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Abstract

In this paper, we introduce the concept of row-products of fuzzy soft matrices. We
define new identities and complements of fuzzy soft matrices and construct examples.

We also investigate basic Eroeerties of these conceEts.
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Introduction

Most mathematical tools usually employed in modelling and computational methods need certain and precise data to test the validity of
these tools in order to better understand the system of interest.This is quite challenging since uncertainty and imprecision of data are
common in practical problems within the fields such as medical science, social science, engineering, environment. In the last decades,
theories of fuzzy sets [1], vague sets [2], and interval mathematics [3] were developed to handle the difficulties associated with the
imprecision of data. In spite of many research findings being discovered, difficulties with uncertain and imprecise data still persist.

In 1999, D. Molodtsov pioneered the idea of soft set theory as a mathematical tool to deal with uncertainties which existing mathematical
principle cannot handle. The applications of this idea as identified in [4] are in the areas of game theory and operations research,
Riemann integration, stability and regularization. In addition to these, R. Roy et al [5] pioneered the study of operations of soft set in
which the De Morgan laws and others were verified.

The study of algebraic soft substructures of rings, fields, and modules was done by Akin and Aslihah[6]. The notions of soft subring and
soft ideal of a ring, soft subfield of a filed and soft submodule of a module were also investigated. The ideas of soft mappings were
introduced by Pinaki and Samanta [7]. They further study the images and inverse images of crisp sets and soft sets under soft mappings.
Fend et al [8] initiated the idea of soft semirings by using the soft set theory.

Won Keun Min in [9] gave a note on soft topological spaces that was an improvement on the work of Shabir and Naz [10] and
investigated properties of soft separation axioms defined in [11]. Soft regular spaces and some of their properties were also verified.
Koyuncu et al in [12] introduced initial concepts of soft rings and initial basic properties of soft ideals, soft homomorphism etc. Lee et al
[13] applied the theory of soft sets to an algrebraic structure, called d-algebras.

Segzin and Atagun [14] introduced the concepts of normalistic soft group and normalistic group homomorphism and
investigated the several related properties. Wen Xiang Gu et al [15] initiated the study of algebraic hyperstructures of soft sets, the
concepts of soft polygroups and some related properties were also investigated. Molodtsov et al in [16] considered the stability of sets
given by constraints within the context of the theory of soft sets. Won Keun Min [17] introduced the concept of similarity between soft
sets which is an extension of the equality for soft theory.

Soft matrix theory and its applications in decision making was investigated by Cagman and Enginoglu in [18] which are more
functional to make theoretical studies in the soft set theory.

Fuzzy soft set theory and its applications was introduced in [19] by Cagman et al. The corresponding fuzzy soft matrix and its
applications was introduced by the same authors in [20].

The rest of the paper is presented as follows. The preliminaries are highlighted in section 1. The generalized product of fuzzy
soft matrices are presented in section 2. The concept of row-products operation on fuzzy soft matrices are discussed with examples in
section 3. In section 1, the identities, complements of fuzzy soft matrices and the investigated properties of the concepts introduced in the
paper are presented.

1 Preliminaries

Definition 1 ([18]) Let U be the set of alternatives, E the set of all parameters and ACE. A soft set F, over U is defined by the set of
ordered pairs

Fa = {(e,fa(e)):e € E, 5 (e) € P(U))}

where f5: A = P(U) such that fy (e) = @ if e € A and P(U) is the power set of U.

In this definition, f; is called the approximate function of the soft set F,, and the value f (e) is a set called e-element of the soft set Ve € E.
Definition 2 ([1]) Let U be an initial universe. A fuzzy set X over U is a set defined by a function p, representing a mapping U — [0,1]
1, is called the membership function of X and the value u, is called the degree of membership of u € U. Thus, a fuzzy set X over U can
be represented as follows:
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{(HXT(u)) uelpu, € [0,1]}

The set of all fuzzy sets over U will be denoted as F(U).

