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Abstract

In this paper, we investigated and studied some results of multiset relations and its
properties. Similarly, we studied and investigated the results of multiset basis, sub
multiset basis for multiset topology, and also finer and strictly finer multiset
topologies. The paper extends some results of multiset relations and its properties,
multiset basis and sub multiset basis for multiset topology, and also finer and strictly

finer multiset toEoIogies.
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1. Introduction

The theory of set relations has been studied extensively in mathematics along with it applications in diverse fields.
Especially in solving many real world problems; for instance, in solving a complex transportation problem where one
needs to see how a city A is related to city B in [1].

In cantorian set theory usually called a standard or crisp set theory, a set is considered as any collection in to a
definite and distinguished object (called elements) by [2] and [3]. One unavoidable consequence of cantor’s definition
is that no element can occur more than once in a classical set. Blizard in [2] argues that cantor’s assertion of
excluding repeated elements does not go hand in hand with many situations arising in solving real world problem. For
example, the repeated roots of x2 - 2x + 1 = 0, repeated hydrogen atom in a water molecule (H,0), the repeated prime
factors of an integers n > 0, etc, need to be considered significant. Once we admit repetition of elements, we have
multiset (for short mset)

In view of the recent developments taking place in the study of multiset a number of important areas of research
requiring of multiset relations have come to the fore, especially from a practical point of view, multisets are found
useful in providing structures as they arise quite naturally in certain areas of mathematics, computer science, physics
and philosophy seen in [2, 3, 4]. In particular multiset relations have been found to be natural representation for many
important combinatorial optimization problems in [5] and [6].

A wide application of multiset can be found in various branches of mathematics. Algebraic structures for multiset
space have been constructed by [7]. Application of multiset theory in decision making can be seen in [2]. Multiset
topology induced by multiset relation was introduced by [8] in 2012. The same author further studied the notion of
open set, closed set basis, sub-basis, closure, interior and related properties in multiset topological space.

Relation on a multiset is a simple mathematical model to which many real-life data can be connected by [6].
Topological structures on multiset are generalized methods for measuring similarity and dissimilarity between objects
in the universes seen in [8] and [9]. Multiset relations are used in the construction of multiset topological structures in
many fields such as dynamics, rough set theory and approximation spaces by [8].

The topological structure is usually represented by describing its part which is sufficient to recover the whole
structure by [1]. A collection B of open mset is a multiset base for multiset topology if each nonempty multiset is a
union of multisets belonging to B. For instance, all intervals form a base for real line.

This paper extends some results of multiset relation and its properties by [10], multiset basis and multiset sub-basis
for multiset topology, and also finer and strictly finer multiset topologies by [8] and [9].
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We subdivide this paper into three sections. In the second section, we present preliminary definitions and existing
results relating to multiset relation and its properties, multiset basis and multiset sub basis for multiset topology and
also finer and strictly finer multiset topologies. The last section however deals with the main findings of this paper.

2. Preliminaries

In this section, we present preliminary results and definitions

Definition 2.1 [2]

A multiset (mset) can be defined as an mset M drawn from the set X is represented by function count M or Cy,
defined as Cy, : X — N where N represents the set of non — negative integers.

Definition 2.2 [2]

A domain X is defined as a set of elements from which msets are constructed. For any positive n, the mset space [X]"
is the set of all msets whose elements are in X such that no element in the mset occurs more than n times.

Definition 2.3 [2]

The cardinality of mset M denoted by C (M) is the sum of multiplicities of all its objects.

Definition 2.4 [2]

Let M and N be two msets drawn from a set X. Then N is called submultiset (submset) of M writtenas N € M if
Cy (x) < Cy(x),Vx€eX. Clearly,® isasubmset of every mset

Definition 2.5 [10]

Let M and N be two msets drawn from set X then the cartesian product of M and N is define as

M x N={(m/x,n /y)/mn:x €En M and y enN}.

