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Abstract

In this work we have solved the Schrodinger equation with the molecular Tietz-Hua
potential by expanding the centrifugal term potential in Taylor series expansion, we have
solved the resulting Gaussian hypergeometric ordinary differential equation by standard
method. We have obtained normalization constant, normalized radial wave functions,
energy eigenvalues and energy determining parameter for various low-lying quantum
states considered for three diatomic molecules: H,, HF and O,. The result shows that the
energy eigenvalues we obtained for the three diatomic molecule are in near perfect
agreement with those in the literature to about six significant figures, the result we
obtained also shows greater stability for the ro-vibrational states of the molecules.

1.0 Introduction

The relevance of the solutions of wave equation in the subject area of quantum mechanics cannot be over emphasized due to
the information they hoist regarding the quantum mechanical system being investigated [1-3]. The Schrédinger wave
equation is used to describe non-relativistic spinless particles, the Klein-Fuck-Gordon, Dirac, Duffin-Kemmer-Petiau
equations are used to describe particles of spin zero, spin half and spin one respectively [4]. Exact solutions of the
Schrddinger equation are possible only for some selected potentials for all quantum states‘n@, where N is the principal

quantum number and ¢ is the principal angular momentum quantum number [1,2]. And for some potentials, exact solutions

are possible for all states with ¢ = 0 (the s-wave state) [5-10]. Generally, for a majority of potential models, the Schrodinger
equation has no exact solution for all quantum states [11-14], therefore, the only means to solving the wave equation is to
adopt approximate solution method, which is usually numerical or analytical. Several methods have been used by researchers
to solve the Schrddinger equation, some of these methods include, amongst others, the parametric Nikiforov-Uvarov method
[15-17], standard method [18-19], supersymmetric quantum mechanics [20], factorization method [20-21], asymptotic
iteration method [22], Laplace transform method [1], generalized pseudospectral method [23-24], exact and proper
quantization rules [25]. Various potential models have been used to solve the Schrédinger equation; the bound state solutions
of Schrddinger equation with modified Mobius square potential and its thermodynamic properties was obtained by [18].
Using parametric Nikiforov-Uvarov method. Also, the bound state solutions of the Schrddinger equation for the Kratzer
potential plus screened Coulomb potential [11] was investigated for some selected diatomic molecules using the Nikiforov-
Uvarov method. Frobenius series solution of the Schrddinger equation with various types of symmetric potential in one
dimension were obtained by [5]. Various approximation models for the centrifugal term potential have been proposed and
used to solve the Schrodinger equation [7, 18], however, most of these models are limited to short screening parameters/short
potential range and are limited for use with exponential-type potentials. Recently, researchers have proposed an
approximation model termed [17,25] the generalized Pekeris approximation to the centrifugal term, these model gives
excellent result when used to solve the Schrédinger equation with Hulthén, Manning-Rosen, Rosen-Morse, Eckart and
Pdschl-Teller potentials, the model has not been used to solve the Schrddinger equation with Tietz-Hua potential [17]. It is
against this background that we intend to solve the Schrodinger equation with the Tietz-Hua potential via the generalized
Pekeris approximation model using standard methods.
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2.0 Theoretical Analysis

2.0.1 Tietz-Hua potential

The Tietz-Hua potential is widely used in various branches of physics such as molecular physics, solid state physics, particle
physics and chemical physics, it can conveniently be used to describe molecular interactions and has been considered to be
more realistic than the Morse potential for describing molecular vibrations. The Tietz-Hua potential is given by [26]:

V(r)= D{WT- 1)

1_ Ch e’bh("re)
where D, is the depth of the potential well, I is the internuclear separation, I, is the equilibrium internuclear separation

and b, = ﬂ(l— C, ) with /3 as the Morse constant, and C, , the chemical constant.

2.0.2 Solution of Schrédinger Equation with Tietz-Hua Potential
The radial Schrédinger equation given in [4] can be expressed as:

d’R,, ) 2
> +27/21 E,, _V(r)_W[rej R, =0 (2)
dr h ‘ 2ur, r ‘

Using Eq. (1) in Eq. (2), we get:

d2R / _ab(rr) 2 2 2

dr?  #? 1—c, e () 2ur? \r
Letting
z=b,(r-r,). 4)
Eq. (3) becomes:
d?R,, et Y 2 (r )
e, 2;#2 E D, 1-e i _é(€+1)2h (Lj R, =0 (5)
dz be7 l-c,e™* 2ur, r '

