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Abstract

Let X,, be the finite set {1,2,3, ..., n}. Wedenote by S,,, T,, P, and SP,, the sets of
all permutations, full transformation, partial transformation and strictly partial
transformation on X,, respectively. We define the stretch s* (i) of a permutation m to
be the arithmetic average of{lmr(i)—nw(i+1D|:1<i<n}. A (partial)
transformation amoves an element i € dom(a) a distance of |i — ia| units. The
work w(a) performed by e is the sum of all these distances. In this paper, we
characterise elements of T,,, P, and SP,which attain maximum work, elements of
T, with maximum stretch and calculate the number of permutations attaining
maximum works and maximum stretches. Equally, explicit formulas for these
maximums are derived.

Keywords: work, stretch, maximum work, maximum stretch, permutations, full transformation, partial
transformation, strictly partial transformation.

1. Introduction

A partial transformationa of a finite set X,, = {1,2,3,...,n} is a map whose domain and codomain are subsets ofX,. A
partial transformation « is said to be full if its domain is the whole of X,, and is said to be strictly partial if it is not a full
transformation. The sets of all partial full and strictly partial transformations of X, are denoted by T,, B, and SP,
respectively. The set of partial transformations and its various subsets have been objects of study among various researchers
over the course of the years. Aspects of transformations that have been explored are always in terms of their algebraic or
combinatorial properties.

The concept of ‘work’ in transformations first appeared in [1].A (partial) transformationa of X,, moves an element i €
dom(a) a distance of |i — ia| units. The work w(a) performed by « is the sum of all these distances. Although [1]
documented that their motivation for the study stems after attending a talk in Sydney in 2004 delivered by Tim laver, where
the work performed by semigroup of order-preserving transformation on the finite set X,, = {1,2, ..., n} was conjectured as
(n — 1)22"3, This conjecture was proved in the paper of the duo, and alongside they further studied the works and average
works performed by the semigroup of partial transformation and some of its subsemigroups. They derived explicit formulas
for the work and average work of these various subsemigroups of the partial transformations.

Prior to this, what appears to have the same definition as work has been studied under the name displacement. This concept
of displacement appears in literature under various names with subtle variations and its usage has been with respect to
permutations. The concept of total displacement of a permutation = on X,, whose expression first appear in [2] was defined
asy., |i —m(i)|. The idea was further considered by other authors although with slight differences and names depending
on its usage in their various researches. To consider some instance, the term spearman’s measure of disarray was used as
substitute for displacement in [3]; delay, total relative displacement and shift factor were used [4], [5]and [6] respectively.
With respect to permutations, [7] considered stretch and displacement. The stretch s*(m)(in terms of addition) of a
permutation ris defined to be the arithmetic average of {|m(i) — (i + 1)|: 1 < i < n}. Permutations that attain maximum
value of stretch was obtained and their description was given, and with respect to displacement, they equally found
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permutations that attain maximum displacement and characterised them. The ideas of displacement in permutations have
found applications in the areas of turbo coding [7], interleavers of turbo codes [4] and [8], speech scrambling [6] and many
more.

In this paper, we extend the work of [7] with respect to transformations, this we did along the line of [1]. We subdivide this
paper into three sections. In the second section, wepresent preliminary definitions and existing results relating to stretch and
displacement in permutations. The last section however deals with the main findings of this paper.

2. Preliminaries

Consider the finite setX,, = {1,2,3, ..., n}.

In this section, we present preliminary results and definitions. Basic concepts in semigroup can be found in [9]
Definition 2.1[7] Let = € S,,. The displacement of 7 is defined as:

d(m) = 5, =

Definition 2.2[7]A permutation 7 € Sy,is called crossing if for every i,j € X,,, the two closed interval [i,z(i)], [J,7(j)]
intersect (possibly at a single point). Otherwise,r is said to be non-crossing.

In the next result and the one that follows, it is shown respectively that only crossing permutations can attain maximum
displacement and such permutations are characterised.

Lemma 2.3[7]Letr € S,,be a non-crossing permutation.Then there isp € S,with d(p) > d(m).

Lemma 2.4[7]Letr € S,,. If n = 2m, thenr is crossing if and only if it maps{1,2, ...,m}onto{m + 1, m+ 2, ...,n}. If n =
2m + 1, thenmis crossing if and only if it maps{1,2, ..., m} tofm + 1,m + 2, ...,n}and{m + 2,m + 3, ...,n} to{1,2, ..., m +
1}.

The result that follows discusses on the value of this maximum displacement.

