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Abstract 

The Impulsive Quasi - Linear Fractional Mixed Volterra - Fredholm – Type Integro – 

Differential Equations in Banach Spaces with Multiple Delays in the Limited Control 

Powers is presented for Null Controllability Analysis. Computable Criteria for the 

System to be Null Controllable are established. Uses were made of the Stability of the 

free base system and the Properness of the control base system to establish the null 

controllability of the system. The mild solution of the system is established using the 

variation of constant formula. The set functions upon which our study hinges are 

extracted from the mild solution. We also made use of Schauder fixed point theorem to 

establish results. 
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1.0 INTRODUCTION AND PRELIMINARIES 

The pioneering work of Vito Volterra on the Integration of the differential equations of dynamics and partial differential 

dynamical systems published in 1884 gave vent to the conception of integral equation of volterra type[1].It is equally 

observed in[2]that the mixed initial boundary hyperbolic partial differential equation which arises in the study of lossless 

transmission lines can be replaced by an associated neutral differential equation. This equivalence has been the basis of a 

number of investigations of the stability properties of distributed network[3]which study has been extended to 

compartmental models governed by neutral Volterraintegro-differential equations. Compartmental models have been found 

in[4] to have numerous applications in Applied Mathematics; these models are used to vividly describe the evolutions of 

systems, in theoretical epidemiology, physiology, population dynamics chemical reaction kinetics and the analysis of 

ecosystems[5] .  Most of these models can be divided into separate compartments. A paradigm for such systems can be seen 

as one in which compartments are connected by pipes through which materials pass in definite time. An example of 

compartmental model is given in [5]as the radio cardiogram where the two compartments correspond to the left and right 

ventricles of the heart and the pipe between these compartments represent the pulmonary and systemic circulations. Other 

applications of VolterraIntegro-differential equation arise in tracer kinetics in the modeling of uptake of potassium by red 

blood cells as well as in modeling the kinetic of lead in a body [4, 5]. The wide application of Volterraintegro-differential 

equations in Bio-Mathematics and economic models underscores the immense interest the study has generated. Literature 

on the relative controllability of Volterra equations is still scanty. However, sufficient conditions for the relative 

controllability of Non-linear neutral Volterra Integro-differential equations have been provided in [2]. However, the 

systems with delays in the state, investigation into their relative controllability are still attracting attention and interest. The 

controllability and approximate controllability of delay Volterra systems were investigated byusing fixed point theorem [6] 

.Thecontrollability and Local null controllability of Nonlinear Integrodifferential Systems and Functional Differential 

systems in Banach spaces were studied and it was shown that the controllability problem in Banach spaces can be 

converted into one of a fixed point problem for a single-valued mapping [7].  
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Balachandran and co-workers studied the controllability of Sobolev-type Partial Functional Differential Systems in Banach 

Spaces [8].In [6] the Retarded Functional Differential Systems of Sobolev-Type in Banach Spaces werestudied and it was 

established that once a system of the Sobolev – type is controllable with a single delay in the control of the system, then it is also 

controllable with either multiple delays or distributed delays or  both multiple and distributed delays in the control .However, 

necessary and sufficient  conditions for the target set of Nonlinear Infinite spaces of Functional Differential systems with 

Distributed Delays in the control to be on the boundary of the Attainable set of the system have been provided in [9] .It was made 

clear in [10]  that whenever an optimal control is in use to steer the system of interest from the initial point  to the target (desired 

point) , then the target set must be on the boundary of the attainable set of the system. Optimality conditions for the relative 

controllability of neutral Volterra Integro-differential equation has been provided in [11] ; though there are studies in the optimal 

controllability of ordinary and functional differential systems. From [12, 13,14]), we gain clarity of meaning and understanding of 

the conceptual frame work of optimal controllability. 

Many processes studied Applied Sciences are represented by differential Equations. However, the situation is quite different in 

many physical phenomena that have sudden change in their states such as mechanical systems with impact, biological systems 

such as heart beats, blood flow, population dynamics, theoretical physics, radio physics, pharmacokinetics, mathematical 

economy, chemical technology, biotechnology and medicine etc. Adequate mathematical models of such processes are systems of 

differential equation with impulses. The theory of impulsive differential and integro-differential equations is a new and important 

branch of differential equations [15, 16] . 

Fractional differential equations have recently proved to be valuable tools in the modeling of many phenomena in various fields of 

sciences and engineering [17, 18]. There has been significant development in fractional differential equations in recent years [19, 

20, and 21] Recently, the existence results for Impulsive fractional differential and Integro-differential equations in Banach spaces 

were studied using standard fixed point theorems [22]. 

Controllability is the most important qualitative behavior of any dynamical system. It is well known that the issue of 

controllability plays an important role in control theory and engineering [23, 24and 25]  because they have close connections to 

structural decomposition, quadratic optimal control, observer design etc. The literature related to controllability of Impulsive 

fractional Integro-differential equations and controllability of Impulsive Quasi-linear Integro-differential equations is limited, to 

our knowledge, to the recent works [17,26].The study of controllability of Impulsive Quasi-linear fractional mixed Volterra-

Fredholm-type integro-differential equations is presented in [27]. 

One of the celebrated triumphs ofLaSalle was his solution of the null controllability problem of Linear Ordinary Differential 

Control System 

𝑥 = 𝐴𝑥 + 𝐵𝑢                                                                                                    (1) 

Where A isnxn square constant matrix, B is nxm constant matrix, while the control powers are small. i.e. Control powers are 

square integrable and lie in the unit cube, 

𝐶𝑚 =    𝑢 ∈ 𝑅𝑚 :  𝑢𝑖  ≤ 1 ; 𝑖 = 1,2, . . . , 𝑛                                                  2  

Here, 𝑢𝑖  denotes the ith component of u. In his work,[28] “The Time Optimal Control Problem, in Theory of Nonlinear 

Oscillations”, he showed that if system (1) is proper (and this holds if and only if  

𝑟𝑎𝑛𝑘 𝐵, 𝐴𝐵, 𝐴2𝐵, . . . , 𝐴𝑛−1𝐵 = 𝑛  )                                                          3  

And if the system 

𝑥 = 𝐴𝑥                                                                                                              (4) 

is stable ( i.e., all the Eigen values of A have no positive real part ) , then system(1) is null controllable with constraints ( i.e. , 

limited control powers u lie in 𝐵 1(0) ). 
The condition in system (3) is equivalent to the controllability of system (1) when the controls are unlimited “big” in the sense 

that they are only assumed to be square integrable. This is equivalent to null controllability with square integrable controls. We 

call such controls unrestrained or unlimited in contrast to the restrained controls or limited controls which lie in a closed and 

bounded set. 

For the delay system 

𝑥  𝑡 = 𝐿 𝑡, 𝑥𝑡   + 𝐵 𝑡 𝑢 𝑡 , 𝑡 > 𝑡0                                                             5  

𝑥𝑡0
= 𝜙 ∈ 𝑊2

 1   − , 0  , 𝑅𝑛  ≡ 𝑊2
 1 

 

Null controllability is not equivalent to controllability. For example, all nth order scalar differential difference equations of 

retarded type are null controllable [29], whereas they are never controllable [29].In[30],it was proved that if system (5) is 

controllable with unrestrained controls, and if  

𝑥  𝑡 = 𝐿 𝑡, 𝑥𝑡   𝑡 > 𝑡0                                                                                     6  

is uniformly asymptotically stable, then system (5) is null controllable with constrained controls 

(Limited control powers).The problem was posed on whether the weaker condition of null controllability with unrestrained control 

powers and the uniform asymptotic stability assumption was sufficient for restrained null controllability. The issue is affirmatively 

settled in this paper and extends any other results in the literature. 