Eg. (5) can also be written as:

d?R -z -z 2 2 2
v, 2H g D120 g2 G& _é(f+l)2h L)l =0 ®
dz b:n : l-c,e’* l-c, e’ 2ur; \r '

where
o=1-L. ()
Ch

Eq. (6) can be solved analytically only by approximation method. The s-wave solution of this equation [14] was obtained
using parametric Nikiforov-Uvarov method. The radial Schrédinger equation with the Tietz-Hua potential was solved by
means of generalized pseudospectral method [23].In this communication, we will solve the Schrédinger equation with the
Tietz-Hua potential, our procedure involves representing the centrifugal term in Eq. (6) by terms of a Taylor series expansion
as proposed by [17,25], and using suitable ansatz, transform the resulting equation to a hypergeometric-type differential
equation whose solution can be written in terms of a standard hypergeometric function. Following [17], we express (r. /r)’

that appears in Eq. (6)as:
2
(5] ~eraly-a)ietar @

where Yy and its inverse, y:1 are appropriately chosen functions, and o is an element in the domain of y:l. The

coefficients, C; (j =012,.. ) are given by:
d'F

C;=——
dy ya

with the function F given by [17]:

=[] [153) (10
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In this work, we choose for Y, the C, -deformed hyperbolic function [3] given by:

y =coth, ib,(r—r,). (11)
Thus,
_l+g, e’ _149 Cn e’ (12)
l-c, e’ l1-c,e™
and
y " =coth."y. (13)
Using Eq. (13), Eqg. (10) and Eq. (9), and taking m = 2, we find:
. bar? . (14)
0~ 1 2
(bh r, +2coth a)
2,2
¢ = 4b;r; : _ (15)
(o, r, +2coth;! afl-a?)
and
B 8b,fr92(3—01bhre —20:(:0‘[h;h1 a)_ (16)

(o, +2coth o) 1-a?f
where ¢ e(-o0, ~1)U(1, ) if ¢, >0 and a (—1, 1) if C, < 0. Substituting Eq. (12) in Eq. (8), one gets:

2 -z -z 2
7 c,e c,e
=] mC+C —ac +ic, —ac, +ia’c, +(2¢,+2¢, —2ac,) ——— +2¢,| —— | (17)
r l-c,e l-c,e

Putting Eq. (17) in Eq. (6), we find:

Ry | [ ce” 2_5 % lr o (18)
dz? ° 1-c e~ 1-c,e” "
where
2uc’ De+2£(£+1) ' (19)
- b2 42 b2 r2 2
h h Te
g=2#0D. [(“1)(2c1+2c2—2ac2)- (20)

b n* b’ r?

¢ = bhf;lz (D, -, )+ fb(g:;zl)(co +¢ —aC +ic, —ac, +1a’c,) (21)
Letting
u=c,e’. o
Eq. (18) gives;

R Rl v e, 23)

+
Rrw‘(u) Rné(u) (1—U)2 1-u
where prime denote derivative. Now, let us analyze the asymptotic behavior of Eq. (18). WhenZ — 0, Eq. (22) gives
U — ¢, and when Z — oo, U — 0, thus, we assume solution for Eq. (23) of the form:

Rn/(u): anut?(l_u)‘“rl Fn/(u)' (24)
where N, are the normalization constants to be determined from normalization condition, & and v are constants to be
determined when Eq. (24) is satisfied by Eq. (23). Eq. (24) gives:

Ré/(u):Fn'ﬁ(U)Jrg v+l (25)
R, (u) F,u) u 1-u
and
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Ry (u) _ F&(U){z&_ 2v+2j i) _26(v+1) v(v+l) o2-5 26)
Ry, () F,W) (u 1-u )R, ul-u) @-uf

Using Eg. (25) and Eq. (26) in Eq. (23) and simplifying, we obtained:

ul-u)F/ (u)+{26+1- (25 +2v+3)u }F/,(u)

" ) : 7)
—{(25+1)(v+1)+§—V(V+1)_gu - (o —g’)(l—u)}F ,(u)

1-u u
Eq. (27) is of the hypergeometric-type differential equation if the last-two terms of the coefficient of F, z(u) separately
varnish, this is true iff:

V(V+l)=g. (28)
and also.
5t =¢. (29)
Eq. (28) gives:

2 2
e
Putting Eq. (28) and Eq. (29) in Eq. (27), we obtain the Gaussian hypergeometric-type differential equation:
u@l-u)F" (u)+ {26 +1-(25+2v+3)ulF,, (u)- {26 +1)(v +1)+ £}F,, (). (31)
whose solution is the hypergeometric function given by:
F.,(u)=,F(ab;cu)- (32)
where
a=8+v+1—S2+vi+v—C. (33)
b=6+v+1+/8>+v2+v—E. (34)
c=20+1. (35)