Theorem 2.5[7]Given n > 1, letd,, = max{d(n):m € S,}and D,, = {m € S,: d(w) = d,}.Thenw € D,, if and only if mis
crossing. Moreover,d,, = ”/thennis evenand d,, = (n — 1)(n + 1)(2n) " *whenn is odd.

Definition 2.6[7] Let = € S,,. Consider B = {{i,i + 1}:1 < i <n} and |B| =n — 1. The stretch of = (with respect to
addition) is defined as s () = Yot D]

Definition 2.7[7]For two subsets A4, B of X,,, we say that = € S,, oscillates between A and B if for everyl < i < n, we have
eitherm(i) e A, n(i+1)€eBorn(i) €EB, w(i+1) € A.

Below is presented a result that shows for which 7 € S,, is s¢ () maximal, and the formula for this maximal value is also
given.

2 _
Theorem 2.8[7]The maximum value of s&(z) among all T €S, is (2m 1)/(2m_1) when n =2m and

2 _
(2m? + 2m 1)/(2m) when n = 2m + 1.When n = 2m, the maximum is attained by 7 if and only ifm oscillates

between{1,2,...,m}, {m+1,m+2,..,n} and (n(l),n(n)) e{(mm+1),(m+1,m)}. When n=2m+1, the
maximum is attained by 7 if snd only if either m oscillates between{1,2, ..., m}, {m + 1,m + 2, ...,n} and (n(1),7(n)) €
{(m+1,m+2),(m+2,m+ 1)}, or m oscillates between {1,2,..,m+ 1}, {im+2,m+3,...,n} and (n(l),n(n)) €
{tm,m+1),(m+1,m)}.
Definition 2.9[1] the work performed by a partial transformation a € P, in moving a pointi € nis defined to be:
wi(a) = {li —ialif i € dom(a)

t 0 otherwise,
The (total) work performed by «a is

w(@) = ) wi@)

i€En
Notice that on multiplying n to the result of displacement by [7], we obtain a value equal to what was called work in [1].
Henceforth, we neglect the use of displacement and adopt work in the sense of its usage in [1]. Equally our usage of stretch
shall be without consideration to the cardinality of the set B as it were in [7]. This is purely for the purpose of consistency.

3. Main Results

In this section, we present the findings of this work. We begin by presenting respectively the characterisations for mappings
with maximum work and maximum stretch in T;,, together with their associated combinatorial results.

Consider the finite set X,, = {1,2, ..., n}.

Journal of the Nigerian Association of Mathematical Physics Volume 53, (November 2019 Issue), 21 —28

22



On Maximum Works and... Abdussamad and Pokalas J. of NAMP

Theorem 3.1 Let a € T,,. Then,

a. If n is even, a performs maximum work inT,,if and only if for each i € X,,,

nifl<i<?,
ia = 1

1ifQ)+1<i<n @
b. If n is odd, then o performs the maximum work in T;, if and only if for each i € X,,,

n ifl<i<?
ia = norlifi= (59 +1, )

L 1 if(“;)+2313n.
Moreover,
2(Bn-2) if n is even,
max{w(a)} = 14 3)
aETy " (n—1)3n+1) ifnisodd.
Finally, if
A(S) = |{a € S: w(a)is maximum}|. Then
(1 if niseven,
AlTw) = { 2 if nis odd. “)
Proof:
a. Let n be even. Suppose a performs maximum work in T,,, then by definition of work performed by a € T, we
have

w(@) =3, |i — ial

Now, notice that w(a) can be maximum only when|i — i«|is made sufficiently large for each i € X,,. Thus,
n

n—i ifl<is<s,

max|i — ia| = n

i—1 if(§)+1SiSn.

hence the map in (1).

Conversely, suppose a € T, is as in the even case, then clearly, |i — ia| is at maximum for each i € X,, and so the value of

w(a)will be maximum. And the result follows.

b For n odd, and suppose a performs maximum work in T,,, then by definition,

w(a) = Z li —ia|

Using similar argument as above, the maximum value of w(a) can be attained by maximizing |i — i«| for each i € X,,.
Now,

n L1 SLs 2

n—1

., n—1
max|i — ia| = if i=(T)+1,

n—1
k i—1 if (T)+2SiSn.

Hence, a must be the map described in (2).

Conversely, suppose a € T, is in the odd case, then clearly, |i — i| is at maximum for each i € X,,. Thus, w(a)will be at
maximum and so we have our desired result.