The nonlinear infinite delay system of the form: 

𝑥  𝑡 = 𝐿 𝑡, 𝑥𝑡   + 𝐵 𝑡 𝑢 𝑡 +  𝐴 𝜃 
0

−∞

𝑥 𝑡 + 𝜃 𝑑𝜃 + 𝑓 𝑡, 𝑥𝑡 , 𝑢 𝑡  , 𝑡 > 𝑡0   7  
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was studied in [ 31 ]  and established that system (7) is Euclidean null controllability if the linear base system 

𝑥  𝑡 = 𝐿 𝑡, 𝑥𝑡   + 𝐵 𝑡 𝑢 𝑡 , 𝑡 > 𝑡0                                                              8  

is proper and the free system 

𝑥  𝑡 = 𝐿 𝑡, 𝑥𝑡   +  𝐴 𝜃 
0

−∞

𝑥 𝑡 + 𝜃 𝑑𝜃 , 𝑡 > 𝑡0                                        9  

is uniformly asymptotically stable, provided that f satisfies some growth conditions. An analogous result was obtained in [32]for 

the delay system 

𝑑

𝑑𝑡
𝐷 𝑡 , 𝑥𝑡 = 𝐿 𝑡, 𝑥𝑡   + 𝐵 𝑡 𝑢 𝑡 +  𝐴 𝜃 

0

−∞

𝑥 𝑡 + 𝜃 𝑑𝜃 + 𝑓 𝑡, 𝑥𝑡 , 𝑢 𝑡  , 𝑡 > 𝑡0 

𝑥 𝑡 = 𝜙 𝑡 , 𝑡 ∈  −∞ ,0  
Oraekieextended this result in[33]  to perturbed delay systems with distributed delays in the control. 

𝐼𝑛 𝑡𝑖𝑠 𝑝𝑎𝑝𝑒𝑟, 𝑡𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑤𝑒 𝑠𝑎𝑙𝑙 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝐼𝑚𝑝𝑢𝑙𝑠𝑖𝑣𝑒 𝑄𝑢𝑎𝑠𝑖 − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑚𝑖𝑥𝑒𝑑 

 𝑉𝑜𝑙𝑡𝑒𝑟𝑟𝑎 − 𝐹𝑟𝑒𝑑𝑜𝑙𝑚 − 𝑡𝑦𝑝𝑒 𝐼𝑛𝑡𝑒𝑔𝑟𝑜 − 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙  𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒𝑠 𝑤𝑖𝑡  
𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑑𝑒𝑙𝑎𝑦𝑠 𝑖𝑛 𝑡𝑒 𝑙𝑖𝑚𝑖𝑡𝑒𝑑  𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑡𝑒 𝑓𝑜𝑟𝑚: 

𝐷𝑞𝑥 𝑡 = 𝐴 𝑡 , 𝑥 𝑥 𝑡 +  𝐵𝑗 𝑢 𝑡 − 𝑗  

𝑚

𝑗 =0

+     𝑓  𝑡 , 𝑥 𝑡  ,  𝑔 𝑡 , 𝑠 , 𝑥(𝑠) 

𝑡

0

𝑑𝑠 ,  𝑘 𝑡 , 𝑠 , 𝑥(𝑠) 𝑑𝑠

𝑏

0

        10  

𝑡 ∈ 𝐽 =  0 , 𝑏 , 𝑡 ≠ 𝑡𝑘  , 𝑘 = 1,2,3, … , 𝑚  

∆𝑥 ∣𝑡=𝑡𝑘
= 𝐼𝑘 𝑥 𝑡𝑘

−1   , 𝑘 = 1,2,3, … , 𝑚                                                                               11  

𝑥 0 = 𝑥0                                                                                                                                    (12) 
𝑤𝑖𝑡 𝑡𝑒 𝑚𝑎𝑖𝑛 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒, 𝑜𝑓 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑖𝑛𝑔  𝑡𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚𝑠  10  

𝐻𝑒𝑟𝑒, 𝐴 𝑖𝑠 𝑎𝑛 𝑛𝑥𝑛 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑎𝑛𝑑  𝑓  𝑡 , 𝑥 𝑡  ,  𝑔 𝑡 , 𝑠 , 𝑥 𝑠  

𝑡

0

𝑑𝑠 ,  𝑘 𝑡 , 𝑠 , 𝑥 𝑠  𝑑𝑠

𝑏

0

 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠.  

𝑇𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡, 𝑢, 𝑎𝑟𝑒 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑤𝑖𝑡 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 𝑡𝑒 𝑢𝑛𝑖𝑡 𝑐𝑢𝑏𝑒  
𝐶𝑚  , 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 
𝐶𝑚 =    𝑢 ∈ 𝑅𝑚 :  𝑢𝑖  ≤ 1 ; 𝑖 = 1,2, . . . , 𝑛    
𝐻𝑒𝑟𝑒, 𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑥 .  𝑡𝑎𝑘𝑒𝑠 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 𝑡𝑒 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒 𝑋 𝑎𝑛𝑑  𝑢 .   𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑜𝑙  
 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  , 𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑚 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 𝑤𝑖𝑡  
𝑢 ∶ 𝐽 → 𝐶𝑚  𝑎𝑠 𝑎 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒. 𝑖. 𝑒. 𝑢 ∈ 𝐿2 𝐽 , 𝐶𝑚  . 𝐻𝑒𝑟𝑒, 0 < 𝑞 < 1, 𝑎𝑛𝑑 𝐴 𝑡, 𝑥  𝑖𝑠 𝑎  
𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑛 𝑎 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒 𝑋 . 
𝐹𝑢𝑟𝑡𝑒𝑟 𝑚𝑜𝑟𝑒,  
  𝑓 ∶ 𝐽𝑥𝑋𝑥𝑋𝑥𝑋 → 𝑋, 𝑔 ∶ Ω𝑥𝑋 → 𝑋 , 𝑘 ∶ Ω𝑥𝑋 → 𝑋 ,  𝐼𝑘 ∶ 𝑋 → 𝑋 , 
∆𝑥𝐼𝑡=𝑡𝑘

= 𝑥( 𝑡𝑘
+ − 𝑥 𝑡𝑘

−  , 𝑓𝑜𝑟 𝑎𝑙𝑙   𝑘 = 1,2, . . .  , 𝑚 ; 

0 < 𝑡0 < 𝑡1 < 𝑡2 < . . . < 𝑡𝑚 < 𝑡𝑚+1 = 𝑡1  ;  Ω =   𝑡 , 𝑠  , 0 ≤ 𝑠 ≤ 𝑡1  . 
𝑇𝑢𝑠 𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑠𝑝𝑎𝑐𝑒 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑡𝑒 𝐿𝑒𝑏𝑒𝑠𝑔𝑢𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠. 
𝑇𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑠𝑒𝑡 𝐶𝑚  𝑖𝑠 𝑡𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓  𝐿2 .  
𝐿𝑒𝑡  > 0 , 𝑏𝑒 𝑔𝑖𝑣𝑒𝑛. 𝐹𝑜𝑟 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢:  − , 𝑡1 → 𝑋  𝑎𝑛𝑑 𝑡 ∈  𝑡0 , 𝑡1 ,  
𝑤𝑒 𝑢𝑠𝑒 𝑡𝑒 𝑠𝑠𝑦𝑚𝑏𝑜𝑙 𝑢𝑡  𝑡𝑜 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 𝑡𝑒 𝑑𝑒𝑙𝑎𝑦 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙   − , 0   
𝑏𝑦    𝑢𝑡 𝑠 = 𝑢 𝑡 + 𝑠 , 𝑓𝑜𝑟 𝑠 ∈    − , 0  . 
Here, we develop sufficient computable criteria for the null controllability of system (10)’ 

