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Abstract

Smaller L,- model for the cover of the classifying space up to homotopy is imminent.
This model retains all the information of the larger models found in literature. We
give immediate consequences of L, - structure transferred interacting with one of the
grading and study structural properties of koszul spaces deciding the model. The
induce morphisms of homology groups are isomorphic for all n.
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1. Introduction

Let VV denote a graded vector space. It comes with L,-structure corresponding precisely to a square zero coderivation of degree — 1 on the
cofree cocommutative coalgebra A(sV) completely determined by its corestrictionzzs: A(sV) — sV. Write§ = Y., 8,where &, lowers
word length by 7, i.e. for any n > 0 we have restriction §,: A"(sV) = A" (sV). In particular, §,: A(sV)"*! - sV. If § has a degree-1,
then the family of maps §,- correspond to the operation L, for an L,-algebra, by setting

Sl.(vy, ., 1) = (1) Z ixy_i| + 7 8,_1(sv; A ... SV,)

The condition 62 = 0 corresponds to the generalized Jacobi identities. Taking the graded dual determines dg algebra, and if V is of a
finite type and concentrated in positive degrees, then the opposite is true. A differential d on the free graded commutative algebra
A((sV)™) determines an L-structure onV. The differential is determined by restriction to (sV)”. Similarly, we writed,,: (sV)¥ —
A*((sV)?) for the restriction, and the nn-array operation can be read from this. Furthermore, an L,-morphism is just a dg algebra
morphism. This gives a convenient way of packaging the data of an L,-algebra with easy access to structural properties. For example, a
minimal L-structure on a positively graded vector space of finite type is given by a free graded commutative algebra equipped with a
differential with nonlinear part.

Next, let (W,d,,) and (V,d,) be chain complex, and

howeav (a contraction) 1)

9

If W is an L,-algebra, then there is an induced L,-structure on V. This is the Homotopy Transfer Theorem for L,-algebras stated in [1]
without proof was later shown in [2]. A version with explicit formulae for resulting structure appeared in [3 and 4]. The latter also
contains details on how to extend the maps occurring to L,-morphisms.

Example 1.1: Given a contraction (1) and L,-structure {1, } on W. Consider a rooted trees with each leaf labeled by g, each vertex by 1, where n + 1 is
the valence of the vertex, each internal edge by h, and the root by f. Such a tree with n leaves may be taken as recipe for building a map V®™ — V, by
using from leaves to root, each leaf taking an input from one of the n copies of V in the source. We can form a signed sum over all such rooted trees with
n leaves and labels as described, to get a map 1,,: V®" — V, which may depict as

[, f

Figure 1.1 (a) Composed R_____ Tree (b) Rooted Tree after contraction
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If we denote the root of each tree by h instead of f, we get a recipe for building maps

V®" — W, and forming the signed sum over all rooted trees with n leafs and this decoration,

we get a map

gn: VO - W

The bundle theory, foliation theory, and delooping theory, classifying spaces of topological groups and groupoids were the major focus
of research in the 1960s — 1980s. Since then, Many different constructions of classifying spaces of topological groups and groupoids have
been introduced, for example, the construction in [1, 3, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] etc. Some of them have
even been generalized to any internal category of topological spaces. For topological groups, most of the constructions give rise to
homotopy equivalence spaces. The homotopy theory of mapping space and in particular, spaces of self-equivalences is well developed in
[12, 15, and 22]. Thus, the model in [15, 22] does not address my(auto X).

It is well known the maps

mo(autXy) — autH*(X: Q)

o (autXy) — autm, Q(X)Q®Q

given by sending a homotopy class to the induced map on respectively cohomotopy and homotopy structure. The surjectivity of the first
of these maps has been studied in [14] for a formal space, and the second map in [21] for a conformal space, where no(autoXQ) is a
linear algebraic group if X is either a finite CW — complex or has finite Postnikov tower (see. [23]). There exist general models for
mapping spaces expressed in term of the so called Maurr-Cartan elements of simplicial dg Lie algebra (see, [21 and 24]). The first of
these is particularly useful to investigates autXq, while the Lie model of derivations given in [15 and 22] is finite for theoretical
purpose but it is very large.

Let £ denote Quillen model for a relatively small formal space, let A = H*(X; Q@) implies Quillen construction on the cohomology. For a
space which is not formal, the Quillen model is quasi-isomorphic to the homotopy Lie algebra L of the space, f: £ — L. One can now
extend this using contractive mapping to obtain more information in a distinct way.

1.2 Proof Plan
Homotopy Lie algebra of a simply connected space X, is the graded abelian group ,(QX) ® Q, equipped with the samelson bracket.
To obtain more information is by Homotopy Transferred Theorem for L., — algebras, we have the following steps.

STEP 1. The dg Lie structure on Der# is transfer along the contraction to SA @ L and further to homology H.(sA @, L). With this
transferred structure, the homology computes m,(aut X, 1,.) @ Q not only as a graded abelian group, but as a graded Lie algebra, the
homotopy Lie algebra of the 1-connected space B, autX(1). Furthermore, the L, —algebra H,(SA ®, L) completely determines the
rational homotopy type B, aut X(1). This was noticed in [5 and 25].

