Exponential distribution is proposed and some structural properties are derived. Point and interval
estimatations are presented for the parameters of the new distribution. The usefulness of the new distribution to lifetime data analysis is
presented by application of the new distribution to Vinyl chloride data. Results obtained from the application based on some discrepancy
criteria show the superiority of the proposed distribution over some competing distributions in literature. It is desire that the new three-
parameter Lomax-Exponential distribution will attract wider usefulness in scientific areas where lifetime data analysis is required.
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