Considering the finiteness of the solution, the quantum condition requires either @ or b to be an integer, therefore, we can
have:

S+v+1—8* +vi+v—E=-n. (36)

where n=0,12,...,

Using Eq. (32), the polynomial solution of the Gaussian hypergeometric-type differential equation given by Eq. (31) is:
F. (U=F(=nn+26+2v+2; 26 +1 u). @37)

2.0.2.1 Normalization Constant
The normalization requirement for the radial wave function is given as:

T Rn((r)‘zdrzl' (38)

0

Using Eq. (4) and Eq. (22), Eq. (38) can be expressed in terms of variable U as:

J'u’1 Rm,(u)‘zdu:bh' (39)

0

where

u, =c,e*". (40)

Substitute Eq. (24) in Eqg. (39) to obtain:

N&J‘OUZOLI(].—U)ZH-Z Fm(u)‘zdu=bh . (41)
0

From Eq. (41) we obtain the normalization constants as:
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b, . (42)

fuz‘”(l—u)zv*z\ JF(-nn+28+2v+2,25+1u) du
0
when Eq. (37) is used in Eq. (41).

2.0.2.2Energy Eigenvalues
From Eq. (28), Eq. (29)and Eqg. (36), we find:

;’zi(n+1+v+§_gj2- (43)

n+l+v

J. of NAMP

The energy eigenvalue E_, can be found by substituting Eq. (19), Eq. (20), Eq. (21) and Eq. (30) in Eq. (43), this gives:

2

2uoc D, (0 +1

b? 72 2ucD, 20(¢+1) o (2-2)+ b(zrz)(zcl_za%) (44)

E, =D, —— n+%+{ #225+ —— cz+%J+ b b n

u by 7 by T, Gos 29D, 20041 LY

: b2 i b2rz 2!

2
O -a)e s 20-0)'c,)
ur,

2.1 Input spectroscopic parameters
Table 1 shows the spectroscopic parameters, taken from [23], used in our numerical computation

Table 1 shows the spectroscopic parameters [23] of the molecules used in our computations

Molecule C, ,u/10723 (g) b, (n m)—l r, (n m) ﬁ(n m)—l D, (C m)—l

H; 0.170066 0.084 16.1890 0.0741 19.506 38318

HF 0.127772 0.160 19.4207 0.0917 22.266 49382

0, 0.027262 1.377 25.9103 0.1207 26.636 42041
3.0 Discussion
We consider the special case of s-wave (£ = 0), Eq. (44) reduces to:

2
2uoc b
1 €(2-
bl #? . [2uc®D, |V b 1? (2-0) (49)
E,=D,— n+;+ s ta| <
8/.1 bh h . 2,[10—2 De . 2
n+;+ b2 72 +3

It is clear that Eq. (45) is independent of cj(j =0,1 2) and therefore, independent of energy determining parameter, « .
Shown in Table 2 are computed energy eigenvalues (relative to the well depth, —(Em —De)) and corresponding

normalization constants for some low lying quantum states N ¢, we have also computed the energy determining parameter,

« for quantum states with ¢ = O, the analysis was carried out for three diatomic molecules: H,, HF and O,. For the
diatomic molecules considered, our results for the energy eigenvalues are in near perfect agreement (to about 6 significant
figures) with those of [23] and shows better stabilization for the molecules. Figures 1, 2 and 3 shows plots of normalized

wave functions for states 2s, 3s and 5s for H,, HF and O, respectively.

4.0 Conclusion

We have obtained the /- wave analytical solutions of Schrédinger equation with Tietz-Hua potential using standard
methods, we have also obtained normalization constant, energy eigenvalues, energy determining parameters and normalized

radial wave functions, special case of s-wave was also derived from the result.
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Table 2. Energy Determining Parameter (&), Normalization Constant (N, ,) and Energy Eigenvalues of H,, HF and O,