STEP 2. Since Quillen models are too large, taking the derivation of the Lie algebra of the model would not help. In this case, we apply
several properties of Koszul spaces to produce a much smaller L., — algebra, retaining all the information of the larger model.

1.3 L., — algebras: Contraction is one of the key ingredient in studying the structure of L., — algebras. We found the correct
notion in [1 and 22], and a modern treatment in [3]. We follow the sign conventions from the latter.

Definition 1.2: Let V be a graded vector space. An Lo, — structure on V is a family maps £,:V®" -V, , n > 1 of degreen — 2,
satisfying anti-symmetry
Loy, ) = —(=DVe (L, x,y,..), vn =1,
The generalized Jacobi identities,
n

n
Z Z sgn(a) (=D lni1-p (i’p(x,,(l),xo(z), wrs Xg(p)r Xa(p+1)s ---'xo(n))) =0,
p=1 o
where we sum over all (p,n — p) —un-shuffled, i.e.
o)< <o l(plandop+1) < <o t(n)
The sign is given by
e=pi-p)+ ) xliyl, o7 > 07()

i<j

The generalized Jacobi identities for n < 3 are £2(x) = 0
£,(£1(x),y) + (‘Dlxlfz(x; {}1(}’))
= fl('FZ(x' J’)): 'FZ('FZ(x' }’);Z)
+(_1)|y”2|+11€2(1€2(xr z),y) — t’z(x,f’z(y, Z))
=—(l1l3+434)(x QY ® z) (2)
From (2) we see that ¢ is a differential, and a derivation with respect to #,. For our L., — structure on a graded vector spaceV, the chain
complex (V,#,) is called the underlying complex. We see from (2) that if either £; or £, are zero, then £, is a Lie bracket, but in general
(2) just states that Jacobi relation holds up to chain homotopy in V®3 given by - £5(note that we have abused notation slightly so the
differential on V®3 induced by #,, is also denoted by #;). We shall say that £,, forn > 2, is a higher operation. An L., — structure with
trivial higher operations is just a dg Lie structure.
Definition 1.3: An L., — morphism g: (V,£) = (W, £) is a family of graded alternating maps {g,,: V®3 —» (W, £)},, of degree —1, such
that for every n > 1, g,, satisfies
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n n
Z Z Sgn(a)(_l)egn+1—p (fp (xa(l)' Xa(2)r =1 Xa(p)r Xa(p+1)r =++» xU(n)))
p=1 o

n n

= Z Z sgn(@) (=1, (gil(xr(l): Xr @2y s Xr(i) ) oo s G (Kr(igy 10 o xr(ik)))r

k=1 r
where o is a (p,n — p) - unshuffles as above, and 7 is an (iy, .., i) — unshuffles, i.e.

i+ 1) < <t (ij41), V) €0, ., k — 1}
satisfying the extra condition that

M) <t (i +1) < <t H iy et i + 1)
The signs are given by

e=pn—p)+ Z lxil|%;], 071 (@) > o71()

i<j

k k k
n= Z(k —])(l] - 1) +Z |xl||xj| + Z(ll - 1)Z|xr(m)|,r_1(i) > U_l(j)
Jj=1 j=2 j=2

i<j
For n = 1, the condition imjplies that g, is achain map. For n = 2, itis
—g2(£1(x1), x2) — (—1)|x1”x2|+192({’1(9€2),x1) + gl(fz(xl:xz))

= fz(91(x1);91(x2)) + (—D)kalixl+ip, (91(’52);91(351)) + 4, (gz(xpxz))y
On re-arranging, we have

g2 (£1(x1), x2) + (—1)|x1|gz(x1,{’1(x2)) + {’1(92(3“1'952))

=02 (f1(x1:xz)) - fz(91(x1);91(x2))

It is obvious that g, is a chain homotopy between g,¢, and £,(g; ® g1), SO g, respects the binary operations up to homotopy.
Similarly the higher maps {g,},»3 can be thought of as homotopies between homotopies, and so on.

Definition 1.4: L, quasi-isomorphism is an L-morphism {g,,},,, such that g, is a quasi-isomorphism of chain complexes. There is an
equivalent definition of L, — algebras, which the following theorem expresses.
Theorem 1.5 (Homotopy Transfer Theorem [4]): Let (L, {£,}) be an L,-algebras. Let (V, d,,) be a chain complex. Given a contraction

f
ho L2V

)
where the collection of maps (£,) defines anL,, — structure on V, the collection of {g,} defines an extension of g to an L, quasi-
isomorphism(V,{£,}) = (L, {#,,}). There is an extension of f to an L, quasi-isomorphism in [4].