Definition 2.5 [10]

A submset R of M X M is said to be an mset relation on M if every member (m/x,n/y) of R has a count product of
C1(x,y) and C2 (x, y).m/x related to n/y is denoted by (m/x) R (n/y)

Definition 2.6 [10]

Let R be mset relation defined on M and x €™ M. We defined R(m/x), the R- relative mset of m/x, as the mset of all
n/y in M such that there exist some k such that k/x R n/y. ie,,

R(m/x) = {n/y:3 some k with k/x Rn/y}.

Definition 2.7 [10]

The inverse of an mset relation R denoted by R is defined as

Rt ={(n/y,m/x)/mn: (m/x,n/y) €""R}

Definition 2.8 [10]
The identity mset relation in any mset M is the set of all pairs in M x M with equal co-ordinates and it’s denoted by

L.

Definition 2.9 [10]

Let M, N and P be three msets, R be an mset relation from M to N and S be an mset relation from N to P. The
composition of R and S denoted by S o R is an mset relation from M to P and is defined as follows:

If m/x isin M and k/z is in P, then m/x (S o R) k/z if and only if there is some m/x Rn/y and n/y S k/z. Such
that C1 (x, z) = max {min{C1 (x,y), C1(y, z)}} and

C2(x,z) =max {min {C2 (x,y), C2(y, 2)}}, i.e.,

m = maxi{min; {mi, nj}} and k = max; {mini{ni, k;}}

The next results and the one that follow respectively are obtained from multiset relation R-relative multiset relation,
inverse of multiset relation and composition of multiset relation. And shown how many data can be connected.
Theorem 2.10 [10] Let R be an mset relation from M to N and S be an mset relation from N to P. If M, is any
submset of M, then (S o R)(M,) = S(R( M,)).

Theorem 2.11 [10] Let R be an mset relation from M to N and S be an mset relation from N to P. Then (S o R)"' = R"!
oS

Definition 2.12 [10]
a. An mset relation R on an mset M is reflexive if m/x R m/x forallm/x in M.
b. An mset relation R on an mset M is symmetric if m/x R n/y implies n/y R m/x for all m/x,n/y in M.
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C. An mset relation R on an mset M is transitive if m/x R n/y, n/y R k/z, then m/x R k/z for all m/x,n/y
andk/z in M.
An mset relation R on an mset M is an equivalence mset relation if it is reflexive, symmetric and transitive

Definition 2.13 [10]

A partition of a non empty mset M is a collection P of non empty sub msets of M such that

a. Each element of M belongs to one of the msets in P.

b. If M1 and M are distinct elements of P, then MiNn M, =0

The msets in P are called the blocks or cells of the partition

Below are results that shown equivalence and partition of multiset have many things in common.

Theorem 2.14 [10] Let R be an equivalence mset relation on an mset M. If x €™ M and y €™ M. Thenm/x R n/y if
and only if R(m/x) = R(n/y).

Theorem 2.15 [10] Let R be an equivalence mset relation on M and let P be the collection of all distinct R-relative
msets R(m/x) for every m/x in M. Then P is a partition of M and R is an equivalence mset relation determine by P.

Definition 2.16 [8] Let M € [X]W and 7 € P* (M). Then t is called a multiset topology (for short M-topology) of M
if T satisfies the following properties;

i. The multiset M and empty multiset @ are in t.

ii.  The multiset union of the element of any sub collection of T is in 7.

iii. The multiset intersection of the elements of any finite sub collection of t is in t.

A multiset topological space is an order pair (M, ) consisting of a multiset space [X]" and a multiset topology T <
P* (M) onM.

Definition 2.17 [8] If M is an mset, an m-basis for an M-topology on M is a collection B of partial whole submsets of
M (called M-basis element) such that

(i) For each x €™ M, for some m > 0, there is at least one M-basis element B € B containing m/x, i.e., for each
mset in B, there is at least one element with full multicity as in M.

(if) If m/x belongs to the intersection of two M-basis elements B1 and B» then there is an M-basis element B3
containing m/x such that Bs < B1 N By i.e., there is an M-basis element B3 containing an element with full multicity
as in M and that element must be in B1 and B-.