Definition 3 [19] A fuzzy soft set over U is a set of ordered pairs:

Iy ={xva(®):e € E,ya(x) € F(U)}

where y,E = F(U) such that y, (x) = @ if x €A. y, is called fuzzy approximate function of the fuzzy soft set(fs-set) Iy, and the value
va (%) is a set called x-element of the fs-set ¥x € E. The set of all fs-set over U will be denoted as FS(U).

Example l:Let U = {uj,uy,u3,uy,us,ug} be an initial universe and E = {e;,e; e3,e4,e5} be a set of parameters and A

0.7 02 0.0 08
= {ey,e3,e4,e5} CE. Letya(ey) = { } va(es) = {u—4 } va(es) = 0,

- = ,—
u; Ug Us

va(es) = U, then the fuzzy soft set is given by:
o () (2 o)
A=\ €2 W w ) €3, w uss) e4,9),(es,

Example 2 Let U = {04, 05, 03,04} be initial universe. Here, o;,i =1, ...,4 are symptoms of diseases, where oy = high fever, a, =
nausea, az = fatigue, a, = catarrh. Also let E = {04, 0,, 03}, where o; = Malaria, o, = Yellow fever, 63 = pneumonia. The set of each
disease is constructed below:

0.8 0.7 0.8 0.4], 09 0.8 0.8 0.3, 04 0.2 0.8 0.6
ve(loy)=4—,—,—,— vela)=y— —— — ¢ ' 7elag) =y —,—,— —

o, O, O3 O, o, 0, O3 O, o, 0, O3 O,

The corresponding fuzzy soft set:

r |, [o8 07 08 04])( [09 08 08 03])(, [04 02 08 06
A 11 0_110_210_310_4 i 21 0_110_210_310_4 ) 31 0_110_210_310_4

Throughout this work, the corresponding fuzzy soft matrix of any fuzzy soft set, Iy, will be denoted by [I]. Thus, the corresponding
fuzzy soft matrix(fs-matrix) of the above fs-set is given by:
08 09 04
0.7 08 0.2
[B1=1os 08 o8
04 02 0.6
Definition 4: Let [Ty] = [ajq] EFSM  ,xm. Then [a;q] is called
1. afull fs-matrix, denoted by [1], if a;; = 1Viand q.
2. anull fs-matrix, denoted by [0], if [ajq] = OViand q.

Definition 5 ([20]) Let [ajq], [bjq] EFSM 5. Then,

1. [ayq] is a fs-submatrix of [b;, ], denoted by [a;q] € [by], if a;q < bygViand q.

2. [a;q] is a proper fs-submatrix of [by, ], denoted by [a;,] € [by ], if a;q < b; Vi and q and for at least one term a;; < by,
3. [aiq] T [byq] is called the union of [a;;] and [byq ], if c;q = max{a;q, b }Vi and j.
4. [a;z] 0

aiq] N [byg] is called the intersection of [a;,] and [by, ], ifc;; = min{a, by }Vi and j.

2 Generalized Products of Fuzzy Soft Matrices

Let [Iy] = [aig] EFSM 5y, [Tg] = [bir] EEFSM s, be fs-matrices of the fuzzy soft sets I; and Iz over common initial universe
U respectively.

Definition 6 ([20]) The generalized And-product of [ajq ] and [b;.]denoted by A is defined as:
A:FSMysem, X FSMpxm, = FSMysim, xm,

[aiq], [bir] = [aiq] A [bir] = [cip]

Cp = min{ajg, by}, q=0a p=(a—1m;+r

Definition 7 ([20]) The generalized Or-product of [a;q] and [b; ] denoted by v is defined as:

V: FSMpsm, X FSMysm, = FSMysm s,

[aiq) [Dir] = [Aiq] V [bir] = [cip]

Cip = max{ajg, by}, q=« p=(a—1)my+r

Definition 8 ([20]) The generalized And-Not-product of [a;q] and [b;.] denoted by A is defined as:
A:FSMpsem, X FSMyxm, = FSMusm, xm,