Let denote ¢, by [-1—] for now and let x,y € V. For binary and ternary transferred operations, we get
£2(x,y) = f([g(), gD

23(x,y,2) = fo(=[hlg(x), g1, g(2)])

+(—DH[gC0), hlg ), g(@]]

+(—DP2[R[g(x), g(2), gON]]

+43[9(x), g), g(2)] ®)

1.3 Preliminary Results
We shall need the following,

Proposition 1.6 ([17]). There is always a minimal Sullivan model for a simply connected space. The minimal is unique up to
isomorphism.
Proposition 1.7 ( [17]). There is always a minimal quillen model for a simply connected space. The minimal model is unique up to
isomorphism.
Lemma 1.8 ([3], section 10.4). Let L and L' be dg Lie algebras, and consider them as L., — algebra with trivial higher operations. Then

there exists L., — quasi-isomorphism L — L' if and only if L and L' are quasi isomorphism as dg Lie algebras.
Remark 1.9. From Theorem 1.8, it is clear, a dg Lie algebras L is formal if and only if there exist L., — quasi-isomorphism H,(L)
— L', where L and H, (L) are considered L., —algebras with trivial higher operations. Now, we may always choose contraction

q
k O L2H.(L) 4)

L

onto homology in accordance with the following result.

Lemma 1.10 For any chain complex V (over a field) we may choose a contraction
p

hOVaH. (V)

L
where we consider the graded vector space H, (V) is a chain complex with zero differential.
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Proof. Consider the short exact sequences

Bn—l
L KN KN
00— Zn = ] — Iy — d—» — 0
H,(V 0
0 > B ACNR LN D ——s
J
Since we are working over a field, these are split exact, and we may choose splitting as already indicated. It is easy to check that the data
qr
opr OVeH, (V)
jw

is a contraction of VV onto homology.
Therefore, theorem 1.5 for L. —algebras then produces a minimal L., — structure on H,(L) with L, — operation the standard bracket
induced on the homotopy, and L,-Quasi-isomorphism

H.(V)>L

Lemma 1.11 ([5]). Let X be a simple connected space such that H*(X; Q) is of finite type. The following are equivalent:
I. X is both formal and coformal

Il. X is formal and the cohomology algebra H*(X; Q) is a Koszul graded commutative algebra.

Il. X is coformal and the homotopy Lie algebra 7, (QX)®Q is a Koszul graded Lie algebra

Lemma 1.12 ([5]). Let X be a Koszul space with homotopy Lie algebra L and cohomology A. The Koszul dual graded commutative
algebra L' is isomorphic to A4, and the Koszul dual graded algebra A’is isomorphic to L.

Corollary 1.13 ([5]). Let X be a Koszul space with homotopy Lie algebra L and cohomology algebra A. Then
I.  £(AY) is the minimal Quillen model for X

Il.  There is a surjective quasi-isomorphism#(AY) S corresponding to a twisting morphism k: AV — L
The existence of this explicit surjective quasi-isomophism is the special feature of Koszul spaces upon which this paper is build.

Lemma 1.14 ([15], Corollary VII. 4(4)). Let X be a simply connected space homotopy equivalent to a finite CW-complex. If £ is a
Quillen model for X, then 1-connected cover of the map induced by inclusion of monoids B aut,(X){1) — B aut (X){(1) is modeled by
the map of dg Lie algebras (Der ¢), — (Der ¢ // ad¥) ., given by inclusion of the derivation.

The rest of this paper is organized as follows: In Section 2, we set up contractions and isomorphisms needed. In Section 3, we specialize
to the case of interest; koszul algebras. In Section 4, we record how several gradings interact with the maps set-up, and give immediate
consequences of L., — structure transferred with one of the gradings. Finally, we study in Section 5, the induced L., — Structure on
H(SA ® L), for the configuration spaces.

2. L., —Transferred Structure
We are now more determined to reduce the study of Der £(c) to the study of a twisted version of the complex A¥ ® L by basic
perturbation theory, and application of a standard isomorphism. Little novelty exists. Therefore, we skipped some of the proofs.
Lemma 2.1 Let A be a dg commutative algebra. Let L be a dg Lie algebra. Let the chain complex A ® L be equipped with a graded Lie
bracket making a dg Lie algebra. Then the bracket is given by [a @ x,b ® y] = (=1)"?!¥lgh & [x,y] fora,b € Aand x,y € L
For any Maurer-Cartan element in this dg Lie algebra t € MC(A ® L), we have the twisted differential djg, = dag, + ad;, we write
A @ L for the resulting dg Lie algebra (in thisway A ® L equals A @, L —the dg Lie algebra twisted by the Maurer-Cartan element 0).
Let the following be a contraction of dg Lie algebras

f
h O M2L (5)

g
where L and M are dg Lie algebras, f is a quasi-isomorphism of dg Lie algebras, g is a chain map and h a chain homotopy such that
fg =1, and dh + hd = gf — I,. Imposing a strong assumption hg = 0,h> = 0 and fg = 0, one can now see that g and h are general
not Lie maps.
Theorem 2.2  Given a graded commutative algebra A, a contraction (5) of a dg Lie algebras and Maurer-Cartan element t €
MC(A ® L) such that A is nilpotent. Then, there is an induced contraction of chain complexes

1Qf
gl

where
l. 1 ® f is a quasi-isomorphism of chain complexes
I1. g’ is given by the recursive formulag' =1 ® g + (1 ® h)ad.g’
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1 h' is given by the recursive formulah’ =1 ® h + h'ad, (1 @ h)

Proof. The contraction (5) induces a contraction
1Qf
VARQM 2 (AQL1Qd, +7),
1®g
where the maps are defined by the recursive formulae
ff=18f+f'ad:(1Qh)
g =18g+1Qhad.g’
h=1Qh+had(1Qh)
t'=f'ad;(1Q® g)
since f is a morphism of Lie algebras, we have foranya @ me A Q M
(1Q®fad:(1Qh)(a®m) = ad;ngp),a® fh(x)
fh=0,wel' =1Qf
Furthermore, foranya @ £ € A ® L, we get
t@a®8) =010 ad;(1Q g)(a®?)
= adagp:(a ® ),
Hence
t'=adagyyr

These formulae converges because A is nilpotent. For most of our applications, A will be a finite dimensional Koszul algebra and thus
nilpotent, see [1] for a discussion of weaker assumptions which may be adapted to our situation.