Our objective, therefore, is to study the controllability of the perturbed system described by system (10)-(12) through its linear 

base control system 

𝐷𝑞𝑥 𝑡 = 𝐴 𝑡 , 𝑥 𝑥 𝑡 +  𝐵𝑗 𝑢 𝑡 − 𝑗  

𝑚

𝑗 =0

                                                                            13  

and it free system 

𝐷𝑞𝑥 𝑡 = 𝐴 𝑡 , 𝑥 𝑥 𝑡                                                                                                                14  

Definition1.1 (Solution) 

𝐴 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑥 ∶  𝑡0 − 𝛾 , 𝑡0 + 𝑎 → 𝑅𝑛  𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 14  

𝑖𝑓 𝑡𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑡0 ∈ 𝑅  , 𝑎 > 0 𝑠𝑢𝑐 𝑡𝑎𝑡 𝑥 ∈ 𝐵  𝑡0 − 𝛾 , 𝑡0 + 𝑎 , 𝑅𝑛  , 𝑡 ∈  𝑡0 , 𝑡0 + 𝑎  𝑎𝑛𝑑  
𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑠𝑦𝑠𝑡𝑒𝑚 14  𝑜𝑛   𝑡0 , 𝑡0 + 𝑎  .  
𝐺𝑖𝑣𝑒𝑛 𝑡0 ∈ 𝑅 , 𝜙 ∈ 𝐵 , 𝑤𝑒 𝑠𝑎𝑦 𝑡𝑎𝑡 𝑥 𝑡0 , 𝜙  𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 14  𝑤𝑖𝑡 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 
 𝑣𝑎𝑙𝑢𝑒  𝑡0 , 𝜙   𝑖𝑓 𝑡𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝑎 > 0 𝑠𝑢𝑐 𝑡𝑎𝑡 𝑥 𝑡0 , 𝜙 𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 14  

 𝑜𝑛  𝑡0 − 𝛾 , 𝑡0 + 𝑎  𝑎𝑛𝑑 𝑥𝑡0
 𝑡0 , 𝜙 = 𝜙. 

𝐷𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 1.2. (𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒) 
𝑇𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑓𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 10 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑡𝑒 𝑠𝑒𝑡 
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 𝑧(𝑡) = {𝑥 , 𝑢𝑡} 

𝐷𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 1.3.  
𝑇𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 10  𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  𝑡0 , 𝑡1  𝑖𝑓 𝑓𝑜𝑟 

 𝑒𝑣𝑒𝑟𝑦 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑧 0  𝑎𝑛𝑑 𝑥 1 ∈ 𝑋, 𝑡𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢 𝑡  

𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛  𝑡0 , 𝑡1  𝑠𝑢𝑐 𝑡𝑎𝑡 𝑡𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥 .   𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚  10 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠  𝑥(𝑡1) = 𝑥1 

 

2.0. Basic Definitions of Fractional Calculus 

𝐿𝑒𝑡 𝑋  𝑏𝑒 𝑎 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒  𝑎𝑛𝑑 𝑅+ =  0, ∞ .  𝑆𝑢𝑝𝑝𝑜𝑠𝑒  𝑓 ∈ 𝐿1 𝑅
+  .  𝐿𝑒𝑡  𝐶  𝐽 , 𝑋   𝑏𝑒 𝑡𝑒  

𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑥 𝑡  𝑤𝑖𝑡 𝑥 𝑡 ∈ 𝑋 𝑓𝑜𝑟 𝑡 ∈ 𝐽 =  𝑡0 , 𝑡1     𝑎𝑛𝑑 
 𝑥 𝐶  𝐽  ,𝑋   = max

𝑡∈𝐽
 𝑥 𝑡   .  

𝐿𝑒𝑡 𝐵 𝑋 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡𝑒 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠 𝑓𝑟𝑜𝑚 𝑋 𝑖𝑛𝑡𝑜 𝑋 

 𝑤𝑖𝑡 𝑡𝑒 𝑛𝑜𝑟𝑚            𝐴 𝐵 𝑋 = 𝑠𝑢𝑝  𝐴 𝑦  ∶   𝑦 = 1   

 𝐴𝑙𝑠𝑜 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡𝑒 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒  𝑃𝐶  𝐽 , 𝑋   =   𝑥 ∶ 𝐽 → 𝑋 ∶ 𝑥 ∈ 𝐶  𝑡𝑘  , 𝑡𝑘+1 , 𝑋    , 
𝑘 = 0,1,2, …  , 𝑚 𝑎𝑛𝑑 𝑡𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑥 𝑡𝑘

−  𝑎𝑛𝑑 𝑥( 𝑡𝑘
+  𝑤𝑖𝑡 𝑥( 𝑡𝑘

− = 𝑥 𝑡𝑘  

  𝑤𝑖𝑡 𝑡𝑒 𝑛𝑜𝑟𝑚           𝑥 𝑃𝐶 = Sup
𝑡∈𝐽

 𝑥 𝑡   . 

𝐷𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 2.0.1. 
𝑇𝑒 𝑅𝑖𝑒𝑚𝑎𝑛𝑛 − 𝐿𝑖𝑜𝑢𝑣𝑖𝑙𝑙𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙  𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝛼 > 0, 𝑜𝑓 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  
𝑓 ∈ 𝐿1 𝑅

+   𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠   

 𝑓 𝑡 =

𝛼

0+

1

Γ 𝛼 
  𝑡 − 𝑠 𝛼−1𝑓 𝑠 𝑑𝑠

𝑡

0

 

𝑤𝑒𝑟𝑒 Γ  .    𝑖𝑠 𝑡𝑒 𝐸𝑢𝑙𝑒𝑟 𝐺𝑎𝑚𝑚𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 
Definition 2.0.2. 

