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SYSTEMS OF NONLINEAR EQUATIONS
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Abstract

Mostly, research from the work of engineers, mathematicians, physicist, computer
scientist, Astronomers and other scientist are equations, which are nonlinear in
nature. Researchers made significant effort in solving equations of the form F(x) =
0, x € R™, yet some of the methods developed do have deficiency. In this article, an
improved version of a derivative free method for Solving Nonlinear Equations via a
derivative free line search is presented. Interestingly, without computing any
derivative, the proposed method never fail to converge throughout the numerical
experiments and it satisfied the descent condition. Different initial starting points
were used on a benchmark problems and the output is based on number of iterations
and CPU time. The approach yield a method of solving systems of nonlinear
equations that is capable of significantly reducing the CPU time and number of
iteration, as compared to its counterparts. Thus, suitable and achieved the objective.
The efficiency of the proposed scheme has been confirmed by the numerical results
presented.
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1. Introduction

Consider the global optimization problem of the form

minf (x),x € R™. 1)

With condition that(x, + axdy) < f(xx),where a; is the line search and d, is the search direction. The search direction d is generally
required to satisfy the descent condition V' (x;)"d, < 0.Supposedf be a norm function defined by a function

fx) =3 IIFEOI? 0)

where, || - || stands for the Euclidian norm. Then the unconstrained optimization problem, (1) is equivalent systems to nonlinear
equations problem

F(x) =0, x ER" 3)

where F:R™ — R™is nonlinear mappingassumed to satisfy (i) There exists x* € R™such that F(x*) =0, (ii) Fis a continuously
differentiable mapping in a neighborhood of x* (iii) the Jacobian matrix of Fat xgiven by J(x) = F'(x)is symmetric. There are various
methods for solving nonlinear equations (3) [1-6]. Among them is the Newton’s method, which plays an important role due to its rapid
convergence rate and decreasing the function value of the sequence. However, the methods still suffers deficiency such as computation of
the derivative Fand solution of some system of linear equations at each iteration. The iterative formula of a Newton method is given by
Xp+1 = X + Sk, Sk = akdk,k = 0,1,“‘,

whereayis a step length to be computed by a line search technique, x;.,;represents a new iterative point,x; is the previous iteration, while
dis the search direction to becalculated by solving thelinear system of equations below,

F'(x)dy = —F (), 4)

Where F'(x;,) is the Jacobian matrix of F(x;)at x.

The drawback of the technique (4) is the need to compute the Jacobian matrix F'(x;) at every iteration, whichincreases the difficulty in
computation; this is due to the first-order derivative of the system. Sometimes the derivatives are not available or could not be obtained
exactly especially for the large-scale problems [7, 8].Hence these requires the need for derivative free methods for solving such
problems. There are many scholars [9-13] that discussed derivative-free methods, yet some problems persist. Therefore, motivated by
[14] the purpose of this article is to improve the derivative free method with decent direction for solving system of nonlinear equations
via derivative free line search[16, 17] and the approximations F, (xy) = y,I.Where I is an identity matrix and y,, is the new parameter
introduced. The method [14] retained a norm descent property without computing the Jacobian matrix with less number of iterations and
CPU time that is globally convergent.
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The next section discussed the proposed method. Section 3reports some numerical results of the proposed method while sections 4 gives
the conclusion.

2. Derivation of the Method

This section discussed the Derivation of the proposed method for solving system of nonlinear equations (3). The aim is to improve the
computational performance of the existing method [14] by the concept of a derivative free line search method, and introducing the
approximations F, (x;) = y, I, where I is an identity matrix and yj is the new parameter.

Recall, from Taylor’s expansion of the first order the approximation of F (xy 1), if follows that

F(xp41) = F(xg) + FO(8) (Xper1 — k) )
where the parameter § fulfills the conditions § € [xy, xj+1],and that
6 = Xy + A(xkﬂ - xk) 0<A1<1. (6)

Note that the distance between x;, and xj,, is small enough.By taking A =1 in (6), then § = x;,1. Also, if 1 =0, then § =
x;..Therefore we have

Fo(8) = Vieaal. O]
Knowing this, the expression (5) becomes

F(xp1) = FOo) = Viewnd Ocperr — %) = Viewr (s — Xie)- 8)
Now, (8) transformed to standard secant condition [3,4].

Vk+1Sk = Vi ©)

where, yi = F(xp4+1) — F(x) and s = Xg41 — X,

In [1], Li and Fukushima used the term

g = F(xk"'“kF(zk))‘F(xk) (10)

With the aid of (10), the scheme will maintain derivative free process and avoids computing exact gradient. It is clear that
whenl||F (x)lis small, then the approximate gradient V£ (xy), is given by

I = VI (x).

