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Abstract

In this paper, by considering convex fuzzy sets in RY and extension of Carath eodory’s
theorem on convex setsto convex fuzzgy sets, we prove colorful Carath eodory’s theorem
on convex fuzzy sets using fuzzy points. Furthermore, we extend the classical theorem
of Tverberg on convex sets to convex fuzzy sets using fuzzy points.
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1. Introduction

Tverberg’s theorem was first stated by H. Tverberg [1] in 1966 and it is among the important theorems both in discrete
geometry and combinatorial convexity. The theorem states that, given a set X of at least v,,---,,,points in RY, m>
(r-1)(d+1)+1, then, Xcan be partitioned into r disjoint subsets Xi,---,X,such thatN’_; conv(v; € X,) # @.This is a
generalisation of Radon’s theorem [2] that needs only two disjoint subsets whose convex hulls intersect in at least one
point instead of r subsets in Tverberg’s theorem.

In 2009, Maruyama [3] established (lattice) L-valued Radon’s, Helly’s (finite and infinite) theorems using a-cut
operators. He conjectured that, as a generalisation of L-valued Radon’s theorem, L-fuzzy version of Tverberg’s theorem
can be obtained by exploiting the idea of fuzzy version of Carathéodory’s theorem established by Feiyue [4] in 1991.
Furthermore, in 2018, Sangodapo and Ajayi [5] obtained the extensions of Radon’s and Helly’s theorems on convex sets
to convex fuzzy sets using fuzzy points.

Motivated by the conjecture of Maruyama [3] and the earlier work of Sangodapo and Ajayi [5], we extend the
classical theorem of Tverberg on convex sets to convex fuzzy sets in R%using fuzzy points, by first extending the colorful
Carath” eodory’s theorem to convex fuzzy sets.

2. Preliminaries
Throughout this paper, Idenotes the unit interval [0,1] and RY denotes d-dimensional Euclidean space.The following
definitions and results are from [4,6,7].

Definition 2.1. A fuzzy sete on RYis described by its membership functiono : R% - I.

Definition 2.2.A fuzzy point on R%is a fuzzy set a,defined as,
a, ify=a
Qq (U) -
0, otherwise
for all yeRY, where a €R%is called its support point and aits value.
Definition 2.3.Let obe a fuzzy set on RY, the t-level subset of o, denoted by a.is defined as
oy = {a,” cR:o(a,) > t}_

Definition 2.4.Let gbe a fuzzy seton R%a,,, -, aq,, be its fuzzy points,4;are non-negative,Y¢ 4; = 1 then
Ag=Maq, + + A0,
is called a fuzzy convex combination of the fuzzy points a,, € o.

Definition 2.5.A fuzzy set o on R%is said to be a convex fuzzy set if
a[Aag+ (1 = A)bgl= a(ay) A a(bg)
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for every a,, bg€a, AEI

Definition 2.5 can also be defined in terms of Definition 2.4 as follows:

Definition 2.6.Let abe a fuzzy set on RY. Then, ois called a convex fuzzy set if for all Agyy "y Qg € 0, Ay, Aq Elsuch
that

o(laaq,+ -+ Aaa,,) = 0(aq,) A+ Ao (ag,)

and ¥¢21,=1

Definition 2.7.Let obe a fuzzy set on RY. Then, the convex fuzzy hull of gis defined as the set of all fuzzy convex
combinations of fuzzy points in g. That is;

P 1]
conv(a); = {”‘m: LG, €03 N €1 E Ai=1, a, = Z/\"”“'f}
i=1 i=1

which is the smallest convex fuzzy set containing o.

Theorem 2.1.Let o be a fuzzy set on RY. Then o is a convex fuzzy set if and only if it contains all fuzzy convex
combinations of its fuzzy points.

Theorem 2.2.Let ¢ be a fuzzy set on R Then,conv(o)y is the set of all fuzzy convex combinations of fuzzy points in .
That is;

n P
conv(o); = {am, ce G, Eord N EL Z)\,; =1, a, = ZAE(IQL}
i=1

i=1
Thus, conv(o)is the smallest convex fuzzy set containing o.