𝑇𝑒 𝑅𝑖𝑒𝑚𝑎𝑛𝑛 − 𝐿𝑖𝑜𝑢𝑣𝑖𝑙𝑙𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝛼 > 0, 𝑛 − 1 < 𝛼 < 𝑛 , 𝑛 ∈ 𝑁  

𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠  ∶   𝐷0+
𝛼 f 𝑡 =  

1

Γ 𝑛 − 𝛼 
 

𝑑

𝑑𝑡
 

𝑛

  𝑡 − 𝑠 𝑛−𝛼−1
𝑡

0

f 𝑠 ds , 

𝑊𝑒𝑟𝑒 𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓 𝑡 𝑎𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒𝑠 𝑢𝑝 𝑡𝑜 𝑜𝑟𝑑𝑒𝑟  𝑛 − 1 . 
Definition 2.0.3 

𝑇𝑒 𝐶𝑎𝑝𝑢𝑡𝑜 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟   𝛼 > 0, 𝑛 − 1 < 𝛼 < 𝑛 , 𝑛 ∈ 𝑁 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠: 

𝐷0+
𝛼 f 𝑡 =  

1

Γ 𝑛 − 𝛼 
  𝑡 − 𝑠 𝑛−𝛼−1

𝑡

0

f 𝑛 𝑠 ds , 

𝑊𝑒𝑟𝑒 𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓 𝑡  𝑎𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒𝑠 𝑢𝑝 𝑡𝑜 𝑜𝑟𝑑𝑒𝑟  𝑛 − 1 . 
𝐼𝑓 𝑛 = 1  , 𝑡𝑒𝑛  , 𝑛 − 1 <  𝛼 < 𝑛 = 0 < 𝛼 < 1 , 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡𝑎𝑡  

𝐷0+
𝛼 f 𝑡 =  

1

Γ 1 − 𝛼 
  𝑡 − 𝑠 1−𝛼−1

𝑡

0

f 1 𝑠 ds =   
1

Γ 1 − 𝛼 
  𝑡 − 𝑠 −𝛼

𝑡

0

f 1 𝑠 ds  

=   
1

Γ 1 − 𝛼 
 

1

 𝑡 − 𝑠 𝛼

𝑡

0

f 1 𝑠 ds  =   
1

Γ 1 − 𝛼 
 

f 1 𝑠 

 𝑡 − 𝑠 𝛼

𝑡

0

ds 

𝑊𝑒𝑟𝑒  , f 1 𝑠 = 𝐷𝑓 𝑠 =  
𝑑𝑓(𝑠)

𝑑𝑠
  𝑎𝑛𝑑 𝑓 𝑖𝑠 𝑎𝑛  𝑎𝑏𝑠𝑡𝑟𝑎𝑐𝑡  𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑤𝑖𝑡 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 𝑋. 

 

𝟐. 𝟏. 𝑽𝒂𝒓𝒊𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝑪𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝑭𝒐𝒓𝒎𝒖𝒍𝒂 
From the works of[21]and [28] ,we have the Mild solution of systems (10) – (12) as the following integral equation : 

𝑥 𝑡 = 𝑥0 +
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−1

𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

0<𝑡𝑘<𝑡

    +     
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

𝑡

𝑡𝑘

 

      +       
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−10<𝑡𝑘<𝑡

  𝐵𝑗  𝑠 𝑢 𝑡 − 𝑗  

𝑚

𝑗 =0

 𝑑𝑠   

+      𝑡𝑘 − 𝑠 𝑞−1
𝑡𝑘

𝑡𝑘−10<𝑡𝑘<𝑡

𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

  𝑑𝑠 

+      
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1

𝑡

𝑡𝑘

 𝐵𝑗

𝑚

𝑗 =0

 𝑠 𝑢 𝑠 − 𝑗  +
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1

𝑡

𝑡𝑘

𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

 𝑑𝑠

+  𝐼𝑘 𝑥  𝑡𝑘
−  

0<𝑡𝑘<𝑡

                                                                                 (15) 
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𝑂𝑛𝑒 𝑚𝑎𝑦 𝑎𝑠𝑠𝑢𝑚𝑒 𝑤𝑖𝑡𝑜𝑢𝑡 𝑙𝑜𝑠𝑠 𝑜𝑓 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑡𝑦 𝑡𝑎𝑡 ,  
𝑚 > 𝑚−1 > 𝑚−2 >. . . > 1 > 0 = 0 

𝑇𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙  𝑐𝑜𝑛𝑡𝑟𝑜𝑙  𝑢0 𝑡   𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑜𝑛  
𝑡0 − 𝑚  , 𝑡0  , 𝑡0 = 0 

𝑇𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 10  𝑓𝑜𝑟   𝑡 > 𝑡0 + 𝑚  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 

 𝑥 𝑡  , 𝑥0 , 𝑢  = 𝑥0      +         
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−1

𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

0<𝑡𝑘<𝑡

    +      
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

𝑡

𝑡𝑘

 

  +  
1

Γ 𝑞 

𝑚

]=0

   𝑡𝑘 − 𝑠 𝑞−1  𝐵𝑗  𝑠 𝑢 𝑡 − 𝑗  

𝑚

𝑗 =0

𝑡𝑘

𝑡𝑘−10<𝑡𝑘<𝑡

𝑑𝑠   

+    𝑡𝑘 − 𝑠 𝑞−1
𝑡𝑘

𝑡𝑘−10<𝑡𝑘<𝑡

𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

  𝑑𝑠 

+    
1

Γ 𝑞 
 𝐵𝑗

𝑚

𝑗 =0

 𝑠 𝑢 𝑠 − 𝑗    𝑡 − 𝑠 𝑞−1𝑑𝑠
𝑡

𝑡𝑘

 

+      
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1

𝑡

𝑡𝑘

𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

 𝑑𝑠 

+  𝐼𝑘 𝑥  𝑡𝑘
−  

0<𝑡𝑘<𝑡

                                                                                                                                 (16) 

 

⇒  𝑥 𝑡  , 𝑥0 , 𝑢  = 𝑥0    +    
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−1

𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

0<𝑡𝑘<𝑡

    +        
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

𝑡

𝑡𝑘

 

 +  
1

Γ 𝑞 

𝑚

]=0

   𝑡𝑘 − 𝑠 + 𝑗  
𝑞−1

 𝐵𝑗  𝑠 + 𝑗  𝑢 𝑡 − 𝑗 + 𝑗  

𝑚

𝑗 =0

𝑡1

𝑡00<𝑡1<𝑡

𝑑𝑠, 𝑓𝑜𝑟 𝑘 = 1  

+    𝑡𝑘 − 𝑠 𝑞−1
𝑡𝑘

𝑡𝑘−10<𝑡𝑘<𝑡

𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

  𝑑𝑠 

+  
1

Γ 𝑞 

𝑚

𝑗 =0

  𝑡 − 𝑠 + 𝑗  
𝑞−1

𝑡−𝑗

𝑡1−𝑗

𝐵𝑗  𝑠 + 𝑗  𝑢 𝑡 − 𝑗 + 𝑗  𝑑𝑠 

+
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1

𝑡

𝑡𝑘

𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

 𝑑𝑠 

+  𝐼𝑘 𝑥  𝑡𝑘
−  

0<𝑡𝑘<𝑡

                                                                                                                                       (17) 

⇒ , 𝑥 𝑡  , 𝑥0 , 𝑢  = 𝑥0   +   
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−1

𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

0<𝑡𝑘<𝑡

    +    
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

𝑡

𝑡𝑘

 

   +     
1

Γ 𝑞 

𝑚

]=0

   𝑡0 − 𝑠 + 𝑗  
𝑞−1

𝑡0

𝑡0−𝑗0<𝑡1<𝑡

𝐵𝑗  𝑠 + 𝑗  𝑢0 𝑠 − 𝑗 + 𝑗  𝑑𝑠 , 𝑓𝑜𝑟 𝑘 = 1  

+        
1

Γ 𝑞 

 𝑚

]=0

   𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝑡1−𝑗

𝑡1−𝑗 +10<𝑡1<𝑡

𝐵𝑗  𝑠 + 𝑗  𝑢 𝑠 − 𝑗 + 𝑗  𝑑𝑠 

+      
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−10<𝑡𝑘<𝑡

𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

  𝑑𝑠 

+       
1

Γ 𝑞 

 𝑚

𝑗 =0

  𝑡 − 𝑠 + 𝑗 
𝑞−1

𝑡−𝑗

𝑡1−𝑗

𝐵𝑗  𝑠 + 𝑗  𝑢 𝑡 − 𝑗 + 𝑗  𝑑𝑠 
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+    
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1