Consequently, g7 is obtainable. Thus, pre-multiplying both side of (9) by g7, the relation allows us to compute theparameter y;in the
following way:

Yi+19kSk = Gk Yk (11)

Taking the transpose of both side of (11) gives

[Vk+191€5k]T = [gif}’k]T

Yis1lgksel™ = [giyid”

Where y;.,1 is a parameter.

Yk+1[51€9k] = [y,fgk] (12)

Multiply both side of (12)by[s] g, ]~ yields

Vi1t gl sk gl = [sk gi] 7 (Vi 9]

Yier = [sk gl [y gl (13)
Thus, direction is given by

dis1 = —Vis1 FOxp)fork = 1,2,3, - (14)
Finally, the general scheme is given by

Xp4+1 = Xk + a’kdk. (15)

wherex ., represents a new iterative point,x,, is the previous iteration, while dyis the search direction to be obtain using (14). The basic
requirement of the line search is to sufficiently decrease the function values i.e. ||F(x; + axdi)|| < |[F(xx)||-Therefore, to compute the
line search a;, in (15), the line search used in [16, 17]is the best choice, since it is derivative free in nature. This is given by

ay = max{s,rs,r?s, -} (16)

satisfying—g (xy + @, di)"dy 2 wayllg Gy + ardi) Il dielI?

Remark
It is clear that the line search is well defined.

Algorithm 1.

Step 1: Giveny, = 1,e = 1074, x,, (1, 7w) € (0,1), setk = 0 and dy = —g,.

Step 2: Compute F(x;) and check the stopping conditions. If yes, then stop; otherwise continue with Step 3.
Step 3: Compute search direction dy.q = Y41 F (xg) using (14)

Step 4: Compute step the length a; (using (16).

Step 5: Set Xp4+1 = Xk + akdk'

Step 6: Compute F(xy41)-

Step 7: determine the parameter ,y; 4, from (13)

Step 8: Repeatk = k + 1, and go to Step 3.
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3. Numerical Results

This section gives the computational performance of the proposed method named M1and two other methods named M2[14] and M3[15]
respectively. In the presentation, the proposed method [15] which is the improved version of [14], is compared with classical version of
[14] and the method which was compared with [14] initially. To ascertain the efficiency of the result, all the three methods were tested
using the same Benchmark test problems as indicated in the Appendix. The accuracy of the methods was confirmed using different initial
points. The computational codes for all the methods was written in Matlab 7.9.0 (R2009b) [18], and run on a personal computer 2.00
GHz CPU processor and 3 GB RAM memory.

Table 1: Numerical Comparison of M1, M2 and M3 methods for problem 1 and 2.

M1 M?2 M3

S/IN | Dim ISP | Iter | Time Norm Iter | Time Norm Iter Time Norm

1 10 0.2 7 0.029974 5.78E-04 31 0.020822 8.12E-04 10 0.006045 6.84E-05
100 8 0.019030 7.31E-04 36 0.007647 8.42E-04 11 0.002768 8.49E-05
1000 9 0.004687 9.24E-04 41 0.020315 8.73E-04 13 0.008038 4.14E-05
10000 11 0.114284 4.67E-04 46 0.146886 | 9.04E-04 14 0.061264 5.14E-05
100000 12 0.307812 5.91E-04 51 1.732412 9.37E-04 15 0.634616 6.39E-05
10 0.9 5 0.001026 7.42E-04 27 0.005472 8.78E-04 11 0.002501 3.99E-05
100 6 0.001188 9.37E-04 32 0.007435 9.10E-04 12 0.002964 4.95E-05
1000 8 0.003464 4.74E-04 37 0.018337 9.44E-04 13 0.006808 6.15E-05
10000 9 0.023079 6.00E-04 42 0.139060 | 9.78E-04 14 0.057503 7.64E-05
100000 10 0.228708 7.58E-04 48 1593948 | 8.11E-04 15 0.603471 9.49E-05

2 10 0.2 5 0.006740 3.86E-04 31 0.025203 | * 10 0.013997 4.70E-05
100 6 0.002321 1.47E-04 31 0.026398 | * 11 0.003108 5.21E-05
1000 6 0.003298 4.64E-04 31 0.064822 * 12 0.007429 6.43E-05
10000 7 0.025496 1.76E-04 36 1.871130 | * 13 0.051324 8.75E-05
100000 7 0.255355 5.56E-04 35 140.6098 | * 15 0.594499 4.67E-05
10 0.9 5 0.001098 4.58E-04 124 | 0.021183 | 9.94E-04 9 0.002826 4.95E-05
100 6 0.001445 1.74E-04 139 | 0.027641 9.69E-04 10 0.002959 3.36E-05
1000 6 0.003226 5.50E-04 154 | 0.057261 9.44E-04 11 0.006268 2.41E-05
10000 7 0.027749 2.09E-04 168 | 0.394139 9.95E-04 11 0.040932 7.62E-05
100000 7 0.257811 6.60E-04 183 | 5.132788 | 9.70E-04 12 0.468681 2.62E-05

Table 2: Numerical Comparison of M1, M2 and M3 methods for problem 3 and 4.

