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Abstract

This article considers a theoretical analysis of transient mixed convection flow of heat
generating/absorbing fluid due to exponentially decaying pressure gradients in a
vertical porous microchannel. The solution of the governing equations is obtained by
the Laplace transform technique. However, Riemann-sum approximation approach is
used to invert the solution from Laplace domain into time domain. The effects of
various flow parameters entering into the problem are discussed with the aid of line
graphs. It is interesting to found that rarefaction increase has a decreasing effect on
the fluid temperature while it has an increasing effect on velocity.
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Nomenclature

Greek symbols

c, Specific heat per constant pressure
Kn Knudsen number

h Half channel width

Pr Prandtl number

Gr Grashof number

Gre Mixed convection parameter

Re Reynolds number

g Acceleration due to gravity

T Temperature of the fluid

T, Ambient temperature

T, Dimensionless temperature at y = —1
T, Dimensionless temperature at y -1
B,, B, Amplitude of oscillatory heating

s Dimensionless heat generating parameter
t' Dimensional time

t Dimensionless time

k Thermal conductivity

u’ Dimensional velocity

u Dimensionless velocity

U, Reference velocity

H Suction/injection parameter

v, Initial velocity of suction

A Amplitude of the pressure gradient
y' Dimensional radial co-ordinate

y Dimensionless radial co-ordinate
Nu Nusselt number

T Skin friction
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Thermal diffusivity [m?s]
Coefficient of thermal expansion [K™]

B, Dimensionless variables ratio of specific heat
Specific heat ratio
Mean free path length [m]
Density
Dynamic viscosity [kgm *s7]
Kinematic viscosity [m?s™]

Dimensionless temperature
Thermal accommodation coefficient

Tangential momentum accommodation coefficient
Dimensionless frequency
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1. INTRODUCTION

Mixed convection flows known as combined forced and free convection flows have long been an important subject in the field of
Chemical, Biomedical, Physical, environmental engineering, science, engineering and other related field. They play significant role in
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boundary layers flows, heat exchangers, solar collectors, nuclear reactors and in electronic equipment. Recently, advances in science and
technology have promoted a rapid development of different microfluidic devices, as a result of difficulty in making precise
measurements, microscale fluid flow and heat transfer modelling were emphasized in modern microfluidic applications such as
microelectrochemical cell transport, microheat exchanging, and microchip cooling. These applications have strongly motivated interest in
understanding the phenomenological aspects of these small systems and the physical laws governing them. One of the basic steps in
understanding these physical aspects is the experimental or theoretical study of flows through a channel of microscale size commonly
referred to as microchannels. Several numerical and analytical studies have been conducted in order to provide a deeper understanding of
the fluidic behavior within these micro devices. However, no studies have been carried out on transient mixed convection flow of heat
generating/absorbing fluid due to exponentially decaying pressure gradient in a vertical micro porous channel.

In [1] transient mixed convective flow of reactiveviscous fluid in vertical tube was presented and discovered that, as mixed
convection parameter (cre ) increases the velocity increases in the reverse flow direction. Also as reactant consumption parameter
increases the skin friction decreases monotonically while the rate of heat transfer increases monotonically.Looking into [2] transient
mixed convection flow of a viscoelastic fluid over a vertical stretching sheet coupled with heat-mass transfer and chemical reaction was
studied and discovered that time integration parameter enhances the flow, Viscoelastic parameter and magnetic parameter reduces the
thickness of the fluid. While Dufour number increases the temperature field where as the Soret number reduces temperature field. In [3]
transient free convection in a vertical channel with variable temperature and mass diffusion was the centre of the study and revealed that,
velocity and temperature fields decrease with an increase in radiation parameter. We noticed that [4] employed Laplace transform
technique for transient laminar MHD free convective heat transfer past a vertical plate with heat generation and revealed that heat
generation parameter is observed to cause a decrease in the skin friction but an increase in the Nusselt number as the heat generation
parameter increases. While [5] presented a semi-analytical approach of transient free convective flow in an annular porous medium and
observed that velocity and temperature increases with time and finally attains its steady state status.