Definition 2.18 [8] A sub collection S of T on M is called a sub M-basis for t, if the collection of all finite mset
intersection of element of S is an M-basis for 7. The M-topology generated by sub M-basis S is defined to be the
collection T of mset union of all finite mset intersection of elements of S.

The results follows discussed how 7 equals the collection of all msets union of elements in multiset basis for multiset
topology.

Theorem 2.19 [8] Let M be an mset in [X]" and B be an M-basis for an M—topology T on M. Then t equals the
collection of all mset unions of elements of the M—basis B.

Definition 2.20 [9] Suppose 7 and t* are two M-topologies on a given mset M in [X]". If t* € 7, then we say % is

finer than 7. If t* c 7, then 7% is strictly finer than 7.

Theorem 2.21 [9] Let B and B* be two M-basis for the M-topologies 7 and 7' on M in [X]%respectively. Then the

following are equivalent.

i. ttis finer than 7

ii. For each x €™ M and each M-basis element B € B containing m/x, there is an M-basis element B! € B!
containing m/x such that Cg' (x) < Cg(x)

3. Main Results

In this section, we present the findings of this work. We begin by presenting the results obtained from multiset
relations and its properties.

Theorem 3.1 Let R be an mset relation from M to N and S be an mset relation from N to P. Then if M, is any
submset of M, we have (S o R)' (M) =R (S (M,))
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Proof:
Let m/x € M and k/z € P. Suppose k/z € (So R)' (M,), then k/z (So R)' m/x if and only if m/x (So R) k/z,
i.e., if and only if there is some m;/x R n;/y and nj/ly S k;/lz such that m= max{min;{m;n;}} and k=
max;{min;{n; k;}}. Thus n;/y € R" (m;/x) and
kilz € ST (R (m;/x)) since {m;/x}< M, and
ST(R! (my/x)) € S* (R (M;)). Hence kj/z € S (R (My)).
Therefore (S o R)' (M,) < (S (R (M;) 1)
Similarly, suppose thatm/x € S' (R' (M,)), then k;/z € S (n;ly) so n;/ly € R (m;/x). By the definition of
composition kj/z S'njly andn;/ly R' my/x ie,k/z (RoS)' m/x where k=max;{min{n;k;}} andm=
max;{min;{m;n;}}. Thus m/x € (R o S)"' (k/z) Since {k;/z }= M, and (S o R)" (k;/z) < (S o R)' (M;)). Hence
m/x € (S o R)' (M,)).
Therefore, S* (R (M;)) < (S 0 R)' (M,)) 2)
Hence from (1) and (2) we have (S o R)"' (M) =S (R (M,))
Theorem 3.2 Let R be an mset relation from M to N ThenR' o R =I;; and R o R =1,
Proof:
Let R be an mset relation from M to N and also R be an mset relation from N to M. Then
n/y = R(m/x) which is equivalent to m/x = R (n/y). Since R and R™' are mset relations for all m/x € M and n/y
€ N. Thus R(R" (n/y)) =n/y and R (R" (m/x)) =m/x. Then
Forall m/x € M, I,,(m/x) =m/x =R' (R (m/x)) = (R 0 R)(m/x), therefore R"' 0 R = I,;. Also
Foralln/y € N, Iy(n/y) =n/y =R (R" (n/y)) = (R o R")n/y. Therefore R o R =Iy
Theorem 3.3 Let R be an mset relation from M to N. Then
(a) Roly=RandI,, oR=R
(b) Roly=RandIyoR=R
Proof:
Let R be an mset relation from M to N, if R" o R=I;and R o R"' = I forall m/x € M and n/y € N. Then
@ (Roly) (m/x) =R (Iy(m/x)) forallm/x € M. SOR o I;; = R and
(Iy o R) (m/x) =l (R (m/x)) forallm/x e M.So I, oR=R
(b) (Roly) (n/y) =R (Iy (n/y)) foralln/y e N.So RoIy=Rand
(IyvoR) (n/y)=Iy (R(n/y)) foralln/yeN.So IyoR = R
Theorem 3.4 Let R be an mset relation from M to N. Then if M, is any submset of M we have (R' o R) (M;) = R"
(R(M,))
Proof:
Let R be an mset relation from M to N and R™' is an mset relation from N to M for all m/x € M andn/y € N.
Let m/x € (R' o R) (M,). Then from the definition of composition we have m/x (R" o R) m/x. Thus m/x =
R(m/x) is the same as m/x = R (m/x). Since R and R are mset relations. Also m;/x € R(m;/x) and so m;/x € R-
' (R (m;/x))
Since {m;/x } € M; and R" (R (m;/x)) € R" (R (M,)). Hence m/x € R (R (M,))
Therefore (R' o R) (M;) € R (R (M)))........ (1)
Similarly, let m/x € R (R (M;)). Thenm;/x € R (R (m;/x)) for some m;/x
€ R' (R (M,)). From the definition of composition we have m/x (R o R) m/x.
Thus m;/x € (R o R) (m;/x) since {m;/x} € M, and (R"' o R) (m;/x)) € R (R (M,)). Hence m/x € R" (R (M,)),
therefore R (R (M;) S (R o R) (M)......... Q).
Hence from (1) and (2) we have (R o R) (M;) =R (R (M,))
Next, we present result that shown the inverse of relation is also an equivalence relation
Theorem 3.5 Let R™" be an equivalence inverse mset relation on an mset M. If x €™ M and y €™ M. Then
n/y R"m/x ifand only if R"(n/y) = R"(m/x).
Proof:
Let R"(n/y) = R"'(m/x). Since R is reflexive, y €® R-(n/y). Therefore y €™ R"(m/x). Thusn/y R”" m/x
Conversely, suppose that n/y R~ m/x . Then by definition of equivalent mset relation
y €® R"(m/x) and since R symmetric, x €™ R”(n/y). To prove R"(n/y) = R"(m/x), letz €¥ R™'(n/y).
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Since R~ s transitive and y €™ R~'(n/y), it follows that z € R~'(m/x). Thus R~'(n/y) € R™'(m/x). So also
R™'(m/x) € R™'(n/y). Hence we can conclude that R='(n/y) = R™'(m/x).