Preposition 2.3 Let C be a dg coalgebra. Let L be a dg Lie algebra. Let Hom(C, L) denote the convolution dg Lie algebra. Then, the
map ¢:C” @ L - Hom(C,L) given by ¢(1 ® f)(C) = (=D)I<lIlf(c)x, is a map of dg Lie algebras with respect to the structure of
Definition 2.1 on the left hand side, natural in € and L. If C and L are of finite type and either C” and L are either both bounded above or
both bounded below, then ¢ is an isomorphism (i.e. either C or L is finite, the other need just be of finite type for ¢ to be an
isomorphism).

For any Maurer-Cantan element 7 € MC(C” ® L), the same formula defines a map ¢:C” ®, L —» Hom(C,L)?™® with the same
properties. The converse to ¢ is given by sending a map f: C — L to the expression Y;(—1)!<!Uf1+leD ¢ @ f(c;) where we have chosen
basis {c;} for C, and {C;} for the dual basis of C”. Note that this is a finite sum if either C is finite dimensional or if C¥ and L are both
bounded above or below.

Remark 2.4 We will need Proposition 2.3 to relate sA ® L ~ Hom(s~C, L) in which case the signs work out as follows.

Forsa®@x € sAQ® L, p(sa ® x)(s~1c) = (—1)lallf+leDg (o)«

For f € Hom(s™1C, L), *(f) = Zi(- DV *1s¢; @ f(s7c))

Theorem 2.5 Let (L,[—,—],d;.) be a dg Lie algebra, and (C,D,,d.) a coaugmented dg coalgebra, then for any twisting morphism
TeTW(C, L), restriction to generators, give a natural isomorphism of chair complexes c*: Dery(L(C), L)SHom(C,L) of degree —1,
where f corresponds to T under the bijection of {32}.

Proof. It is not difficult to see that restriction gives an isomorphism of graded vector spaces. We must show that i* is a chain map of
degree —1, i.e.

i*(0(8)) = a7 (i*(®)) (6)
For any f-derivation 6, observe first that i is a twisting morphism. i.e. it satisfies
0=0@) +3[L1] = dyeyi + ide +5[L,1] @)

We expand the left hand side of (6) using (7), this yields the following
i*(8(0)) = i*(d.0 — (=1)1°10d,(())
= (—1)|9|_1dL91 + d{;(c)i
1
= (=1)¢1-1d,6, + 0 (—ldc -5IL, l])
By definition of the bracket in the convolution Lie algebra, and the fact that 6 is an f- derivation, we get
1
*(0(8)) = (=D~ 6, - B,dc — 65 [, ~1.(L ® DAc
1
= d,i*(0) = (DI (O)d. — 5[ -1.O @ f + f ® U ® DAC

= —Aca(i*(0)) - %((—1)'“[1’*(9),1]) +[7,i%(6)]
= —00(@i"(6) — [7,i"(®)D

This is precisely, —a%(i*(6)), and we are done.
A map dg Lie algebras f:L — M induces a chain mapf*: DerL — Dery(M, L). Composing with ad gives a natural chain map DerL —
Derg(M, L), and we may consider the mapping cone Dery(M, L)//(f*oad) (L), which we just write Dery(M,L)//(L) for short.
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Corollary 2.6 Let t be a twisting morphism in TW(C, L). Restriction to generators gives a natural isomorphism of chain complexes
Ders(M,L)//L5sHom(C,L)*

Proof. The isomorphism of theorem 2.5 extends to a natural isomorphism of graded vector spaces @: Dery(M,L)//LZsHom(C,L)" where
@(sx) for x € L, is the (suspension of the ) linear map which annihilates ¢ and on the counit is given by @(sx)(1) = x. We check that
this extension is still a chain map. On one hand

—07@(sx)(1) = (80(sx)) + [1, B(sx)](1)

= d,0(sx)(1) — (=DPDNg(sx)d (1) + [7(1), B(sx) (D]

=d (%)

"0 (sx)(c) = (a(z)(sx)) + [1,8(sx)](c)

= — (=11 (sx)d.(c) + (=D [z(c), (sx) (1)]

= (=1)llIxl[¢(¢),x] forc e C.

On the other hand,

8(99(sx))(1) = B(ad, + sd,(x))(1)
= —d,(x)

P(0(sx))(c) = B(ad,f — sd,(x))(c)
= @(ad,f)(c)

= (=DM [x, f(s10)]

= (—D)x+eHDIxI+1[7 (), x]

= (DI r(c), x]

The formula we have given is for a map to Hom(C, L)?, and as such, has degree —1. Thus, the calculation shows that @ is a chain map.