Now, for an evenn and « as in(1), we have,

W(a)—i(n—i)+ i -1
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NS

i=1 i=1 =041 i=241
= n—2 i+ Z i— Z 1
i=1 i=1 i=1 L:§+1
LAY P PP T
—2 72\ 2 =2
— a2 n2 + n
=n 7 2 n
~2a@n-2)
T4

Also, for an oddn and « as in (2), we have,
) n

W(a)—Z(n—lH Z (1—1)+(—)
i=(")+2

e (5)+

= Z(n—z)+2(t—l)— Z (1—1)+(—)
(—) =t
z(n—1)+2(l—1)— Z i-1

i=1
(—)

Z(L—1)+ Z(n—21+1)

i=1
nn+1 nn-1 n—1\/m-1 n—1
(n+D) n-1 )+

2 2

2 2
_2n(n—-1) (n-Dn+1) (n-1)
- a 4 T

2
G

4
1
= Z(n —1)(Bn+1).

Finally, whennis even, it is clear from the map (1) that in T,,only 1 such map will attain the maximum.

On the other hand, for an odd n, 2 such maps will obviously exist since the central element in the domain is mapped to
either n or 1.

Next, we present a result that characterises mappings in T, that attain maximum stretch. But note that we consider the
stretch only in the addition case.

Theorem 3.2For n = 2, a mapping a € T,attains maximum additive stretch in T,if and only if « oscillates between1 and
n. This maximum value is (n — 1)2. Moreover, there are only 2 elements of T,, that attain this maximum.

Proof:

By definition, the additive stretchs* (a) of a map a € T,,is given by,

s* (@) = X |a(®) — ai + D).

Obviously, the maximum value of s*(a)is attained by maximizing |« (i) — (i + 1)| for each i € {1,2,3,...,n — 1}. Now,
notice that, for each

i €{1,23,..,n— 13}, the maximum value of |a(i) — a(i + 1)| isn — 1. This

is clearly possible only when «a oscillates between 1 and n.

Conversely, suppose a € T, oscillates between1 and n. Then clearly,

e (@) — a(i + 1)| is at maximum for each i € {1,2,3, ...,n — 1}. And so the additive stretch of « is also at maximum.

Now, if a € T, attains maximum additive stretch, then by the above description, we have
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s (@)

n-1

= D la@® —ati + 1|

i=1
=n-D+n-D+n-D+--+n-1)

=(n-1)%

Finally, by the definition of oscillation, a € T,, oscillates between 1 and n if and only if, for any i € {1,2,3,...,n — 1},
eithera(i) =1, a(i+1) =nora(i) =n, a(i + 1) = 1. Thus, only 2 such a € T, will exist.

In what follows, we count the number of elements in S,, that attain maximum work and maximum stretch.

Theorem 3.3 Let € §,,. Then, the total number of permutations in S,

that attain maximum value of additive stretch is

2 [(nz;z) !]2 if n is even

2 ()1 (22) ) if s od

forn = 2.
that attain maximum work is

[(g) 1? if n is even

-1
)!]z,ifn is odd

Let n be even. Then by Theorem 2.8[7], m € S,, oscillates between A = {1,2, 2} and B = {g+ 1, n} and

(1), m(n)) € {(gg + 1) ) (Z + 1%)} If (m(1),7(n)) = (Zg + 1), it follow that 7|34 -1y OsCillates
between A’ = (A\{g}) and B’ = (B\{g +13). Thus, |34, n-1y IS a union @ U B, where a is a bijection from
{2,4,6,...,n—2} onto B, and f is a bijection from {3,5,7,...,n — 1} onto A’. Now, it is clear from simple
combinatorial argument that, there are( > )' such «a and ( > )'such B. But then, there are [( ) 11? possible

maps of the form @ U f = 1|3 34,..n—13- And SO, in this case, this is exactly the number of permutations m € S,
that are of maximum additive stretch.

If (n(l),n(n)) = (’2—1+ 12) then a similar observation as above shows that 7r|{2,3,4,___,n_1} is a union y U T,
where y is a bijection from {2,4,6, ...,n — 2} onto A" and t is a bijection from {3,5,7,...,n — 1} onto B’. And so,
there are ( ) I'such y and ( > ) I'such 7. Thus here too, we have exactly [( ) ']27r € S, that are of maximum
additive stretch Hence when n even, the total number of permutations in S,, that attain the maximum additive

stretch is 2([(”7_2) 2).