In[6] mixed convection boundary layer flow towards a vertical plate with a convective surface boundary condition was studied,
the result obtained indicate that dual solution exist for the opposing flow, whereas for the assisting flow, the solution is unique. Mixed
convection boundary layers in the stagnation-point flow toward a stretching vertical sheet was studied in [7] and discovered that, both the
skin friction coefficient and the local Nusselt number decrease as the buoyancy parameter increases, but both increase as (pr ) increases.
Steady periodic regime of mixed convection in a vertical tube filled with porous material having time-periodic boundary condition was
discuss in [8] and revealed that velocity is maximum at two different locations in the flow domain, one near the surface of the tube and
another at the axis of the tube. We saw the presentation of the steady periodic regime of role of heat generation/absorption on mixed
convection flow in a vertical tube filled with porous having time periodic boundary condition in [9] and discovered that the presence of
heat generation parameter is seen to enhance the temperature distribution and this is reflected as increase in the magnitude of the
oscillation dimensionless velocity, whereas in the presence of a heat absorption a reversed trend occurs. It is observed in [10] that, the
effect of slip and heat generation/absorption on MHD mixed convection flow of a micropolar fluid over a heated stretching surface was
studied and revealed that increasing the heat generation parameter leads to a rise in both the velocity and the temperature and a fall in the
skin friction coefficient and the local Nusselt number. While [11] studied the effects of thermal dissipation, heat generation/absorption on
MHD mixed convection boundary layer flow over a permeable vertical flat plate embedded in an anisotropic porous medium and
revealed that improving suction strength decreases both the momentum and boundary layer thickness and in consequence delays the
boundary layer separation while injection acts the other way round. In [12] steady periodic regime on impact of heat
generation/absorption on MHD mixed convection flow in a vertical tube having time periodic boundary condition was studied and
revealed that an increase of the heat generation parameter enhanced the rate of heat transfer, whereas an increase in the heat absorption
parameter reduced the rate of heat transfer. Also, [13] presented an exact solution for steady fully developed mixed convection flow in a
vertical micro-concentric-annulus with heat generating/absorbing fluid and revealed that increase in heat generation parameter enhanced
the temperature and the velocity of the fluid but reduced that rate of heat transfer at the outer surface of the inner cylinder while the
reverse trend is observed for heat absorbing fluid.

We discoveredin [14] that, MHD couette flow and heat transfer of a dusty fluid with exponentially decaying pressure gradient
was studied and revealed that suction velocity has a more apparent effect than magnetic field on the steady state time of the velocity and
temperature of the dust particles. Whereas [15] studied pressure gradient and electroosmotic effects on two immiscible fluids in a
microchannel between two parallel plates. The results obtained demonstrate the interfacial shear stress tendency to decrease when the
interface increases. [16] investigate numerical study of the effects of suction and pressure gradient on an unsteady MHD fluid flow
between two parallel plates in a non-Darcy porous medium and discovered that the velocity boundary layer thickness increases with
increase in the value of suction parameter.

In [17] natural convection in a vertical microchannelwas studied and concluded that the temperature jump condition induced by
the effects of rarefaction and fluid wall interaction plays an important role in slip-flow natural convection. It was discovered in [18] that
increase in the value of rarefaction parameter leads to enhancement in volume flow rate.Recently, [19] theoretically studiedthe effect of
frequency of fluctuating driving force on velocity slip and temperature jump at the walls in four cases of basic gaseous micro-flow
problem.The cases considered are transient couette flow, the pulsating poisseuille flow, the Stoke’s second problem flow and transient
natural convection flow, it was revealed that when the frequency is small the velocity and temperature profiles are similar to the
corresponding classical macro flow profiles at zero frequency. Also, the slip in velocity and the jump in temperature increase as the
Knudsen number and or the frequency of the driven force increases. While, [20] uses Laplace transform method to investigate dual-
phase-lag and Dufour effects on unsteady double-diffusive convection flow in a vertical microchannel filled with porous material and
discovered that, mass flux increases within the channel as the porosity increases while the mean temperature of the fluid can be
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simultaneously growing the Dudour number and thermal retardation time. In all the works mention above, none considered transient
mixed convection flow of heat generation/absorbing fluid due to exponentially decaying pressure gradients in a vertical porous
microchannel.

This work is remodeled from [19] to consider the effect of suction/injection, mixed convection, heat generation/absorption and

amplitude of pressure gradient. However, transient flows in porous media is useful in soil physics and engineering. This necessitates the
present study.