Ilustration 1. Let C be a coaugumented dg co-comummutative coalgebra and let L be a dg Lie algebra, such that C or L is finite, or C¥
and L are both bounded above or both bounded below. Write A := C¥. We observe that

I. Der £(C) = Dera(£(C), #(0))
Il Der £(C)] sHom(C,£(C))' = sA @1 £(C)

per’@

#©)" sHom(C.£(C))'? SA® -1, (C)

— 1®f -
SAQ,1pt(c) —  sAQ,-1pyf
V. ~] =
Der€(c) 7 Dery(£(c), L)

_ I® -
SAQ -1y () ik SAQ 11y
V. =l I~
Dert(c)//£(c) 7 Dere(£(c), L)/ /L

From I, the identity on L(C) correspond to i € Tw (C, L(C)) the universal twisting isomorphism (see [11], Appendix B). By Proposition
2.3, 2.5 and 2.6 respectively, we get natural isomorphisms stated in 11 and 111 combining these natural isomorphisms with the maps of
theorem 2.2, we get the commutative diagram of complexes in 1V and V which naturally ensures that (|®f)(<p‘1(l)) = ¢ 1(1). We
will suppress the natural isomorphism g in the notation from now on. Under the correspondence expressed by these diagrams (IV and V),
the contraction produced in Theorem 2.2 is the same as [26]. In particular, the positive parts of the diagram IV and V above provide
contractions of the schlessinger-stasheff classifying dg Lie algebra for dg Lie algebra fibrations with kernels is quasi-isomorphic to £(C).
There is no need to treat the case A (modeling B Aut (X){1), (see [15], Corollary V11 4 (4)) separately from the case with A. We may
think of sA®,L as a sub-complex of sA®,L, at least until we reach homology. Thus we proceed with the only one case.

Remark 2.7 Theorem 2.2 illustrates the need for A to be nilpotent, and this assumption on A is carried throughout this paper unless
otherwise we state a completely different techniques. Our application of theorem 2.2 will be for M = L(C) and the corresponding koszul
morphism in the [3, 5, 10, and 19]. Nilpotency of A may be replaced by nilpotency of L as follows. It was shown in [15 and 16] that Der
M, is a Lie model for B Aut X(1) simply connected to a space X, when M, is the minimal Sullivan model for X. For a koszul space X,
dualizing the bar construction £(L)? give the minimal Sullivan model for X. The injective quasi-isomorphism L' — £(L) (see [10]) gives
rise to a contraction.

f
hOe(L)2 A

g
If L is nilpotent, then for any Maurer-Cartan element 7 € Mc(£(L)”®L), we get an induced contraction
h O 2(L)’®.L 2 A®uesml (8)
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The formulae in Theorem 2.2, converges because L is nilpotent. As analogous to the above, we have any isomorphism of dg Lie algebras
Dert(L)? = £(L)’®.L. The Le- structure transferred to sA ®1gs) L along (8) will be Le-isomorphic to the one we produce
below, because there are quasi-isomorphism such that
Dert(c) S Dert(L)Y
~ \ / ~
SA®kL
Commutes (see [22 and 27]).Thus, everything goes through the case where L and not A is nilpotent.

3. Contraction for Koszul Algebras

We now specialised the results of Section 2 to the case of koszul algebras, our primary interest

Theorem 3.1 Let C be a koszul algebra of finite type, with koszul dual graded Lie algebra L;. Then, the surjective quasi-isomorphism
f:€(c) — L associated to the twisting morphism k, give rise to a contraction

f
RS L(L)Y2 A

g
where we may choose h and g to have the following properties
I.  The image of g is contained in the diagonal D¢ = {x € £(c)|#,, (x) = £, (x)}
Il.  h pressure the total weight
I11. the contraction satisfies the annihilation conditions: fh = 0,hg = 0 and h®> = 0

Proof. For I, we note that ¢ is given by projection to D, as the quotient map, is trivially a chain map. It is a section of f, and it has the
desired property. For 11, consider the bounded below chain complex

> D, > D, > Dy ——» 0

The maps f and g then give rise to chain maps

cee > D2 > D1 > DO > O
g2\ f2 g1l fi 92| f2
» O > 0 > > 0

which we also denote f and g. We now have a chain vuinmpiex of vector spaces (projective moduies) v, and a diagram.

D,
f -
o
D, [— >l L

where both gf and 1 are lifts of f along the surjection quasi-isomorphism f. Thus, we have the standard proof of the fact that gf and 1
is homotopy. We proceed by constructing a homotopy.