Ifn be an odd integer. By Theorem 2.8[7],% € S,, oscillates between C = {1,2,3,. } and D = {"+1 ot
.,n} and (m(1),m(m)) € {(*, %), (222, %22)3. Now firstly, if (m(1), n(n)) ("+1 2), it then follows
that the permutation 7|, 34 13 OSCillates between C and D' = (D\{"—+1 "—+3}) Thus, 1r|{234 ,n—1} IS @ union

6 U g, where § is a bijection from {2,4,6,...,n — 1} onto C and o is a bIJECtIOI’I from {3,5,7,...,n — 2} onto D".
Since m is a permutation, there will be ( )' such é and (—)' Such a. And so, we shall have ("2 1) ! (’%3)'
Possible maps 7| 34,..n-13- NOW, since there are two possibilities for (ﬂ(l),ﬂ(n)), we have that the total

number of permutations m € S,, that attain the maximum additive stretch is 2(("7_1)'("7_3) 1). The second

description of the permutation follows.
Let = € S,, be a permutation whose work is maximum. If n is even. Then, by Lemma 2.4[7] the subset A =

{1,2,. E} is mapped by 7 onto the subset B = {2 +1,. } obviously & will force B to be mapped onto A.lt
therefore follows that = will map both A onto B and B onto A in ( ) Ipossible ways since|A| = |B|.Hence, we

shall have a total of [(;) 1% permutations that attain maximum work.
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If n is odd, again by the characterisation in Lemma 2.4[7], @ € §,, imposes no condition to the image of the central
element of X,, ("Tﬂ)th element, and thus allowing it to be mapped to any i € X,,. The other two subsets of X,, (A =

{1,2,3,...,"7_1 and B = {nT_l+ 1,..,n}) on the left and right of (nTH)th elementrespectively have the same

cardinality "TH Thus, we shall have (nTH) lways m will map A onto the elements of B and vice versa. This

n+1

n+1) '1? possible arrangements of the two partitions. Lastly, since the (T)th

2
element can be mapped to any i € X,,, we shall have a total of n[("TH) I1? permutations that attain the maximum
work in S,,.

therefore results to a total of [(

In the next result, we characterise elements of P,that attain maximum work. But first, we write an important lemma that
will aid us in the proof of the characterisation.

Lemma 3.4 LetX,, be the finite set {1,2,3,...,n}. If K = {@ € B,:|dom(a)| =m}and L = {B € B;: |[dom(B)| =m+1 <
n}. Then there exists at least a y € L such that w(y) > w(6) forall § € K.

Proof:

Note first of all that for all « € K and all 8 € L there exists at least one map in K and at least one map in L whose work is
maximum in K and L respectively. For such « € K and all § € L, and for i € dom(a) and j € dom(B),

n—i i _1_2,

max|i — ia| = n
i—1 if(§)+1SiSn.
and
n
n—j iflSjSz.
max|j — jB| =

n
j-1 if@+1s<j<n

Suppose § € K and y € L are such maps, that is max w(a) = w(d) and r};lgg( w(B) = w(y), then by definition,

w(d) =
and
w(y) =

m i, — i8] fori, € dom(5)

?l:il lis — isvl for is € dom(y)

It follows obviously from the definition that since there are more summation of terms under y, w(y) > w(§).

Theorem 3.5 An element a € B, attains maximum work if and only if & € T,, and « is such that:

nifl<i<?,

o = n
1 if(5)+1SiSn.
if n is even,
and
f1<i<h?
n ifl1<i< 5
. n—1
ix = norlifi=(T)+1,
n—1
k 1 if > )+2<i<n.
if nis odd.
Proof:

The proof follows from lemma 3.4 and the proof of theorem 3.1.

We consider below description of elements in the set of all strictly partial transformations(S P, )that attain maximum work.
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Theorem 3.6 Let a € SB,. Then,

(a)
(i)
(i)

or

(b)
(i)

(i)

Proof:

If nis even, a performs maximum work in SB, if and only if, for each i € X,,,
dom(a) = Xn\{g or %4— 1}

either

. { nifl<is<Z,

ax =

1 if(§)+1s15n.

nifl<si<>-1,
B 1ifG+1<i<n

if n is odd, a performs maximum work in SB, if and only if for each i € X,,,
n+1

dom(a) = X\
n if1<i<

1 if

)

n-1
. 2
a =

n+3 .
5 <isn

By lemma 3.4 and the proof of Theorem 3.1, the result follows.

Remark:It can be deduced fromTheorem 3.5 that for any n, no map will perform work greater than the map
described in Theorem 3.1.
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