[aiq]r [bir] - [aiq] A [bir] = [Cip]

cp =min{ajg, 1—by}, q=a p=(a—1)my+r

Definition 9 ([20]) The generalized Or-Not-product of [a;q] and [b;.] denoted by V is defined as:
Vi FSMym, X FSMpsm, = FSMysm, xm,

[aiq ) [bir] = [Aiq] ¥ [bir] = [cip]

C =max{aiq,1—bir}, g=a p=(ax—1)m,+r
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3 Row-product of Fuzzy Soft Matrices
In this section, four distinguished row-product of fs-matrices are defined. Let [[}] = [a;;] EFSM  ; xm, (T3] = [bq] EFSM 5 DE
fs-matrices of the fuzzy soft sets I; and Tz over common initial universe U respectively.
Definition 10 The And row-product of [a;q] and [b;, ] denoted by A, is defined by:
Ar:FSMy e X FSMy,m = FSMy, o
[aiq]' [qu] - [aiq] Kr [qu] = [qu]
where c,q = minfajq, bjq} such thati = a, v = (a — 1)n, + j and a is the least positive integer such that v < an,.
Example 3 Let [a;q] and [bjq ] be fs-matrices such that [a;q] EFSM 3,4 and [bjq] EFSM ;4 given as follows:
01

[08 0 04
0 1 03 0 01 0 07 0.3}

[aiq] = 03 0 02 o/ [qu] = [05 0 02 0

To comﬁute [aig] Ar= [cvq]_, it is important to find ¢, Vv = 1,2,...,6 and q = 1, ...,4. Assume min{a;3,b,3} is to be computed, it is obvious that i = o =
1, then v = 2. Thus, min{a;3,by3} = cy3 so that c,3 = 0.2. The other inputs of [c,,] can be obtained similarly. So, the matrix of [a;,] A,= [c,q] is
obtained as:

01 0 04 0
05 0 02 0
0 0 03 0
[cq]=|0 0 02 0
01 0 02 0
03 0 02 0

Definition 11 The Or row-product of [a;,] and [by, ] denoted by V, is defined by:

V1 FSMy, sim X FSMyy,5m = FSMy o m

[aiq) [bjq] = [aiq] v, [bjq] = [Cvq]

where cy,q = max{ajq, bjq} such thati = a, v = (a« — 1)n, + j and a is the least positive integer such that v < an;.
Definition 12 The And-Not row-product of [a;q] and [by,] denoted by A, is defined by:

et FSMy sim X FSMy,sem = FSMy nym

[aiq) [bjq] = [aiq] A [bjq] = [Cvq]

where c,q = minf{ajq, 1 — bjq} suchthati = o, v = (¢ — 1)n, + j and a is the least positive integer such that v < an;.
Definition 13 The Or-Not row-product of [a;q] and [bj, ] denoted by V. is defined as:

1 FSMy, sim X FSMp,sem = FSMy n,m

[aiq) [bjq] = [aiq] Y, [bjq] = [Cvq]

where c¢,q = max{ajq, 1 — bjq} suchthati = a, v = (a — 1)n; + j and a is the least positive integer such that v < an,.
Example 4 Let [ajq] and [bjq] be fs-matrices such that [a;;] EFSM 3,4 and [bjq] EFSM .4 as given in example 3. The other row-
products are computed below.

0.8 0 07 0.3 08 0 03 0
08 0 04 0 05 0 04 0
01 1 07 03 0 1 03 0
[ai] Ve b1 =[05 1 03 0 | [ag]A[bgl=]0 1 03 0
03 0 07 03 03 0 02 0
05 0 02 0 03 0 02 0
09 1 04 0.7
08 1 08 1
09 1 03 07
[ai] % [ ] =|05 1 08 1
09 1 03 07
05 1 08 1

Remark 1 It i§ worthy to note th_at the commutative property does not hold under the row-product operations.