𝑡

𝑡𝑘

𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

 𝑑𝑠 

+  𝐼𝑘 𝑥  𝑡𝑘
−  

0<𝑡𝑘<𝑡

                                                                                                                                                (18) 

⇒ , 𝑥 𝑡  , 𝑥0 , 𝑢    =   𝑥0  +   
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−1

𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

0<𝑡𝑘<𝑡

    +  
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

𝑡

𝑡𝑘

 

 +       
1

Γ 𝑞 

𝑚

]=0

   𝑡0 − 𝑠 + 𝑗  
𝑞−1

𝑡0

𝑡0−𝑗0<𝑡1<𝑡

𝐵𝑗  𝑠 + 𝑗  𝑢0 𝑠 − 𝑗 + 𝑗  𝑑𝑠 , 𝑓𝑜𝑟 𝑘 = 1 

+          
1

Γ 𝑞 

𝑚

]=0

   𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝑡1−𝑗

𝑡1−𝑗 +10<𝑡1<𝑡

𝐵𝑗  𝑠 + 𝑗 𝑢 𝑠 − 𝑗 + 𝑗  𝑑𝑠  

 +      
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−10<𝑡𝑘<𝑡

𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

  𝑑𝑠 

+             
1

Γ 𝑞 

𝑚

]=0

  𝑡 − 𝑠 + 𝑗  
𝑞−1

𝑡−𝑗

𝑡1−𝑗 +1

𝐵𝑗  𝑠 + 𝑗  𝑢 𝑠 − 𝑗 + 𝑗  𝑑𝑠     

+      
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

  𝑑𝑠
𝑡

𝑡𝑘

 

+    𝐼𝑘 𝑥  𝑡𝑘
−  

0<𝑡𝑘<𝑡

                                                                                                                         19  

𝑃𝑢𝑡 

𝐹 𝑠 , 𝑥 𝑠 , 𝑥𝑠  , 𝑢 𝑠  =  𝑓  𝑠 , 𝑥 𝑠  ,  𝑔 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏 ,  𝑘 𝑠 , 𝜏 , 𝑥 𝜏  𝑑𝜏

𝑏

0

𝑠

0

 , 

𝑠𝑦𝑠𝑡𝑒𝑚 19  𝑏𝑒𝑐𝑜𝑚𝑒𝑠 

𝑥 𝑡  , 𝑥0 , 𝑢    =     𝑥0   +   
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−1

𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

0<𝑡𝑘<𝑡

    +    
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

𝑡

𝑡𝑘

 

      +     
1

Γ 𝑞 

𝑚

]=0

   𝑡0 − 𝑠 + 𝑗  
𝑞−1

𝑡0

𝑡0−𝑗0<𝑡1<𝑡

𝐵𝑗  𝑠 + 𝑗  𝑢0 𝑠 𝑑𝑠 

 +    
1

Γ 𝑞 

𝑚

]=0

   𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝑡1−𝑗

𝑡1−𝑗 +10<𝑡1<𝑡

𝐵𝑗  𝑠 + 𝑗  𝑢 𝑠 𝑑𝑠 

 +      
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−10<𝑡𝑘<𝑡

𝐹 𝑠 , 𝑥 𝑠 , 𝑥𝑠  , 𝑢 𝑠   𝑑𝑠 

+    
1

Γ 𝑞 

𝑚

]=0

  𝑡 − 𝑠 + 𝑗  
𝑞−1

𝑡−𝑗

𝑡1−𝑗 +1

𝐵𝑗  𝑠 + 𝑗  𝑢 𝑠 𝑑𝑠   

+     
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1𝐺 𝑠  𝑑𝑠

𝑡

𝑡𝑘

+  𝐼𝑘 𝑥  𝑡𝑘
−  

0<𝑡𝑘<𝑡

                                                              20  

𝐹𝑜𝑟 𝑏𝑟𝑒𝑣𝑖𝑡𝑦 , 𝑙𝑒𝑡 

𝜇 𝑡   =   𝑥0   +   
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−1

𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

0<𝑡𝑘<𝑡

    +   
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1𝐴 𝑠 , 𝑥 𝑥 𝑠 𝑑𝑠

𝑡

𝑡𝑘

 

   +       
1

Γ 𝑞 

𝑚

]=0

   𝑡0 − 𝑠 + 𝑗 
𝑞−1

𝑡0

𝑡0−𝑗0<𝑡1<𝑡

𝐵𝑗  𝑠 + 𝑗  𝑢0 𝑠 𝑑𝑠                                      (21) 

𝛽 𝑡    =  
1

Γ 𝑞 
   𝑡𝑘 − 𝑠 𝑞−1

𝑡𝑘

𝑡𝑘−10<𝑡𝑘<𝑡

𝐺 𝑠  𝑑𝑠 +
1

Γ 𝑞 
  𝑡 − 𝑠 𝑞−1𝐹 𝑠 , 𝑥 𝑠 , 𝑥𝑠  , 𝑢 𝑠   𝑑𝑠

𝑡

𝑡𝑘
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  +  𝐼𝑘 𝑥  𝑡𝑘
−  

0<𝑡𝑘<𝑡

                                                                                                                    (22) 

Ζ 𝑡, 𝑠 u 𝑠 ds  =     
1

Γ 𝑞 

𝑚

]=0

   𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝑡1−𝑗

𝑡1−𝑗 +10<𝑡1<𝑡

𝐵𝑗  𝑠 + 𝑗  𝑢 𝑠 𝑑𝑠 

+      
1

Γ 𝑞 

𝑚

]=0

  𝑡 − 𝑠 + 𝑗  
𝑞−1

𝑡−𝑗

𝑡1−𝑗 +1

𝐵𝑗  𝑠 + 𝑗  𝑢 𝑠 𝑑𝑠                                                      (23) 

⇒ 

𝑧(𝑡, 𝑠) =  
1

Γ 𝑞 

𝑚

]=0

    𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝑡1−𝑗

𝑡1−𝑗 +10<𝑡1<𝑡

+   𝑡 − 𝑠 + 𝑗  
𝑞−1

𝑡−𝑗

𝑡1−𝑗 +1

 𝐵𝑗  𝑠 + 𝑗   

Then,  

𝑧(𝑡1, 𝑠) =  
1

Γ 𝑞 

𝑚

]=0

    𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝑡1−𝑗

𝑡1−𝑗 +10<𝑡1<𝑡

+   𝑡1 − 𝑠 + 𝑗 
𝑞−1

𝑡1−𝑗

𝑡1−𝑗 +1

 𝐵𝑗  𝑠 + 𝑗   

⇒  𝑧(𝑡1 , 𝑠) =  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  𝑢 𝑠 𝑑𝑠
𝑡1−𝑗

𝑡1−𝑗 +1

+  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠 

⇒  𝑧 𝑡1, 𝑠 = 2  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠                                      24  

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠   21 ,  22  𝑎𝑛𝑑 24  𝑖𝑛  20  , 𝑤𝑒 𝑎𝑣𝑒 𝑡𝑒 𝑚𝑖𝑙𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 
𝑥 𝑡  , 𝑥0 , 𝑢    =    𝜇 𝑡 + 𝛽 𝑡 +  𝑧 𝑡1 , 𝑠  