2. Mathematical Formulation

The flow considered is fully developed steady mixed convection flow of viscous, incomprehensible, electrically conduction fluid in a
micro-channel formed by two vertical porous plates under the effect of transverse magnetic field as presented in Fig. 1.
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Fig. 1 Schematic diagram of the flow domain

A Cartesian coordinate system with the x-axis along the plate in the vertically upward direction that is parallel to the gravitational
acceleration (g ) with opposite direction while the y-axis is orthogonal to the vertical parallel plates. It is assumed that the plate y _ p ,

fluid is injected into the channel with a constant velocity v~ and it is sucked off from the system through the plate , __ at the same

rate. The heat generation/absorption heating is introduced on both walls and due to temperature gradient between the walls and the fluid
which resulted in buoyancy effect, mixed convection then sets in.
The governing equations for the flow are
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A is the amplitude of the pressure gradient, cre is the mixed convection parameter (which is the ratio of Gr and Re ),H is the
dimensionless parameter for suction/injection, pr is the Prandtl number and @ is the frequency. The physical quantities used in (4) are
given in the nomenclature. For the value of H =0, A=0, § =0and Gre =1 the present problem reduces to the problem investigated

by Haddad et al [19]
By introducing the Laplace transform of the dimensionless velocity and temperature equations

u(s,y)= Iu(t, y)exp( —st)dt’ 6 (s,y) = J’G(t, y)exp( —st)dt
0 0

Where s is the Laplace parameter and employing the Laplace transform properties equations (5) and (6) subject to the initial condition
yield
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While the boundary conditions in equation (7) can be transform into the Laplace domain to give
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The solutions to equations (8) and (9) in the Laplace domain (subject to the boundary condition (10)) are given as
a(t,y)=C,exp (m,y)+C,exp (m,y)+ K, + K, exp (m,y)+k,exp (m,y) (11)

0(t,y)=C,exp( m,y)+C, exp( m,y) (12)

Where C,.C,.C..C,.K, K, Ky, K, K, Ky, K, kg m,,m,, m,,m, are given in the Appendix.
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Expression for the Skin friction and Nusselt number in the microchannel is obtain as follows

Skin friction

The skin friction on the surface of the boundary plate is obtained by taking the derivative of the velocity and evaluating it on the
boundaries to get

_du (13)
Ty = E = mscsexp( ’m3)+m404€xp( ’m4)+ m, K, exp( m1)+ mzKanp( ’mz)

y=-1
_ du (14)
T, = J =m,C,exp( m,)+m,C, exp(m,)+mK, exp(m)+m,K, exp(m,)

y=1

Nusselt Number
The rate of heat transfer from the boundary plates to the fluid is another interesting phenomenon that is investigated. To investigate this,
the derivative of temperature is evaluated on the boundary of the channel so that

— do 15

Nu, = — =m,C,exp( —m,)+ m,C,exp( —m,) (15)
dy vt

— de 16

Nu,=—/| =mC,exp(m,)+m,C,exp(m,) (16)

y=1
Equations (11) to (16) are to be inverted in order to determine the velocity and temperature in the time domain. Because these equations
are difficult to invert in closed form, then we use a numerical procedure that is based on the Riemann-sum approximation Ajibade [20].
In this method, functions in the Laplace domain equation s can be inverted to the time domain t as follows

&t N H
ult,y)=2 [%U(y,3)+ReZ(—l)le(y,.9+lk—ﬂD (17)

t t

k=1

e(t,y):eg [%g(y,g)JrRezN:(—l)kg[y,g+”(Tﬂjj (18)

t k1
Where Re refers to the “real part of” and /-1 is the imaginary number, n is the number of terms used in the Riemann-sum
approximation and & is the real part of the Bromwich contour that is used in inverting Laplace transforms. The Riemann-sum
approximation for the Laplace inversion involves a single summation for the numerical process. Its accuracy depends on the value of &
and the truncation error dictated by N . The value & must be selected so that the Bromwich contour encloses all the branch points. For
faster convergence, however, numerous numerical experiments have shown that a value satisfying the relation ¢t ~ 4.7 Ajibade [20]
gives the most satisfactory results. Hence, the appropriate value of & for faster convergence depends on the instant of time (t) at which

the lagging phenomenon is studied. The criterion shown by &t = 4.7 is independent of t. The number N of terms used in the Riemann-
sum is determined. Thus, a prescribed threshold for the accumulated partial sum is satisfied at given values of &, Yy and t.

3. RESULTS ANDDISCUSSION.
The present study investigate the interactive effects of Knudsen number ( Kn ), mixed convection (Gre ), suction/injection (H ), Prandtl
number (pr ), heat generating/absorbing (& ), amplitude of oscillatory heating (B, B,), rate of decay of the pressure gradient (4 ), time (

t), and amplitude of the pressure gradient ( A ).