H,

n g HF 0O,
a Y -E.-D)ev @ © D) @ + " -e.-0)
an (nm) 2 Ené De eV Nn/ (nm) 2 Enf De eV Nn( (nm) 2 Enf De eV
present [23] present [23] present [23]
00 6.167E+24 4.4815764961 4.4815797825 8.656E+35 5.8687261066 5.8687195228 6.657E+110 5.1163227377 5.1163223113
30 8.300E+23 3.0595150931 3.0595425362 9.685E+34 4.4737838016 4.4737571516 4.092E+108 4.5590651926 4.5590745476
50 . 5.176E+22 2.2815541870 2.2815913849 . 8.656E+35 3.6602104422 3.6601740988 - 4.725E+106 4.2058534805 4.2058686976
01 1.292209 6.351E+24 4.4669143761 4.4669801579 -1.186954 6.251E+33 5.8635834521 5.8636625262 -5.26 6.297E+110 5.1159779903 5.1159784440
31 1.296307 8.390E+23 3.0474364161 3.0474413866 -1.142993 7.534E+35 4.4693389177 4.4692935886 -6.18 3.879E+108 4.5587425353 45587436240
51 1.298356 5.164E+22 2.2710826188 2.2710928924 -1.130063 7.743E+34 3.6585698346 3.6560952745 -6.60 4.484E+106 4.2055461301 4.2055464879
02 1.293029 6.729E+24 4.4379462892 4.4379154622 -1.186954 4.760E+33 5.8534805541 5.8535547327 -5.26 5.635E+110 5.1152907824 5.1152907228
32 1.297537 8.558E+23 3.0233297498 3.0233638406 -1.142993 4.491E+34 4.4608354737 4.4603723647 -6.22 3.488E+108 4.5580768039 45580817907
52 1.299586 5.132E+22 2.2501750838 2.2502130058 -1.130063 2.754E+33 3.6557991066 3.6479433575 -6.64 4.039E+106 4.2049069057 4.2049020823
10 T T T T T
3 10 — 10 , : : ; : .
g 0 : s s
14 % 0 1 2
] 3 0 1
10 " A M M H o 14
0 0.1 02 03 04 05 06 10 L L L L P | | 1
10 0 01 02 03 04 05 08 07 08 0 0.1 02 03 04 05 06 07
5 * ' ' ' i " T T '
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o % 0 g ]
(4 4
-1 0 ; : ; - 5 1 1 I I 1 I 1
0 0.1 02 03 04 05 06 10 > -10 s : 2 n 3 3
0 0.1 0.2 03 04 05 06 07 08 0 01 0.2 03 04 05 06 07
0. 10 T v v v . &
= P 10 T T T T T T T g 10 T T T T T T
e 2 :
= 10 1 = . = e i
2 ) £
] < =3
W & S
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Fig. 1 Normalized Wave Functions for H,

2 Normalized Wave Functions for HF

Fig. 3 Normalized Wave Functions for O,

Journal of the Nigerian Association of Mathematical Physics Volume 52, (July & Sept., 2019 Issue), 223 —230

228



£ - Wave Analytical Solutions of... Eyube, Sanda and Jabil J. of NAMP

References

[1] Tsaur, G-Y. and Wang, J. (2014). A Universal Laplace-Transform Approach to Solving Schrodinger Equation for
All Known Solvable Potentials. Eur. J. Phys., 35, 015006 (17pp)

[2] Hitler, L., Ita, B.I., Akakuru, O.U., Magu, T,O., Joseph, I. and Pigweh, A. (2017). Radial Solution of the s-Wave
Schrédinger Equation with Kratzer plus Modified Deng-Fan Potential under the Framework of Nikiforov-Uvarov
Method. International Journal of Applied Mathematics and Theoretical Physics, 3, 97-100

[3] Hassanabadi, H., Yazarloo, B.H., lkot, A.N., Salehi, N. and Zarrinkamr, S. (2013). Exact versus Numerical
Solutions of Schrédinger Equation for Hua plus Modified Eckart Potential. Indian journal of Physics, 87, 1219-1223

[4] Yahya, W.A. and Oyewumi, K.J. (2015). Thermodynamic Properties and Approximate / -State Péschl-Teller-type
Potential. Journal of the Association of Arab Universities for Basic and Applied Sciences, 21, 53-58

[5] Nyengeri, H., Simbizi, R., Girukwishaka, A., Nizigiyimana, R. and Ndenzako, E. (2018). Frobenius Series Solutions
of the Schrédinger Equation with Various Types of Symmetric Hyperbolic Potential in One Dimension. Open
Access Library Journal, e4728

[6] Miranda, M.G., Sun, G-H. and Dong, S-H. (2010). The Solution of the Second Pdschl-Teller-like Potential by
Nikiforov-Uvarov Method. International Journal of Modern Physics E, 19, 123-129

[7] Meyur, S. and Debnath, S. (2009). Solutions of Schrédinger Equation with Hulthén Potential plus Manning-Rosen
Potential. Lat. Am. J. Phys. Educ., 3, 300-306

[8] Valencia-Ortega, G. and Arias-Hernandez, L.A. (2017). Thermodynamics Properties of Molecules Systems under
Anharmonic Eckart Potential, International Journal of Quantum Chemistry arXiv:1708.00926v1 [physics.chem-ph]
2 Aug 2017