=    𝜇 𝑡 + 𝛽 𝑡 +  2  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠                            25  

 
2.2 . Basic Set Function and Properties 

𝑊𝑒 𝑠𝑎𝑙𝑙 𝑑𝑒𝑓𝑖𝑛𝑒 𝑡𝑒 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑢𝑝𝑜𝑛 𝑤𝑖𝑐 𝑜𝑢𝑟 𝑠𝑡𝑢𝑑𝑦 𝑖𝑛𝑔𝑒𝑠 
Definition 2.2.1. (Reachableset) 

𝑇𝑒 𝑟𝑒𝑎𝑐𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑅 𝑡1 , 𝑡0  𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚𝑠  10 −  12  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝑅 𝑡1 , 𝑡0 =

 
 

 2  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠  ∶

 𝑢𝑗  ≤ 1 , 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑗𝑎𝑛𝑑 𝑢𝑗 ∈ 𝑈 = 𝐶𝑚 ⊆ 𝐿2 𝐽 , 𝑋𝑚 ; 𝑗 = 1 ,2 , … , 𝑚 
 

 
 

Definition 2.2.2. (Attainable set) 

𝑇𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡  𝐴 𝑡1 , 𝑡0  𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚𝑠  10 −  12  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝐴 𝑡1 , 𝑡0 =  
𝑥 𝑡  , 𝑥0 , 𝑢  ∶ 𝑢 ∈ 𝑈

  , 

𝑤𝑒𝑟𝑒 𝑈 =  𝑢 ∈ 𝐶𝑚 ⊆ 𝐿2  𝑡0 , 𝑡1  , 𝑋
𝑚 :  𝑢𝑗  ≤ 1 ;  𝑗 = 1 , 2 , … , 𝑚  

Definition 2.2.3.(Targetset) 

𝑇𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡 𝐺 𝑡1, 𝑡0  𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚𝑠  10 −  12  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 
𝐺 𝑡1 , 𝑡0 =  𝑥 𝑡 , 𝑥0 , 𝑢 ∶ 𝑡 ≥ 𝜏 > 𝑡0 = 0 , 𝑓𝑜𝑟 𝑓𝑖𝑥𝑒𝑑 𝜏 𝑎𝑛𝑑 𝑢 ∈ 𝑈 = 𝐶𝑚 ⊆ 𝐿2  𝑡0 , 𝑡1  , 𝑋

𝑚   . 
Definition 2.2.4. (Controllability grammian) 

𝑇𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑊 𝑡1 , 𝑡0  𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚𝑠  10 −  12  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝑊 𝑡1 , 𝑡0 = 2  
1

Γ 𝑞 

𝑚

]=0

   𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗   
𝑡1−𝑗

𝑡1−𝑗 +1

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗   
𝑇

𝑑𝑠 

= 2  
1

Γ 𝑞 

𝑚

]=0

 Y 𝑡1 , 𝑠 Y𝑇 𝑡1 , 𝑠 
𝑡1−𝑗

𝑡1−𝑗 +1

  𝑑𝑠 , 

 𝑇𝑢𝑠, 

𝑊−1  𝑡1 , 𝑡0  =
1

𝑊 𝑡1, 𝑡0 
=  

1

2  
1

Γ 𝑞 
𝑚
]=0  Y 𝑡1 , 𝑠 Y𝑇 𝑡1 , 𝑠 𝑑𝑠

𝑡1−𝑗

𝑡1−𝑗 +1

 

𝑤𝑒𝑟𝑒 𝑇 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒 𝑎𝑛𝑑 

Y 𝑡1 , 𝑠 =  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗   . 
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2.3. Relationship between the set functions 

We shall first establish the relationship between the attainable set and the reachable set to enable us see that once a property has 

been proved for one set, and then it is applicable to the other. 
𝐹𝑟𝑜𝑚 𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  20 , 𝑤𝑒 𝑎𝑣𝑒 𝑡𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝐴 𝑡1 , 𝑡0  𝑎𝑠: 
𝐴 𝑡1 , 𝑡0 =   𝜂 𝑡 + 𝑅 𝑡1 , 𝑡0   , 𝑓𝑜𝑟 𝑢 ∈ 𝑈 , 𝑡 ∈  𝑡0 , 𝑡1  , 𝑤𝑒𝑟𝑒  𝜂 𝑡 = 𝜇 𝑡  + 𝛽 𝑡 . 
 

𝑇𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑡𝑎𝑡 𝑡𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑖𝑠 𝑡𝑒 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑒 𝑟𝑒𝑎𝑐𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑡𝑟𝑜𝑢𝑔 𝑡𝑒 

 𝑜𝑟𝑖𝑔𝑖𝑛 𝜂 ∈ 𝑋𝑛 . 𝑈𝑠𝑖𝑛𝑔 𝑡𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡, 𝑡𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑖𝑡 𝑖𝑠 𝑒𝑎𝑠𝑦 𝑡𝑜 𝑠𝑜𝑤 𝑡𝑎𝑡 𝑡𝑒 𝑠𝑒𝑡 

 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑝𝑜𝑠𝑠𝑒𝑠𝑠 𝑡𝑒 𝑝𝑟𝑝𝑒𝑟𝑡𝑖𝑒𝑠  𝑜𝑓 𝑐𝑜𝑛𝑒𝑥𝑖𝑡𝑦 , 𝑐𝑙𝑜𝑠𝑒𝑑𝑛𝑒𝑠𝑠 , 𝑏𝑜𝑢𝑛𝑑𝑒𝑑𝑛𝑒𝑠𝑠, , 𝑎𝑛𝑑 𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠. 
𝐴𝑙𝑠𝑜, 𝑡𝑒 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑛  0 , ∞  𝑡𝑜 𝑡𝑒 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝑜𝑓 𝑅𝑛  . 
 12  𝑎𝑛𝑑   29  𝑔𝑎𝑣𝑒 𝑡𝑒 𝑖𝑚𝑝𝑒𝑡𝑢𝑠 𝑓𝑜𝑟 𝑎𝑑𝑜𝑝𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑒 𝑝𝑟𝑜𝑜𝑓𝑠 𝑜𝑓 𝑡𝑒𝑠𝑒 

 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠  𝑓𝑜𝑟 𝑠𝑦𝑠𝑡𝑚𝑠 10 −   12  . 
𝐷𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 2.3.1.  𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦  

𝑆𝑦𝑠𝑡𝑒𝑚 10  𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  𝑡0 , 𝑡1  𝑖𝑓  
𝐴 𝑡1 , 𝑡0 ∩ 𝐺 𝑡1 , 𝑡0 ≠ ∅ ; 𝑡1 > 𝑡0 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟑. 𝟐.  𝑷𝒓𝒐𝒑𝒆𝒓𝒏𝒆𝒔𝒔  
𝑆𝑦𝑠𝑡𝑒𝑚 10  𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝑋𝑛  𝑜𝑛  𝑡0   , 𝑡1  𝑖𝑓 𝑠𝑝𝑎𝑛 𝑅 𝑡1 , 𝑡0 = 𝑋𝑛  

𝑖. 𝑒 .   

2𝐶𝑇  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠 = 0  𝑎. 𝑒  , ⇒ 𝐶 = 0, 𝐶 ∈ 𝑅𝑛  . 