4 ldentities and Complements of Fuzzy Soft Matrices

4.1 ldentities of Fuzzy Soft Matrices

In this section, three types of identities for fs-matrices are presented. Let [a;q] EFSM 15, and [bjg] EFSM 5.

1. [aq] Vi [bq] = [Bjqy if Vi, jand q, a;; < by, . In this case, [a;,] is called a row-identity fs-matrix of [b;, ] with respect to And row-
product operation.

For instance, let

1 0.5 0.7
_ . _l04 02 04
[aig] =[04 0.1 03]and[b,] = 1 03 osl
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1 0.5 0.7

~ 04 02 04
[aiq] Vi [qu]= 1 0.3 08

2. [aq] A [Bg] = [biqy if Vi, jand g, a;; = by, . In this case, [a;,] is a called a row-identity fs-matrix of [by, ] with respect to the Or

03 02 1
row-product operation. The following illustrates the definition clearly. Let [a;,] = [0.4 0.7 1]and[b;,] = [0.4 0.3 0.5].
01 0 0
[03 02 1 ]
[aiq] A [bg] =04 03 05
10.1 0 0 |
3. If [a;] = [0], then [a;,] V, [biq] = [bq1V i, j and . In this case, [aq] is called null identity fs-matrix of [B;, ] with respect to the Or
row-product operation. Let [a;;] = [0 0 0] and [y ] as in definition 2 above, then
[03 02 1 ]
[aiq] V; [bg] =04 03 05
10.1 0 0 |

4. If [a;q] = [1], then [a;q] A, [Bjg] = [bjqV i, j and g. In this case, [a;,] is called a full identity fs-matrix of [B;, ] with respect to the
And row-product operation. Let [a;;] = [1 1 1] and [by] as in definition 2 above, then

[0.3 0.2 1 ]
[aig] A [bg] =04 03 05

101 0 0 |

4.2 Complements of Fuzzy Soft Matrices
Let [I[4] = [a;;] EFSM  ,p, be a fuzzy soft matrix of the corresponding fuzzy soft set, T,
Definition 14 The fuzzy soft set [} = (ya,E)° = (v}, E) is a complement of I, where
Ya:E - F(U)
is a function such that y3 (x) = U — yA(x)Vx €E.
Definition 15 Let Ty = (ya, E) be a fuzzy soft set over U. The fuzzy soft set T?* = (y$4, E) is called A-complement of Ty, where
VA E - F(U)
is a function such that y$* (x) = U — y, (x)Vx €A. Thus, x ¢A implies that y3* (x) = @.
Definition 16 Let ACE = {e;: 1 <i<n}, 1, = {i:e; € A} and [I,] = [a;;] EFSM . The fuzzy soft matrix [I[,]°* = [c;] is said to
be the A-complement of the fuzzy soft matrix [[,] if

1—ay, ifj € In;
{0, ifjg Iy.
Example 5 Let the set of alternatives U = {h;, h,, h3, h,}, the set of the parameters be E = {eq, e;,e3,e4,€5,€6} and A = {eq, e3,e4, €4}
The fuzzy soft set is given as:

R (O e A ()
A= W\*0570.7°0.8"0.4))' \**10.0°0.7° 05 0.8))’
{h1 h, h; h4} h; h, h; h4}}
(e“‘ 03’05°0.7°0.1 )’(%‘{ﬁ‘T'ﬁ'ﬁ)
The complement of the fuzzy soft set T :
h, h, h; h, h, h, hy h,
0 — - £ 2 =z —_ s = =z
Ik = {(el‘{o.s‘0.3’0.2’0.6})’(62'U)’ (e3'{ 1 '0.3'0.5'0.2})'
h, h, hs h4} U ( h, h, hs h4}}
(e“’{ﬁ’ﬁ’ﬁ‘ﬁ)'(es' ) eé'{ﬁ'ﬁ' .Z'ﬁ)
h

The computed A-complement:
{ by hs E}
3°0.5°0.2
2 4

h, h, hy h h

0A _ _1_2_3_4

" = {(el‘{o.s‘0.3’0.2’0.6})’(e3’ 03’050
( {hl h, h; h4})( {h h, h h}
€10.7°0.5°0.3°0.9))’\°10.7°0.0°0.2" 0.