First, note that gf — 1 factors through kerf, so we may construct a homotopy
h:D, — kerf n D,. That s, a family of maps h;: D; — kerf n D;,4 such that

dh; + hi1d = gif; —1; C)
It suffices to show that h; preserves the total weight and the annihilation conditions are satisfied.
Now, set h_, = h_; = 0,since D; =0 for i <0. Clearly, these maps preserve the total weight and satisfy the annihilation

condition. Now for n > 0, suppose that we have constructed h; with the desired property for all i < n. Consider the map g,fn, —1n,—
h,_1d : kerf n D,. If we apply the differential and use the fact gf—1 is a chain map together with the equation (8), we get

d (Gufn —Tn— hn-1d) = (Gufn —1n)d — dhy_1d

= O(gnfn —1)d — (Gnfn — L — hp—pd)d

Thus, gnfn —1,— hn_1d factors through the cycles Z(kerf n D,) which is exactly the boundaries B(kerf n D,). Since f is a quasi-
isomorphism. Then we get a diagram
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_-Y Ker fNDyy

- d

by ———————— >B(Ker f N D,,)
gnfn - ln - hn—ld "

with a lift as indicated because D,, is vector space (thus projective) and the differential is surjective from kerf onto boundaries. Such a
lift is just a choice of the pre-images d*(d (gnfn —1n— hn-1d)(x;) for a linear basis {x;} of D,. The maps d (gnfy —1n— hn-1d
preserve the total weight by part | and the assumption on h,_,. Since d preserves the total weight, we can always choose pre-images
such that h,, preserves total weight. Clearly, we have

fus1ihn =0and h,g, is zero for n > 0. Now hqyg, is a lift of (gofo —1o— hn-1d) 9o = (gofo —1o) go = 0 along the differential.
We may choose h to vanish on I,,, g, without violating the condition that h, preserves total weight. Similarly h,, h,, is a lift of
(n+1fn+r —lnsr— hnd) hy = —hy — hpdhy,

= —hn — hy (Gnfo — ln — hp1d)

= hyh,_,d

along the differential. Inductively this is zero, and again we may choose h,,; to be zero on I, h,, without violating the condition that
h,4+1 preserves total weight. Finally, h, then satisfies (8) for i = n and by construction, the resulting homotopy h has the properties |1
and I1. End of proof.

It is clear, the dg lie structure on Der£(C)//£(C) induces one on sA®,£(C) by the neutral isomorphism in Proportion 2.3 and corollary
2.6. This is not the same as the one from definition 2.1. By [—, —]per,» We mean induced bracket that comes from the derivations.
Suppose now that A is nilpotent, by Theorem 2.2 there are contractions along which we may transfer the structure using Theorem 1.5 for
Lo, —algebras to get Lo, — structures {£,} and {l,,} as below:

SAQL(C) S sAR®,L S H.(sA®.L)

[__: _]Der {fn} . {ln} .

It is easy to check that if we transfer the structure further along the contraction to the homology.
9

O sA®; LSH, (sA®,L)

L
We get the same result as we do by transferring the original one along the composed contraction, and the resulting structure can be
obtained by composing maps similar to example 1.1. The composed tree is an easy exercises for our readers, hence the omission.

4. Grading’s and Transferred Operations

In this section, we refer to elements of bracket length q by £(q), and elements in the subspace D; of bracket length q by D;(g). The
koszul algebra C has a weight grading and the dual algebra A = C¥ has an induced weight grading A(P) = C(P)", preserved by the
induced multiplication on A. we still assume that C or L is finite or that A = C” and L are both bounded in the same direction.

Lemma 4.1 (Weight lemma): The given maps fand i, and the maps g and h chosen in Theorem 3.1, interacting with the following
weight gradings of A, L and £. Then, for p > 0,q = 1 and i > 0., the following maps are in order.

f:4(q) - L(q)

g:L(@ - 4(q)

h:Di(q) - Dit1(g—1)

EsAP)®Di(q) — @D sA(p+ M) ® Divm-1(q+1)

It should be noted that the notation i is a short hand for the map ad; using the structure from Definition 2.1.

Proof. By construction of Ct = L, the bracket length in L corresponds to that of {’(C(l)) = D. Since h preserves total weight and raises
the offset index for the diagonals, it lowers bracket length by 1. The map i splits as a sum [ = Y.,,,51 l,, with one summand for each
weight m is a linear basis for A. The weight is raise by m in A, bracket length by 1 in £(C), and raises total weight by m in £(C).

As immediate consequence of lemma 4.1, we have the following proposition.
Proposition 4.2 The maps g’, h' and i®f interact with the weight gradings of A, L and ¢ as follow. For p > 0,q > 1.

I®f:sA(p)®x« £(q) = sA(P)®x« L(q)

g':sA(P)® L(q) —» sA(z p)®x £(9)

h:sA(P)®x £(q) = sA(Z p)® (g —1)

Proof. By Theorem 2.2 we can identify g'and h' from g, hand i.

g' = Yi=o((1®h))" (1®g9)

h' = Yio((1®R))" (1®h) )
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The Proposition 4.2 now follows by combining these formulae with Lemma 4.1.
Similar properties can be deduced for the maps in the contraction to the homology.
q
Proposition 4.3 There is a contraction U sAQ®,LSH,(sA®L) such that gand i preserves the weight grading in L and the homotopy k

L
decreases the weight by 1 in both A and L.

It is easy to check the splitting in Lemma 1.10, can be chosen such that the contraction produced in that Lemma has the desired
properties. It suffices to show how the transferred L, — structure interacts with the weight gradings. Now, we write ¢ for short of
£(C), just for the sake of notational convenient. We begin by given a formula for the Lie bracket [—, —]per ON A®Y.

Definition 4.4 Forany a € Aand x € ¢, denote by x% , the unique derivations on £(C) extending the linear map ¢(sa ®x): s™'C -
£(C) given by

(sa ®x)(s~1C) = (=1)llixl+lalg(c)x is in order (see., Proposition 2.3).