Fig. 2a and b shows the effects of Knudsen number parameter (kn ) on both temperature and velocity profile in the microchannel. It is
clear that an increase in rarefaction leads to an increase in temperature jump which leads to a decrease in the effect of applied boundary
temperature and a corresponding decrease in the fluid temperature within the microchannel. Also, an increase in the rarefaction decreases
the retarding effects of the microchannel boundary thereby resulting to increase in fluid velocity.This is physically true since increase in
Knudsen number increases the mean free path of the molecules, and this lead to decrease in retarding effect of the microchnnel walls.
Figure 3a and b shows the effect of suction/injection on velocity and temperature profiles. It is visible from fig. 3a that the temperature
decrease monotonically near the wall y = —1and increases monotonically near the wall  _ ; with the increase in suction through the
plate y = —1. This is true physically since an increase in suction causes a slight decline in momentum boundary layer thickness. In fig 3b,
for negative values of H (injection throughy = —1), fluid velocity decreases near the wall y = —1 while it increases about the other
wall. The reverse of this phenomena is observed for positive values of H (suction). This is true because increase in suction weakens the
thermal boundary layer of the fluid force while injection thickens the thermal boundary layer. Fig 4 shows that an increase in mixed
convection parameter (Gre ) enhances the fluid flow velocity while a decrease in cre decreases the fluid flow velocity due to cooling.
Physically, the thermal Gre signifies the relative effect of the thermal buoyancy force to the viscous hydrodynamic fore in the boundary
layer, as expected there is a rise in the velocity due to enhancement of thermal buoyancy force. This is physically true since increase in
cre amplifies the fluid buoyancy and strengthens convection current through the cahnel. Fig 5aand 5b shows the temperature and velocity
profile for different values of the Prandtl number (Pr ), clearly thermal diffusivity dominates indicating heat conduction is more significant compared to
convection. For large value of Pr the figure reveals a decrease in temperature showing that the heat diffuses slowly compared to velocity (momentum) this
means that for liquid metals (with low Pr ), the thickness of thermal boundary layer is much bigger than velocity boundary layer. Fig. 5b  shows that a

growing Pr increases the velocity flow of the microchannel. This is a clear evidence of decrease in temperature with growing Pr which weakens
convection currents within the channel so that fluid velocity decrease.
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Fig 6a and 6b captured the temperature profiles for different values of amplitude of time dependent heating ( B, B, ). An increase in

the amplitude of thermal input lead to an increase in temperature of the microchannel wall. This is true, due to increase in the volume of
the thermal input caused by growing the amplitude of heat input. The resultant effect of the amplitude change is seen to have the maximal
effect on the plate whose amplitude was increased while the effect decreases inward towards the other microchannel plate. Fig 7a and 7b

shows temperature and velocity profile for different values of rate of decay of the pressure gradient parameter (A ).This is due to the
physical fact that an increase in A constitutes an overall decrease in the applied temperature on both boundaries due to exponential
decay temperature with growing A therefore an increase in A leads to a decrease in the temperature profile in the microchannel.In
figure 7b however an increase in A leads to a slight decrease in the velocity of the fluid in the microchannel. This is caused by the
combined effect temperature decrease due to increase in A4 exponential decay in the pressure gradient so that the mixed convection
becomes weakened within the channel and decrease in the fluid velocity. Fig 8 illustrate the influence of the dimensionless heat
generating/absorbing coefficient & on the fluid temperature profile. An increase in 0 leads to a decrease in the temperature profile
causing the thermal boundary to become thinner with increasing heat absorbtion.Fig 9shows than an increase in amplitude of the pressure
gradient ( A ) leads to an increase in the fluid velocity profile. Fig 10 depicts the velocity profile for different values of time (T ).An

increase in t leads to a decrease in the fluid velocity profile. This is due to the factthat the thermal inputs on both boundary as well as the
pressure gradient are exponentially decaying with growing time. This causes a decrease in fluid temperature which results to weakening
of the convection current. At the same time, a decrease in the pressure, coupled with a weakened convection current lead to a decrease in
velocity as time increases.

The figure further shows a decrease in the boundary slip as time increases

TABLE 1: The effect of different flow parameters on the rate of heat transfer (Nusselt number) when t = 0.5