The following remark indicates that R(im/x) and R(n/y) are identical if

R(m/x) N R(n/y) # @

Remark 3.6 If R is an equivalence mset relation on M and P is a collection of all distinct R-relative msets R(m/x)
for every m/x in M. Then P is a partition of M and R is an equivalence mset relation determine by P, if R(m/x) and
R(n/y) are identical, then R(m/x) N R(n/y) # @

Our last findings is a result obtained from m-basis for an M-topology and it shown that T can also be equals the
collection of some mset intersection of elements of the m-basis

Theorem 3.7 Let M be an mset in [X]* and let B, and B, be two M—bases for an M—-topology T on M. Then 7 equals
the collection of some mset intersection of elements of the M—basis B, and Bs,.

Proof:

Given a collection of elements of B; and B, which are also elements of t, because 1 is an M—topology and their
intersection is in 7. Let B € 1, for each m/x € B, there is an element B of B, and B, containing m/x denoted by
By x sUch that B,/ € Bs. Then

B3 = N Bpy/x, SO B; equals some mset intersection of elements of B; and B.

The result below is a result obtained from finer and strictly finer M-topologies ant it shown that it is possible for m-
bases to be strictly finer than the other.

Theorem 3.8 Let B and B’ be two M-basis for the M-topologies T and ' on M respectively.

Then the following are equivalent.

1. t'isstrictly finer than 7

2. For each x €™ M and each M-basis element B € B containing m/x, there is an M-basis element B’ €
B'containing m/x such that Cgr (x) < Cp(x)

Proof

(1) = (2). Given an element m/x in M and B € B containing m/x, B belongs to t by definition and ' < t by (1).
Therefore B € t’'. Since 1’ is generated by B’, there is an M- basis element B’ € B’ containing m/x such that
Cpr(x) < Cp(x).

(2) = (1). Given an element G of 7, we show that G € t'. Let x €™ G, since B generates T,

there is an M-basis element B € B containing m/x such that B c G. From (2), there exist an M

basis element B’ € B’containing m/x such that B € B. ThenB’ c Gand G € t’.
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