Theorem 4.5 The Lie bracket on sA®,¥ induced by the isomorphism Der||f ~ sA®,£ is given by

[ (—D*sh@x :—ay - (—1)ﬁsa®y;—bx abeEA
[sa®x, sb®Yy]per = (=1)lal+Ixl+] g 1 ®x%y a€AbeA0) (10)
0 a,b € A(0)

where x,y € £(C) have signs given by
a = (|x| + laD(b|+1)+1
B = Ix|(yl + bl + 1) + |a]

Proof. Let {C;}; be a basis for C. The bracket [—, =] pe; iS by definition, the composition is
@ to[—, —]o(@®¢). For x,y € £ and basis elements ,b € A , we get
. o 4. _
[sa®x,sb@ylper = ) (~1)° s¢i®lx 5,y 351(s71e0)
L
where the sign is given by
] 3]
€= o o * 1
(|" aa| * |y abD Iscil+
= (Ixl + lal + [yl + [b]) Isci| + 1
According to the Remark 2.4, we have the following evaluation
9 p) " 9 9 9 9 «
["E'VE] (sc)) = (x£o Yo = (_1)(|x|+|a|+1)<|y|+|b|+1)y%0 xa) (sc).
Clearly, the first term is non-zero only if ¢/ = b, and second term is non-zero only if ¢/ = a. Thus the sum reduces to
2 2
—1)Ubl+)(Ix[+]yl+laD+1 —ov—(s~1p*
=D sh®x -0y (s7'b")

_(_1)(|x|+|a|+1)(|y|+|b|+1>+(|a|+1)(|x|+|y|+|b|)+1sa®yaa_bo xaa_a (s~1a")

- (_1)(|x|+|a|)(|b|+1)+1sb®xaiy _ (_1)|x|<|y|+|b|+!)+|a|5a®yaa_bx
a
Next, let x,y € £(C) and let b =y € A(0). Let ¢(sL®y) be a linear map s~*c — L which is non-zero only on c(0) = Q, and ¢(s 1
®y)(1) = sy. Thus,
[~ ~1o(p®¢p) (sa®x®s 1 ®y) = [x7,sy] = (~Dlal+Hlsx 2y,
By the definition of the bracket restricted to Der L®sL. The inverse ¢ =t on s¢ is given by sx — s 1 ®x, so we get
0
[sa®x,5t®y]per = (=D 1*ls 1 @x——y
Finally, fora = b = 1 € A(0), we have [sx,sy] = 0, and thus [sa®x, sb®y]per = 0.
Lemma 4.6 The bracket [—, —]p., interacts with the weight gradings of A and L as follows. For P, > 0 and q;q, = 1
SA(P)®,1£(q1)®sA(P2)®£(q2)
)
SA(P)®L(q; +q1 — 1)63514(1:%)@11‘(‘11 +q; — g) s s
iti 2 ox2 isqi 2 o0x2(s"1) = (=1)lcllxl+lal 2 i
Pr(;of. The composition Y550 x5, isgiven by Y350 %5, (s7rc) = (—1)lelix*lalg(c)y 55 ™) and the recursive formula.
y% )
- a 2 a
= s ([yZ ]+ P [,y 2 ()]) 2 = b, 20l (12)

Clearly, the weight of y;—box% (c) is the sum of weights of x and y minus 1. Furthermore, all terms of (10) for which a(c;) = 0 vanish.

() = (DRI p(x)y, x € £(1)

Therefore all the sc; appearing in the resulting sum will have the same weight as sa. The same holds mutatis mutandis and x%oy ;—b.
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Example 4.7  Let {a;} be a basis for A, and let {c;} be the dual basis for c. by calculating the first term of the bracket
[sa1®[c1, c2],5a,®[cy, [c2, c3]]]D (but pave out the signs), we have

er

3}
sa1®[cl, CZ] Faz [Cll [Cz, CS]]

a
c1, ez, 3] s [ca, Cg]])

NP

d
=s® ([[Cp c] FYrn (c1), [z, c5] +

sa,

+

d a
=s5a; Q| [cq, [[Cp 2] 6— (c2) 3 C1, [Cz,[c1: 2] Faz (03)]]

NP
= sa;®lcy, [[c1, c2]c3]]
Clearly, we have scanned the word [cl, [cz,cg]] for occurrences of the letter a; = c,, and replaced it with the word [cy, ¢,]. It is easy to
see how sa;is preserved in the first term and that the bracket lengths in #(c) goes from 2 + 3 = 5 inputs 4 = 5 - 1 in the output. The
second term is computed in the same way.