H =01, H =01 H=05
Kn =0.01 Kn =0.1 Kn =0.1
(B,, B,) NuO Nul NuO Nul NuO N ..
Pr = 0.044 (0.1,0.1) 0.023459 0.023410 0.017795 0.017752 0.017881 0.017666
(0.1,0.2) 0.005696 0.064427 0.002201 0.050961 0.002012 0.050517
(0.2,0.2) 0.046917 0.046820 0.035590 0.035504 0.035762 0.035331
Pr =0.71 (0.1,0.1) 0.006870 0.006260 0.006116 0.005201 0.007714 0.003240
(0.1,0.2) 0.013623 0.030299 0.010002 0.024385 0.013404 0.016863
(0.2,0.2) 0.013740 0.012519 0.012232 0.010401 0.015427 0.006481
TABLE 2:The effect of different flow parameters on the skin friction whent = 0.5
H =0.1, kn = 0.01 H =0.1 Kn =0.01 H =05Kn=0.1
Pr = 0.044 Pr =0.71 Pr =0.71
(B,, B,) 7, T, 7, T, 7, T,
A=0.1 (0.1,0.1) 0.458189 0.431808 0.375292 0.357923 0.313928 0.303198
(0.1,0.2) 0.580278 0.708200 0.453832 0.604555 0.375768 0.511968
(0.2,0.2) 0.868496 0.818598 0.702702 0.670829 0.583440 0.564280
A=0.5 (0.1,0.1) 0.649721 0.611875 0.566824 0.537991 0.491592 0.471664
(0.1,0.2) 0.771810 0.888268 0.645364 0.784623 0.553432 0.680434
(0.2,0.2) 1.060028 0.998666 0.894233 0.850897 0.761104 0.732746

Table 1 shows the rate of heat transfer on the surface of the boundaries of the microchannnel for some selected flow
parameters. It is clear that heat transfer rate decrease on both boundaries in the presence of an increasing rarefaction. This is physically
true because an increase in kn decreases the fluid-wall interaction which actually is a major barrier in the heat transfer between the
plates and the fluid. The table also, reveals an increase in heat transfer on the plate y = —1 as suction is increase on the same plate while

heat transfer decreases on the plate with injection through it. Increasing the amplitudes of the periodic thermal input cause the boundary
temperature to increase causing a corresponding increase in the temperature difference between the channel plates and the adjacent fluid
increase in the rate of heat transfer on the boundaries of the microchannel. Finally, decreasing the thermal diffusivity of the fluid causes a
delay in growing the fluid temperature so that the temperature gradient increased between the fluid and the plates. That accounts for
increase in Nusselt number in case of air as compared to mercury.

The numerical values of the skin friction for some selected flow parameters were captured in table 2. Increasing Prandtl
number as well as the rarefaction parameter leads to a decrease in the skin friction while, an increasing the amplitude of the oscillating
heating and amplitude of the pressure gradient leads to an increase in the skin friction. The table further shows that an increase in the
volume of the thermal input on the boundaries of the microchannel constitute an increase in the skin friction on the surface of both plates
of the microchannel.
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4. Conclusion
Analytical solution has been obtain for transient mixed convection flow of heat generating/absorbing fluid due to exponentially decaying

pressure

gradient in a vertical porous microchannel. The governing equations were non dimensionalised and solved using Laplace

transform method. From the analysis of the present problem, the following conclusions are drawn

1.
2.

3.

Appendix

—-Pr
m, =

An increase in fluid rarefaction causes a decrease in temperature while it has an increasing effect on fluid velocity.

Exponential decay of thermal input causes a decrease in fluid temperature while exponential decay of pressure gradient results
in decrease in fluid velocity.

A decrease in thermal diffusivity of fluid leads to a corresponding decrease in the rate of heat transfer from microchannel plates
to the fluid.

H++/PrPH*+4(SPr-s)

1

- Pr
m., =

2
H-+Pr’H’+4(SPr-s)

2

c1=KS[
cZ:KS[

2

BlefBsz J

K,K, - K,K,

B,K, - B,K, J

KzKA_K1K5

K, =exp( -m,) - AtKnm , exp (- m,)
K, =exp (-m,)- Btknm ,exp (- m,)

K - 1
: S+

j,KA =exp( m,) + tknm  exp (m,)
A

K, =exp (m,)+ stknm , exp (m,)

K =(s(;

5

C [KQKM_KUKIZJ
=
K10K14_K11K13

c _[ K9K13 — K10K12 ]
=
K11K13 - K10K14

m _—H+\/H2+4S
= —— 7
2
—H -vH?+4s
m, = 5
K. = -GrC,
! Re(m12+Hm1—S)
-GrC,
Ky=—F—F—"—"
Re(m2 +Hm2—5)

K, = AvKn(K,m exp (-m, )+ K,m,exp (-m,))- K, - K,exp(-m,)-K,exp (-m,)
K, =ep(-m,)- pvknm ;exp (-m, ). K, =exp (m,)+ pvKnm , exp (m,)

K, =exp(-m,)- BvKnm ,exp (- m,), K, =exp(m,)+ AvKnm , exp (m, ),

K, = —BvKn(K,m, exp (m, )+ K,m,exp (m,))- K, — K, exp (m,)- K, exp (m,)
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