9] Anita, A.D., Ikot, A.N., Ituen, E.E., and Akpabbio, L.E. (2012). Analytical Solutions of Schrdodinger Equation with
Eckart Potential plus Hulthén Potential via Nikiforov-Uvarov Method. Palestine Journal of Mathematics, 1, 104-109

[10] Ikot, A. (2011). Analytical Solutions of Schrédinger Equation with Generalized Hyperbolic Potential Using
Nikiforov-Uvarov Method. The African Review of Physics, 6, 221-228

[11] Edet, C.O., Okorie, U.S., Ngiangya, A.T., and Ikot, A.N. (2019). Bound States Solutions of the Schrodinger
Equation for the Modified Kratzer Potential Plus Screened Coulomb Potential. Indian Journal of Physics
http//doi.org/10.1007/s12648-01477-9

[12] Sever, R., Tezcan, C., Bucurgat, M. and Ozlem, Y. (2007). Bound State Solution of the Schrodinger Equation for
Mie Potential. J. Math. Chem. 43, 749

[13] Qiang, W-C., Chen, W-L., Li, K. and Wei, G-F. (2009). The Scattering States of the £ -wave Schrédinger Equation
with the Second Pdschl-Teller-Like Potential. Phys. Scr., 79. 025005 (6pp)

[14] Hamzavi, M., Rajabi, A.A. and Thylwe, K-E. (2012). The Rotation-Vibration Spectrum of Diatomic Molecules with
the Tietz-Hua Rotating Oscillator. International Journal of Quantum Chemistry, 112, 2701-2705

[15] Nikooford, H., Maghsoodi, E. and Zarrinkamar, S. (2012). The Non-Relativistic Molecular Tietz Potential. Turk. J.
Phys., 37, 74-82

[16] Okon. 1.B., Popoola, O. and Ituen, E.E. (2016). Bound State Solution to schrodinger Equation with Hulthen plus
Exponential Coulombic Potential with Centrifugal Potential Barrier Using Parametric Nikiforov-Uvarov Method.
International Journal of Recent Advances in Physics. D0i:10.14810/ijrap.2016.510

[17] Ferreira, F.J.S. and Bezerra, V.B. (2017). Some Remarks Concerning the Centrifugal Term Approximation. Journal
of Mathematical Physics, 58, 102104

[18] Okorie, U.S., lkot, A.N., Onyeaju, M.C. and Chukwuocha, E.O. (2018). Bound State Solutions of Schrdédinger
Equation with Modified Mobius Square Potential (MMSP) and its Thermodynamics Properties. Journal of
Molecular Modelling 24, 289

[19] Rahbar, H. and Sadeghi, J. (2016). Solving the Schrédinger Equation with Hartmann Potential by Factorization
Method and Supersymmetry. Theoretical Physics, 1, 7-13

[20] Pahlavani, M.R., Rahbar, H. and Ghezelbash, M. (2013). Relativistic Schrédinger Wave Equation for Hydrogen
Atom Using Factorization Method. Open Journal of Microphysics. 3, 1-7

[21] Falaye, B.J., Oyewumi, K.J., Ibrahim, T.T., Punyesena, M.A. and Onate, C.A. (2013). Bound State Solutions of the
Manning-Rosen Potential. Can. J. Phys., 91, 98-104.

[22] Roy, K.A. (2013). Accurate Ro-Vibrational Spectroscopy of Diatomic Molecules in a Morse Oscillator Potential.
Results in physics, 3, 103-108

[23] Roy, K.A. (2014). Ro-Vibrational Spectroscopy of Molecules Represented by a Tietz-Hua Oscillator.
arXiv:1409.2771v1[physics.chem-ph] 8 Sep 2014

[24] Gu, X-Y. and Dong, S-H. (2011). Energy Spectrum of the Manning-Rosen Potential Including Centrifugal Term
Solved by Exact and Proper Quantization Rules. J. Math Chem., 49, 2053-2062

Journal of the Nigerian Association of Mathematical Physics Volume 52, (July & Sept., 2019 Issue), 223 —230
229



/- Wave Analytical Solutions of... Eyube, Sanda and Jabil J. of NAMP

[25] Ferreira, F.J.S. and Prudente, F.V. (2013). Pekeris Approximation-Another Perspective. Physics Letters A. 377, 608-
614

Kunc, J. A. and Gordillo-Vazquez, F.J.(1997). Rotational-Vibrational Levels of Diatomic Molecules by the Tietz-
Hua Rotating Oscillator. J. Phys. Chem. 101, 1595-1602.

[26]

Journal of the Nigerian Association of Mathematical Physics Volume 52, (July & Sept., 2019 Issue), 223 —230
230