Definition 2.3.3. (Null controllability) 

𝑇𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 10 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛  𝑡0, 𝑡1  𝑖𝑓 𝑓𝑜𝑟 𝑒𝑎𝑐 𝜙 ∈ 𝐵  −𝛾 ,0  , 𝑅𝑛 ,  
𝑡𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠  𝑎 𝑡1 > 𝑡0, 𝑢 ∈ 𝐿2  𝑡0, 𝑡1  , 𝑃  , 𝑃 𝑎 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑅𝑚  , 𝑠𝑢𝑐 𝑡𝑎𝑡 

𝑡𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥 𝑡 , 𝑡0 , 𝜙 , 𝑢 , 𝑓  𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 10 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 

𝑥𝑡0
 𝑡0 , 𝜙 , 𝑢 , 𝑓 = 𝜙 , 𝑎𝑛𝑑 𝑥 𝑡1 , 𝑡0 , 𝜙 , 𝑢 , 𝑓 = 0. 

 

Definition 2.3.4. (Controllability) 

𝑇𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 10 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡0, 𝑡1  𝑖𝑓 𝑓𝑜𝑟 𝑒𝑎𝑐 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝜙 𝑎𝑛𝑑 𝑒𝑣𝑒𝑟𝑦 

𝑥1 ∈ 𝑅𝑛 , there exists an admissible control function , u, such that a solution of 𝑠𝑦𝑠𝑡𝑒𝑚 10  

satisfies   x 𝑡1 = 𝑥1  . 
 

3. MAIN RESULT 

𝑇𝑒 𝑖𝑠𝑠𝑢𝑒 𝑜𝑓  𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑁𝑒𝑢𝑡𝑟𝑎𝑙 𝑉𝑜𝑙𝑡𝑒𝑟𝑟𝑎 𝐼𝑛𝑡𝑒𝑔𝑟𝑜𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙   
𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑣𝑒 𝑏𝑒𝑒𝑛 𝑠𝑒𝑡𝑡𝑙𝑒𝑑  𝑖𝑛   [2,3]𝑎𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 [9]. 
𝐹𝑟𝑜𝑚 𝑡𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑜𝑓 𝑡𝑒𝑠𝑒 𝑠𝑡𝑢𝑑𝑖𝑒𝑠 𝑡𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡𝑠 𝑒𝑚𝑒𝑟𝑔𝑒. 
Theorem 3.1.( Necessary conditions ) 

Consider the system  

𝐷𝑞𝑥 𝑡 = 𝐴 𝑡 , 𝑥 𝑥 𝑡 +  𝐵𝑗 𝑢 𝑡 − 𝑗  

𝑚

𝑗 =0

+     𝑓  𝑡 , 𝑥 𝑡  ,  𝑔 𝑡 , 𝑠 , 𝑥(𝑠) 

𝑡

0

𝑑𝑠 ,  𝑘 𝑡 , 𝑠 , 𝑥(𝑠) 𝑑𝑠

𝑏

0

  3.1  

𝑡 ∈ 𝐽 =  0 , 𝑏 , 𝑡 ≠ 𝑡𝑘  , 𝑘 = 1,2,3, … , 𝑚  

∆𝑥 ∣𝑡=𝑡𝑘
= 𝐼𝑘 𝑥 𝑡𝑘

−1   , 𝑘 = 1,2,3, … , 𝑚                                                                                            3.2  

𝑥 0 = 𝑥0                                                                                                                                                (3.3) 
 

𝑤𝑖𝑡 𝑡𝑒 𝑠𝑎𝑚𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚′𝑠𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝑎𝑠 𝑖𝑛 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 10 , 𝑡𝑒𝑛 𝑡𝑒  
𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 ∶ 
 𝑖 . 𝑆𝑦𝑠𝑡𝑒𝑚(3.1)𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝐽 =  𝑡0 , 𝑡1 . 
 𝑖𝑖 . 𝑇𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛  𝑊(𝑡 , 𝑡0) 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚(3.1)  𝑖𝑠 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟. 
 𝑖𝑖𝑖 . 𝑆𝑦𝑠𝑡𝑒𝑚(3.1) 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝐽 =  𝑡0 , 𝑡1 . 
 

𝑷𝑹𝑶𝑶𝑭: 

  𝑖 =  𝑖𝑖 .   

𝑅𝑒𝑐𝑎𝑙𝑙: 𝑇𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑊 𝑡 , 𝑡0  𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑖𝑠 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟, 𝑖𝑠 

𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 𝑠𝑎𝑦𝑖𝑛𝑔 𝑡𝑎𝑡 𝑊 𝑡 , 𝑡0  𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒, 𝑤𝑖𝑐 𝑖𝑛 𝑡𝑢𝑟𝑛  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 𝑠𝑎𝑦𝑖𝑛𝑔 

𝑡𝑎𝑡 𝐶𝑇𝑡𝑖𝑚𝑒𝑠 𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑖𝑛𝑑𝑒𝑥 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑧𝑒𝑟𝑜 𝑎𝑙𝑚𝑜𝑠𝑡 𝑒𝑣𝑒𝑟𝑦𝑤𝑒𝑟𝑒  
𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  𝑡0 , 𝑡1  , 𝑖𝑚𝑝𝑙𝑦𝑖𝑛𝑔 𝑡𝑎𝑡 𝐶 = 0. ; 𝑇 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒 

𝑖. 𝑒. 
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2𝐶𝑇  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠 = 0  𝑎. 𝑒  , ⇒ 𝐶 = 0, 𝐶 ∈ 𝑅𝑛  . 

𝑤𝑖𝑐 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑠𝑖𝑛𝑐𝑒 𝑡𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑖𝑠 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒. 
𝑇𝑖𝑠 , 𝑡𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑠𝑜𝑤𝑠𝑒𝑑 𝑡𝑎𝑡  𝑖  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜  𝑖𝑖 , 𝑜𝑟  𝑖 =  𝑖𝑖 . 
 

𝑇𝑜 𝑠𝑜𝑤 𝑡𝑎𝑡  𝑖𝑖  𝑎𝑛𝑑  𝑖𝑖𝑖  𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡. 
𝐵𝑦  𝑡𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛  𝑜𝑓 𝑝𝑟𝑜𝑝𝑒𝑟𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1 , 𝑤𝑒 𝑎𝑣𝑒  𝑖𝑖  𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 ∶ 

2𝐶𝑇  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠 = 0  𝑎. 𝑒  , ⇒ 𝐶 = 0, 𝐶 ∈ 𝑅𝑛  . 

𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡𝑎𝑡 𝐶 = 0 , 𝐶 ∈ 𝑋𝑛   , 𝑓𝑜𝑟 𝑒𝑎𝑐 𝑠 ∈  𝑡0 , 𝑡1  ,   𝑡𝑒𝑛 

 
1

Γ 𝑞 

𝑚

]=0

2𝐶𝑇   𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠 = 0  𝑎. 𝑒  , ⇒ 𝐶 = 0, 𝐶 ∈ 𝑅𝑛  . 