M1 M2 M3

SIN Dim ISP Iter | Time Norm Iter Time Norm Iter Time Norm

3 10 0.2 5 0.007880 | 3.51E-04 39 0.260591 * 9 0.007014 9.11E-05
100 6 0.001555 | 2.22E-04 37 0.033213 * 10 0.002861 9.56E-05
1000 6 0.002903 | 7.03E-04 37 0.086759 * 11 0.006741 7.62E-05
10000 7 0.023343 | 4.44E-04 37 2.112099 * 12 0.056222 7.99E-05
100000 8 0.273506 | 2.81E-04 37 142.4925 * 13 0.633558 6.37E-05
10 0.9 4 0.000924 | 6.76E-04 25 0.004853 8.74E-04 | 5 0.001823 5.77E-05
100 5 0.001744 | 4.27E-04 30 0.007191 9.06E-04 | 6 0.001918 8.15E-05
1000 6 0.003145 | 2.70E-04 35 0.017076 9.39E-04 | 7 0.004520 2.47E-05
10000 6 0.019402 | 8.55E-04 40 0.124208 9.72E-04 | 7 0.031964 7.82E-05
100000 7 0.260632 | 5.41E-04 46 1.999564 8.06E-04 | 9 0.452263 1.06E-05

4 10 0.2 5 0.006751 | 3.51E-04 39 0.052702 * 9 0.005365 9.11E-05
100 6 0.001168 | 2.22E-04 37 0.028444 * 10 0.003112 9.56E-05
1000 6 0.002344 | 7.03E-04 37 0.071258 * 11 0.005913 7.62E-05
10000 7 0.019958 | 4.44E-04 37 1.873526 * 12 0.040622 7.99E-05
100000 8 0.210191 | 2.81E-04 37 140.1881 * 13 0.467590 6.37E-05
10 0.9 4 0.000875 | 6.76E-04 25 0.004130 8.74E-04 | 5 0.582910 5.77E-05
100 5 0.001102 | 4.27E-04 30 0.007141 9.06E-04 | 6 0.012311 8.15E-05
1000 6 0.002571 | 2.70E-04 35 0.014490 9.39E-04 | 7 0.031729 2.47E-05
10000 6 0.018040 | 8.55E-04 40 0.098346 9.72E-04 | 7 0.112399 7.82E-05
100000 7 0.194157 | 5.41E-04 46 1.514717 8.06E-04 | 9 0.357280 1.06E-05

According to the program, the iteration is terminated if the total number of iterations exceeds 1000 or ||F(x,)|l < 10~*. If the method
fails, the symbol ” = ” is used and represents failure due to; (i) Memory requirement (ii) Number of iterations exceed 1000. (iii) If
[|F (x|l is not a number.

For the both algorithms in [14,15], the following parameters w; = w, = 1074, = 0.2 and

are used.

e = Gerny2
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Table 3: Numerical Comparison of M1, M2 and M3 methods for problem 5 and 6.
M1 M2 M3

SIN Dim ISP | Iter Time Norm Iter Time Norm Iter Time Norm

5 10 0.2 | 2000 0.238044 0.1974 112 0.027648 9.94E04 | 8 0.013481 7.55E-05
100 2000 0.277768 0.6243 127 0.035844 9.69E-04 | 10 0.002987 4.72E-07
1000 2000 0.729098 19741 142 0.064516 9.44E04 | 10 0.010842 1.49E-06
10000 2000 5.708984 6.2426 156 0.469077 9.95E-04 | 10 0.051874 4.72E-06
100000 2000 68.898187 19.7408 171 6.504744 9.70E-04 | 10 0.464678 1.49E-05
10 0.9 | 2000 0.226144 0.1216 30 0.006853 913E04 |7 0.003896 2.49E-05
100 2000 0.289621 0.3845 35 0.006963 947E04 | 7 0.002062 7.86E-05
1000 2000 0.810016 1216 40 0.021452 981E04 | 8 0.006757 8.99E-05
10000 2000 5.595398 3.8452 46 0.140034 8.13E04 | 10 0.046637 6.12E-05
100000 2000 65.461812 12.1595 51 1.947417 843E-04 | 11 0.527849 1.09E-06