In matrix form:

05 0 0 03 0 03

Cij =

o

hy
1
1

o

07 0 07 05 0 1
=08 0 05 07 0 08
l0.4 0 07 01 0 O.6J
05 1 1 07 1 07
03 1 03 05 1 0
Le=lo2z 1 05 03 1 07
06 1 02 09 1 04
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[0.5 0 1 0.7 0 0.7]
|03 0 03 05 0 0
L4 =lo2 0 05 03 o 07|
|[0.6 0 02 09 0 0.4J|
Proposition 1 Let [[4], [Tg], [[c] EFSM 1 xm, then
1 [FA]:\Z ([Ts] U [TcD = ([T4] Yr Tp]) U [I¢]
2. [I4] Vr ([Ts] N [TcD = ([T4] Vr Tg]) N [I¢]
3. [I4] Ar ([Ts] U [TcD = ([T4] Ar Tp]) U [I¢]
4. [L] A ([Tg] N [Te]) = ([Ta] Ay TgD) 0 [I¢]
Proof. Let [FA] = [aij], [FB] = [b ] [F(:] [Cij] such that [ai]'], [bl]]' [Cij] € FSMnXm' Therefore, [bl]] V] [Cij] = [dlj] so that
[au]v [d]] = [evj]
where e,; = max{a;;,d;;}, i = a, v = (a — 1)n + j such that « is the least positive integer which satisfies v < an.

Likewise, let [a; V. [by] = [f;], where i = a; , w = (az — 1)n +j such that a, is the least positive integer which satisfies w < a,n.
Also, [a;;]V, [c;j] = [gu;], where i = a3, u = (a3 — 1)n + j such that ay is the least positive integer which satisfies u < azn. It is
obvious that [f,,; ] and [g,,; ] have the same order. So, [f,,; ] U [gy;] = [hy;], With i = a4, ¥y = (@4 — 1)n + j, implies that

y= (aa—1n+j

= (aiz—Dn+j
= (az—Dn+j
= (a1 —Dn+j
= (a=—1Dn+j

Sincey =w = u = v. Thus [e,; ] = [hy,; ], such that
max{a;;, max{b;, ¢;; }} = max{max{a;, b}, c;j}
The proofs of 2 - 4 are similar, hence left undone.
Theorem 1: Let [FA] [Tg], [Ic] EFSM . then

1. ([Ta] U [TD) Vi [Tc] = ([Ta] Vi [TcD U ([Ts] Vi [T
2. ([Ta] 0 [Ts]) Vi [Tc] = ([Ta] Vi [Te]) 0 ([Ts] Vi [Tc]D
3. ([Ta] U [Tg]) A: [Ic] = ([Ta] Ar [Te]) U ([Ts] Ar [Tc])
4. ([La] N [TgD Ar [Te] = ([Tl Ar [T N ([Tg] Ar [Te]D

Proof. Let [[4] = [ay], [Tg] = [by], [Tc] = [cy]. [ay], [by] EFSM i implies that [a;] U [by] EFSM  1xpm. Let [a;] U [by] = [dy],
so that ([a;;] U [by]) ¥y [c5] = [dy] Vi [c;5]- Let [dyj] Y, [c5] = [ey;] EFSM . Thus,
eyj = max{max{ay, by}, c;}Viandj

= max{dy, ¢;}
where d;; = ag; or by such thati = a, v=(a — 1)n +j and a is the least positive integer such that v < an from definition. Thus,
v=(a—1n+j. Also [a;],[b;], [c;j] EFSM xp, implies that [a;; ]V, [c;;] and [b;] V; [c;;] have the same order. Let