Definition 4.8 The complex sA®, L is bigraded by weight in A and L. The shifted weight grading is the bigrading which degree (p, q)
is SA(PH)®yL(q + 1) for p = 0.
The differential k has bi-degree (1,1) in the standard weight, and so also in the shifted weight grading. This is a special case of the
following theorem on the entire L, -structure.
Theorem 4.9 (Technical Result) Let C be a koszul graded cocummutative coalgebra with koszul dual graded Lie algebra L, such that
the linear dual A = CV is nilpotent. The L,-structure on sA®,L transferred from the derivations Der#(C)// €(C) through the chosen
contraction, respect the shifted weight grading in the sense that for any r > 1, the operation #,. has a bidegree 2—-r2—r.
Proof. We now introduced yet another grading for sAQ, L (C): The mass m(sA®x) of an element sAQ®x is the total weight #,,(x) of x
in £(C) minus the weight w(a) of a in A. We verify that, h,i and [—, —]p., preserve the mass grading. It is straight forward to see that
h and i preserve the mass by Lemma 4.1. From the formulae (10) and (12), we see that [—, —]p,, preserves the mass. In general case we
get
m([sa®x, sb®ylper) = £y (x) —w(a) + £, (y) —w(b)
=4y(x) —w(b) + £,(y) —w(a)
= 4w —w(a) — £,,(x) —w(b)
where second and third line is the mass of respectively first and second term of the right hand side expression of (10) in the first case. The
other cases are similar. For f and g, the total weight in L(C) agrees with the weight in L since f vanish outside D, and 1I,,,q .
Thus, the interaction of fand g preserves the mass grading. In particular, the maps 1 ®f, g’ and h’ all preserve the mass grading. Now
consider the operation

SA(Pr)®L(qk)
I, = l all mass preserve.

SAQ;L

There coincides weight grading L with the total weight grading and D,,. Then we have for any element in the source that
A-weight for £,.(x) = L-weight of £,.(x) — mass of £,.(x)
= L-weight of #,.(x) — mass of x
where the mass of x = Y} _; a; — px, and by Lemma 4.11 below, the image ¢, (x) has weight Y;_; a —2r+3in L.
Thus, the image #,-(x) has weight X.;.—; ax —2r +3 — Yi_i(ax —Dx) = Xh=1Dr —2r+3
in A, and ¢,. bi-degree (2-r, 2-r) in the shifted weight.
Remark 4.10  Clearly, none of the maps defining the transferred operations decrease the weight in A. Thus, the condition
Yk=1Px = 2r — 3 gives a lower bound on the weight in A for where £, is non-zero. 5 restricted to A(1)®L is zero. In the shifted
weight grading, it is an operation from copies of weight (0,*) to (-1,*0), but then one of the maps defining £; would have lowered the
weight in A. L, — structure in Theorem 4.9 respect the grading. However, there is no priori connection to the homological grading in
what is discussed.
Lemma 4.11 Forr = 1, the operations £, on sA®L, interacts with the weight grading of L as follows

®k=1 SA®L(qx)
L2,

r
SA®kL(Z ap — 2r + 3)
k=1

Proof. By Theorem 1.5, #,. is given by composing along binary rooted tree with r leaves decorated maps as established earlier. For each
vertex, we apply the bracket, and for each internal edge, we apply the homotopy. The bracket length decrease in € by 1 and there are (r-
D)t (r-2) = 2r-3 vertices and internal edges. The other maps do not change the bracket length in £ or L.

If we consider only the transferred binary operation we have the following
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Corollary 4.12 Consider the graded anti-commutative (non-associative) algebra (sA®L, £,). Then, we have the following
I.  sAQ®.L (1) is a subalgebra of sSAQ,L

Il. sA® ,L(j)isamoduleoversA® ,L(1)forj=>0

. ®>msA®L()) is a subalgebra of SAQ,L,Y m = 0

IV. sA(1)®L is a subalgebra of sSAQ,L

V. sA()®L isamodule over sA(1)®L fori >0

VI. @;>msA()®L is asubalgebra of sAQ, LY m =0

5. Final Remark and Conclusion
We have produced a smaller L, —model for the cover of the classifying space of the homotopy automorphism, and the contraction.
Explicitly,
h'+ g'kf O sA®yL 2 H(sAQL).
g'= Y (1en) 0 eg)
j=0
h = Z(m ®n)i)’ (1 ®h)
j=20
The map i splitsas asum [ = Y ;. L, Ly, increases the total weight in L by m and bracket length by 1. The homotopy h preserves total

weight and decreases bracket length by 1. So, for any j =1, the map ((1 Oh)i)] preserves bracket length and strictly increases total
weight. In our case A(p) = 0 for p = 3, so only the diagonals D, and D, are non-zero, and in particular

(1 ®h)i (1 ®h) = 0. In conclusion we have

g =18g + (1 ®h)i (1 ®g)

g =1Q@h

The map i is given by a choice of cyclic representatives for the homology, and the map g as produced by Theorem 3.1 is given by a
choice of basis for L. cycle representative may be consider our next work, while the unmixed basis for L gives a choice of g. Finally, h is
inductively constructed according to the proof of Theorem 3.1. It is our hope to show these constructions in future papers. The trees in
figure 1.1 are simply a composition. Before the contraction in (a) no leaf was shared, but after the contraction, it loses most of its leafs
represented by g. Thus, summing all vertexes in (a) is equivalence to that of (b), and their composition gives a complete isomorphism.
Nonetheless, One may investigate what can be said in general about the L., — structure on the homology of the model, upto degree
zero. There are two ways of approaching this. The first approach relies on [6], and the second is by studying a kan complex associated to
the Maurer-Cartan elements of A®L. The following literatures [7, 20, 24, and 25] may be of help.
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