3. Some Classical Theorems on Convex Sets in Euclidean Space, R%and their Fuzzy Versions
This section presents the statements of both the classical theorems on convex sets and their fuzzy versions in RY.
The classical ones are as follows:
Theorem 3.1. (Radon’s Theorem) [2]: Let X be a subset of R having at least d + 2 points. Then, X can be partitioned
into two disjoint subsets X, X, c X such that
conv(X;)nconv(X,) @
Theorem 3.2. (Helly’s Theorem) [8]: For a family K;, K, ---, K,n =d + 1 of convex sets in RY, if every d + 1 member have a
common point, then all of members have a common point.
Theorem 3.3. (Carathéodory’s Theorem) [9]: If Y is a set of n points in R%and y econv(Y). Then, there is a subset X of
Y such that xeconv(X) with |X| = d+1.
Theorem 3.4. (Colorful Carathéodory’s Theorem) [10]: Let A;,- ,A;,,be d + 1 sets in RY. Suppose that
X €conv(4;) N - N conv(Agsq)-
Then, there is a set
A={a, € Ay, ,aq41 € Agra}
such that x € conv(a,, ,ag4+1)
In order to state the fuzzy version of the theorems, we first define the notion of fuzzy Radon partition and fuzzy Radon
point.
Definition 3.1.Given a fuzzy set pon RYof (d + 2)- fuzzy points, a,, ,a,.,, there is a fuzzy partitiong = 1, V 1,if
conv(ty)s Aconv(zy)s #0.
Then, such fuzzy partition is said to be fuzzy Radon partition. Every fuzzy point in the intersection is said to be fuzzy
Radon point.

Theorem 3.5. (Radon’s Theorem on Fuzzy Convex Sets) [5] Let ¢ be a fuzzy set of (d + 2) fuzzy points on RY Then,
any t-level subset of ¢, 0f at least d + 2 fuzzy points (| ¢.|=d + 2) in R%has a fuzzy Radon partition.

Theorem 3.6. (Helly’s Theorem on Fuzzy Convex Sets) [5] Let g, ,0,in R", be convex fuzzy sets with r >n + 1.
Assume that every n + 1 convex fuzzy sets has a nonempty intersection. Then, the intersection of all the convex fuzzy sets
oy, k=1, ris nonempty.

Theorem 3.7. (Carathéodory’s Theorem) [4] Let A = A, U A,be a set of fuzzy points and fuzzy directions, and letC(A,
n + 1)denote the set of all convex combinations of n + 1 or fewer elements in A. Then, conv(4)~C(A, n + 1).

4. Results
In this section, we establish the extension of the classical theorem of Tverberg on convex sets to convex fuzzy
sets. We shall first prove the fuzzy version of colorful Carathéodory’s theorem.
Theorem 4.1. Let gy, ,04,,be d + 1 fuzzy sets in RYand suppose that
ag€conv(oy) N - N conv(oy)f
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Then, there exists fuzzy points

aaleal,aalea-z,"' ,aad+1EO'g+1

such that

ag€conv(q,, ) Aay,,)f-

Proof. Since a,Econv(ay)y, -+ ,a,Econv(cg,)y We can assume that each fuzzy set is finite by Theorem 3.4. Consider
the fuzzy convex hull of the form

(g, ""aaa+1) =conv(ag,, gy, )5
Since there are only finitely many convex hulls of equation (1), we can assume that
A=0(ag,, ) Aay,,)

is as close to a, as possible. If a, €A, the result follows.

Assume by contradiction that a, & A, this means thata,cannot be expressed as a convex combination of the fuzzy points
Ag,» ) Agy,,and let bghe the fuzzy point in A nearest toa,. Let D be the open ball fixed ata, having radius r = d(a,,
bg). The interior of D and A is disjoint. Consider the tangent hyperplane to the ball at bg. Because of the convexity of
Aand the open half-space containing a,, they must also be disjoint. By Theorem 3.3for R%™, bgcan be expressed as a
convex combination of at most d of a, . If it is an affinely dependent system, then the statement is trivial. Otherwise
bgcannot be in the interior of A because it is the closest fuzzy point to a,from A. Therefore, at least one of the fuzzy
points from a,,, -+, aq,,, Must have a zero coefficient in the convex combination representing bs. Suppose that, the first
fuzzy point a,, is not used, then a, can be replaced by any fuzzy point ofa;in such a way that the distance between
agzand A is not increased, because of the condition that a, is in the convex combination of o1 there is a fuzzy point
(ax)*€oy in the same open half-space as a,. Thus, the distance from a,to the conv((aq,)," -+, aq,,,)ris smaller than
thatto A := o(ag,, -+, Aay,,,) =cONV(Aq,, ***, Agy,, ) - This is a contradiction. Therefore,

aq=Aaa,, + - + Adaagﬂ.

Hence,

ageconv(ag,, +, Ay, ) f-

Next, we define fuzzy Tverberg partition and fuzzy Tverberg point.