[a;]1V; [c;] = [dy] (1)
and
(b1 Ve [cii] = [fuj] (2)

such that in(1)i=ai, u=(a; —1n+jand a is the least positive integer for which w < a;n. Alsoin (2),i = a,, w = (a; — 1)n +
J where a, is the least positive integer which satisfies w < a;,n.
([aU] Y, [eiy1) U (b1 Y, [cii]1) = [92] EFSM i xm Whereg,; = max{d,;, f,,; }. Since [dy;]and [f,;] have the same order, then

u=w = zsothatifu = a3, z = (a3 — 1)n + j where a3 is the least positive integer such that z < azn. Thus,
z= (a3 —Dn+j

= (np—-Dn+j

= (aa—Dn+tj

= (a—Dn+j

Thus, [ey; ] = [g4;] so that,

max{max{a;, b}, c;;} = max{max{a;, c;}, max{b;, c;}
The proofs of 2 - 4 are similar, hence omltted

Theorem 2 Let [I], [Ig], [Ir] EFSM  ,,xm, then

L. [L4] Vo ([Tp] U [Te]) = ([Ta] V- [Tp]) U ([Ta] V- [T ])

2. L]V, (T] N [Te]) = ([Ta] Vi [Ta]) N ([Ta] Vi [TcD

3. [La] A ([Te] U [TcD = ([Ta] Ar [T]) U ([Ta] Ay [Tc]

4. [L A ([Tl N [TcD = (Tal Ay [T 0 ([Ta] Ay [TeD

Proof. The proofs are similar to that of Theorem 1 above, hence omitted.

Remark 2:Theorems 1 and 2 establish the fact that the row-products are right and left distributive over the union and intersection of
fuzzy soft matrices
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Theorem 3 Let [I}], [I3] EFSM  ,,xm, then
1. [[4]°4 U [0] = [[4]°4 where [0] EFSM
2. [[4]°4 n [0] = [0]
3. [La]°4 N [[y]°4 = [Ta]*
4. [T4]°4 U )04 = [Ty]°4
5 [,]4uU=U
6. [[4]4 NU =[]
7. [[4]°4 U [Tp]°7 = [[,]°4 U [T5]°F
8. [[4]°4 N [[p]°% = [[,]°4 n [T]°"

Proof. The proofs are straight forward.

Theorem 4 Let [Q] [I3] EFSM
1 [FA]OA

2. [[y]*
3. [I4]
4. [L4]
5. [I4]

Proof. Let [[4]°4 = [cy], [T3]°B] = [dy;] and I; = {e;: i € A}, where I; = I since A=B. [b;] €

»xm:» A=Band [I] € [I}], then the following hold.
U [[]°8 = [Ip]°®
N [T]°F = [[,]*
U ] = [T4]°
U [I3]° = [Is]°
N [[]° = [IL]°

[a;;] implies that, Vi and j, b;; < a;; with at

least one term b;; < a;;. Now, if b;; < a;; then1—a;; <1 —b;Viandj. So Viand j,

. ={ —aij, lf]EIA,

¥ =1, if j &1,
and
d- :{ —by, if jE€Ip;

ij if jé&lg.
If [eil'] = [Ci]'] U [dl]]! then
o = {max{l - aij, 1- bl] }, lf ] € IAHB;
7, if j€lang-

Therefore, [e;; ] =

— by, if j€lnp;

if j&lans-
[T5]°B. The proofs of 2 - 4 follow similar arguments.

Conclusion

Many examples constructed in this work have shown how the idea of row products of soft matrices introduced by H. Kamac et al [5] is fuzzified.
Some fundamental algebraic properties of identity and complements of Or row products operation and And row-product operation of fuzzy soft
matrices are investigated. From the results, Or row-product is associative with the union and intersection of fuzzy soft matrices. Similarly, for the
And row product as indicated by Theorem 1 of section 1. In addition to this, Theorem 1 of section 1 also indicates that union and intersection of
fuzzy soft matrices are distributive over defined Or row-product and And row-product operations.
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