6 10 02 |8 0.045419 7.53E-04 28 0.016831 8.26E-04 | 10 0.059030 5,05E-05
100 10 0.003527 4.06E-04 33 0.007480 8.29E-04 | 10 0.002714 6.48E-05
1000 11 0.003839 5.17E-04 38 0.019901 856E-04 | 11 0.007156 5.92E-05
10000 12 0.037682 6.55E-04 43 0.179768 887E04 | 12 0.074682 7.03E-05
100000 13 0.364561 8.28E-04 48 2.121760 9.19E04 | 13 0.652322 8.70E-05
10 09 | 14 0.001905 4.29E-04 * 0.348713 11412 12 0.003284 6.58E-05
100 16 0.002461 6.91E-04 * 0.419275 4.4653 13 0.003611 4.66E-05
1000 19 0.007444 4.78E-04 * 1.136226 16.4158 14 0.010835 5.15E-05
10000 21 0.070103 6.88E-04 * 9.293672 52.3308 15 0.071868 6.31E-05
100000 23 0.829604 8.55E-04 * 96.63993 1541355 | 16 0.814324 7.83E-05

Tables 1 gives the numerical results of problems 1 and 2. Tables 2 gives the numerical results of problems 3 and 4 while Tables 3 gives
the numerical results of problems 5 and 6. In all the Tables, the Columns for each methods is titled with “S/N”, “Dim”, “ISP”,“Iter”,
”Time” and “Norm” which stands for the serial number of the problem, dimension of the problem, Initial Starting Point, total number of
all iterations, the CPU time in solving the problems measured in seconds and residual at the stopping point (||F (x; )| respectively.

From the Table, it is observed that all the three methodsi.e.M1, M2 and M3attempt to solve the systems of nonlinear equations (3), it is
worth noting that the proposed method effectively solved the problems where the other two methods fails. For instance, in problems 2, 3
and 6, M2 fails where M1 successfully and effectively solved the problems with minimal number of iterations. The method M1
considerably outperforms the M2 and M3 in almost all the tested problems, since it has the least number of iterations and CPU time as
compared to the CPU time and the number of iterations for the methodM2 and M3 respectively.This is quite evident that the proposed
method M1improved the computational performance of M2.Theefficiency and accuracy of the proposed algorithm was clear for it solves
systems of nonlinear equations (3) where mostly the method M2 and M3 fails. This achievement is due to the derivative free line search
used [16,17].
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Figure 1: Performance profile of M1, M2 and M3 methods with respect to the number of iterations. Figure 2: Performance profile of M1, M2 and M3 methods with respect to the CPU time.

Figures 1, 2, and 3 gives the graphical representation of the numerical results of all the three methods. The analysis was done using the
profile by Dolan and More [19]. The proposed method operates with less number of iteration and CPU time denoted by M 1representedin
pink color, while M2 and M3 performs below M1 with line represented in red color and blue color respectively. Obviously, the
performance of the proposed method is better in terms of number of iterations, CPU time and residual function than the other two
existing methods in comparison. Another merit of the proposed method is its ability to solve problems at shortest possible time.
Generally, the results shows that the proposed method is an improvement of [14] with respect to matrix storage and computational time.

4. Conclusion

In this paper, an improved version of derivative-free decent method via acceleration parameter for solving systems of nonlinear equations
is given. The aim of this research is to improve the computational performance and convergent rate of existing methods, thereby reducing
the computational time at each iteration. The aim of this research has greatly achieved by doing away with a computation of the Jacobian
inverse during the iteration process. It is a fully derivative-free iterative method, which retain the global convergence of the classical
method under some appropriate conditions. The Numerical results reported using a set of large-scale test problems has shown that the
proposed method is practically effective. The method is valid in terms of derivation, reliable in terms of number of iterations and accurate
in terms of CPU time. Conclusively, the proposed method is recommended for solving large-scale system of nonlinear equations of the
form F(x) = 0,x € R™.
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The following test problems are used for the numerical experiments. The mapping Fis taking as (x) = (f,(x); f2(x); - ; ()T and x =
(x1; x2; 3 x,)T .The test problems 1,2,3,4,5 are from [20] while problem 6 is from [21].

Problem 1.

f1(x) = (x; — x5) (1 — sin(xy)),

f2(x) = (cos(xz) — x;)(x; — cos(xy)).
Problem 2.

fi(x) = —x; + 0.5x% — 1.5,

f2(x) = —x, + 0.605 exp(1 — x?) + 0.395
Problem 3.

1 2
fi(x) = xF — 2%, + gxg’ +3

f(x) = x3 —xx, — 2%, + 0.5x2 + 1.5
Problem 4.

filx) = x11,0

_ *1 2
folx) = Y01 + 2x5.
Problem 5.

fi(0) = =134 x; + ((=x2 + 5)x; — 2)xy,
fz(x) =-29+ X1 + ((xz + 1)x2 - 14’)x2.

Problem 6.

Fi(x) =x(xf +x3) -1,

Fi(x) = x;(xfq + 2x2 + x%,) — 1,
Fo(x) = x5 (xf_1 + x7).

i=23--n—1
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