Definition 4.1. Given a fuzzy set oon R%of n> (r—1)(d+1)+1 fuzzy points, a,,, -, a,,,, there is a fuzzy partition

o=a, V---Va, such that their fuzzy convex hulls have a fuzzy point in common, that is, if Aj_; conv(o;); #0 then, the fuzzy
partition is called a fuzzy Tverberg partition.Every fuzzy point in this nonempty intersection is called a fuzzy Tverberg point.

Theorem 4.2.For a fuzzy set ¢ on RY of (r—1)(d+1)+1 fuzzy points, Qg g,y N=(r—1)(d + 1) + 1. Then, any t-level
subset, o,of at least n fuzzy points, |o,[> n €RYhas a fuzzy Tverberg partition.

Proof. Suppose that n = (d + 1) (r - 1) +1. Consider the fuzzy points a,, -, aanERd” by adding a new coordinate to
each fuzzy point such that the sum of the coordinates is one. Consider another set of fuzzy points bg, , -+, bg, such that
bp,* -+ +bg =0 1)

is the only linear relation among bg,i’s.

Define the tensor product aai®bﬁj fori=1,-,d+1,j=r—1,- rasafuzzy matrix

1 71 1 72 1 pr—1
(J,Q,l_bﬂ] g, bﬁ_, s g by
2 11 2 12 2 pre1
agbs ag by oo ag by
Aa; ® bg; = . . '
diipl dyip2 . Lditlpr—1
Ao b-"j.w o, b-d.i o, b‘_@} (d+1)(r—1)
This can be considered as an element in R™where m = (d + 1) (r - 1).
Let

(Dlz {aa1®b6jlj = l! ,r}
,= {8, @bg i = 1 1}

(sz { an®ijlj =1, ,r}.
Note that, 0 is in the fuzzy convex hull of every ®; that is
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0= erzl Ag; ®ij: aai® erzl ij

Indeed, it is the sum of the fuzzy points in @;.Since n =m + 1, by Theorem 4.1,

0=Yk=1 Adg, Xk=1 A =1 (2)

where ds, €@, for any index k.Thus, the fuzzy Tverberg partition is realized in the following way:
01 = {aak | d6k: aak®bﬁl}

01 = {aak | dﬁk: aak®bﬁz}

Gr = {aak | dak: aak®bﬁr}

equation (2) can be rewritten as

0= Zaakeol lkaak ® bﬁl +Zaak€02 ﬂ-ka'otk ® bﬁ’z ot Zaakear ﬂ-kaak ® bﬁr (3)
Equation (3) is a linear relation between (d + 1) by (r — 1) matrices; for the first row, we have
0= (Zaékeal /‘{ka(]f{k) bﬁl + (Zaékegz /‘lkal]ik) bﬂz + (Zalllkear /‘lkaék) bﬁr

second row, we have

0= (Zaékeal /‘{kag{k) bﬁl + (Zatzlkeg'z Akagtk) bBZ + (Zalzlkear /‘lkaak) bﬁr

For the d + 1 row, we have

0= (Zag;1eal Akag,':l) bﬁl + (Za3;1egz Akag;:l) bﬁzm + (Zagz160_r Akag;’l) bﬁr

This means that, by equation (1)

) - i - = j
ao(]- = Zaak €04 )\kaak_ Zaak €0y )\kaak_ e Zaak Eoy )\ka(xk
forj=1,2,-r.
Therefore,
ao(::Zaak €0, }\kaak: Zaak €0y }\kaak: = Zaak Eor Akaak
Since the sums of the coordinates of a,,, "+ ,aq,,,are 1, we have that

Ag, ot Aagyq = A= Zaak €0y A= Zaak €0, A= o :Zaak €or Ag-

On the other hand,

1= Zaak €04 )\k+ Zaak €0, }\k+ et Zaak €or }\k

and consequently,

Define

raa::Zaak € o’l(r}\k) Ag ~ Zaak €0y (I')\k) Agy = = Zaak € cr(r)\k) Agy -
Hence,

ray € conv(oy)s A+ Aconv(a,)s.

5. Conclusion

Tverberg’s theorem is a core theorem in discrete geometry and convexity theory which claims that many points in d-
dimensional Euclidean space can be partitioned into disjoint subsets with intersecting convex hulls. The extension of this
classical theorem on convex sets to convex fuzzy sets was established in this paper using fuzzy points. In the process,
weproved the colorful Carath’eodory’s theorem on convex fuzzy sets also using fuzzy points.
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