= 2𝐶𝑇  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠 = 0  𝑎. 𝑒  , ⇒ 𝐶 = 0, 𝐶 ∈ 𝑅𝑛  

  𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡𝑎𝑡 𝐶 = 0 , 𝐶 ∈ 𝑋𝑛   , 𝑓𝑜𝑟 𝑒𝑎𝑐 𝑠 ∈  𝑡0 , 𝑡1  ,                                                                  3.2  
It follows from this last equation (3.2) that C is orthogonal to the reachable set  

𝑅 𝑡, 𝑡0 =

 
 

 2  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠  ∶

 𝑢𝑗  ≤ 1 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑗𝑎𝑛𝑑 𝑢𝑗 ∈ 𝑈 = 𝐶𝑚 ⊆ 𝐿2 𝐽 , 𝑋𝑚 ; 𝑗 = 1 ,2 , … , 𝑚 
 

 
 

𝐼𝑓 𝑤𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑛𝑜𝑤, 𝑅 𝑡, 𝑡0 = 𝑅𝑛  , 𝑠𝑜𝑡𝑎𝑡  
𝐶 = 0, 𝑠𝑜𝑤𝑖𝑛𝑔 𝑡𝑎𝑡  𝑖𝑖𝑖  𝑖𝑚𝑝𝑙𝑖𝑒𝑠  𝑖𝑖 . 𝑂𝑟  𝑖  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜  𝑖𝑖  𝑎𝑛𝑑  
 𝑖𝑖  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜  𝑖𝑖𝑖  𝑎𝑛𝑑 𝑣𝑖𝑠 − 𝑎 − 𝑣𝑖𝑠  𝑖𝑖𝑖  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜  𝑖𝑖  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜  𝑖 . 
𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦, 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡𝑎𝑡 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒, 𝑠𝑜𝑡𝑎𝑡  𝑡𝑒  
𝑟𝑒𝑎𝑐𝑎𝑏𝑙𝑒 𝑅 𝑡, 𝑡0 ≠ 𝑅𝑛  𝑓𝑜𝑟  𝑡 > 𝑡0 . 𝑇𝑒𝑛 , 𝑡𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝐶 ≠ 0 , 𝐶 ∈ 𝑅𝑛   , 𝑠𝑢𝑐 𝑡𝑎𝑡 

𝐶𝑇𝑅 𝑡, 𝑡0 = 0 .  
𝐼𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠  𝑡𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠  𝑢 ∈ 𝐿2  𝑡𝑎𝑡  

 0 = 2𝐶𝑇  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗 
𝑞−1

𝐵𝑗  𝑠 + 𝑗 
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠 

=   
1

Γ 𝑞 

𝑚

]=0

2𝐶𝑇   𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠 

Hence, 

2𝐶𝑇  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠 = 0   𝑎𝑒   ⇒  𝐶 ≠ 0 , 𝐶 ∈ 𝑋𝑛   , 

𝑓𝑜𝑟 𝑒𝑎𝑐 𝑠 ∈  𝑡0 , 𝑡1    . 
𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑟𝑜𝑝𝑒𝑟𝑛𝑒𝑠𝑠 , 𝑖𝑡 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡𝑎𝑡 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑖𝑠 𝑛𝑜𝑡 𝑝𝑟𝑜𝑝𝑒𝑟 , 𝑠𝑖𝑛𝑐𝑒  
𝐶 ≠ 0 . 𝐻𝑒𝑛𝑐𝑒 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 𝐴𝑛𝑑 𝑜𝑟 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 
 

THEOREM 3.2 (Sufficient condition) 

Assume for system (10) that: 

 𝑖 . 𝑇𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑠𝑒𝑡 𝑈 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑅𝑛 .  
 𝑖𝑖 . 𝑇𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 12  𝑖𝑠 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝑠𝑡𝑎𝑏𝑙𝑒 𝑠𝑜𝑡𝑎𝑡 𝑡𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 

𝑠𝑦𝑠𝑡𝑒𝑚 12  𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 

 𝑥 𝑡, 𝑡0 , 𝜙 ,0,0  ≤ 𝑀𝑒−𝑎 𝑡−𝑡0  𝜙  , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑎 > 0 , 𝑀 > 0. 
 𝑖𝑖𝑖 . 𝑇𝑒 𝑙𝑖𝑛𝑒𝑎𝑟 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑠𝑦𝑠𝑡𝑒𝑚 11  𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝑅𝑛 . 
 𝑖𝑣 . 𝑇𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝐹 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠  

 𝐹 𝑠 , 𝑥 𝑠 , 𝑥𝑠  , 𝑢 𝑠   ≤ 𝑒𝑥𝑝 −𝑏𝑡 𝜋 𝑥 𝑠  , 𝑢 𝑠   

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 , 𝑥 .   , 𝑢 .   ∈  𝑡0 , ∞ 𝑥𝐵𝑥𝐿2 , 𝑤𝑒𝑟𝑒  𝜋 𝑥 𝑠  , 𝑢 𝑠  𝑑𝑠 ≤ 𝑘 < ∞

∞

𝑡0

  𝑎𝑛𝑑 

𝑏 − 𝑎 ≥ 0 ,𝑡𝑒𝑛 system  10  𝑖𝑠  𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 
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𝐵𝑦 𝑡𝑒𝑜𝑟𝑒𝑚 3.1 𝑎𝑏𝑜𝑣𝑒,  𝑖𝑖  𝑎𝑛𝑑  𝑖𝑖𝑖 , 𝑊−1 𝑡1 , 𝑡0  𝑒𝑥𝑖𝑠𝑡𝑠 𝑓𝑜𝑟 𝑒𝑎𝑐 𝑡1 > 𝑡0. 
𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡𝑒 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑥 , 𝑢 𝑓𝑜𝑟𝑚 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑝𝑎𝑖𝑟 𝑡𝑜 𝑡𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 

𝑥 𝑡  , 𝑥0 , 𝑢    =    𝜇 𝑡 + 𝛽 𝑡 +  𝑧 𝑡1 , 𝑠  

=    𝜇 𝑡 + 𝛽 𝑡 +  2  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠       (3.3) 

 

u t =
 −𝑌𝑇 𝑡1 , 𝑠 𝑊−1 𝑡1 , 𝑡0    𝜇 𝑡 + 𝛽 𝑡  

2
                                                        (3.4) 

𝑇𝑒𝑛, 𝑢 𝑖𝑠 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑜𝑛  𝑡0 , 𝑡1  𝑎𝑛𝑑 𝑥 𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 10 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔  
𝑡𝑜 𝑢 𝑤𝑖𝑡 𝑖𝑛𝑖𝑡𝑖𝑎𝑙  𝑠𝑡𝑎𝑡𝑒 𝑥 𝑡0 = 𝜙 . 𝑁𝑜𝑤, 
𝑥 𝑡1  , 𝑥0 , 𝑢     =    𝜇 𝑡1 + 𝛽 𝑡1 +  𝑧 𝑡1 , 𝑠  

=   𝜇 𝑡1 + 𝛽 𝑡1 +  2  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠     

=    𝜇 𝑡1 + 𝛽 𝑡1 +  2   
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

 𝑥 

 
 −𝑌𝑇 𝑡1 , 𝑠 𝑊−1 𝑡1 , 𝑡0    𝜇 𝑡 + 𝛽 𝑡  

2
  𝑑𝑠                                                             3.5  

 

⇒ 𝑥 𝑡1  , 𝑥0 , 𝑢   =    𝜇 𝑡1 + 𝛽 𝑡1  

+      2   
1

Γ 𝑞 

𝑚

]=0

 𝑌(𝑡1 , 𝑠)
𝑡1−𝑗

𝑡1−𝑗 +1

 𝑥  
 −𝑌𝑇 𝑡1 , 𝑠 𝑊−1 𝑡1 , 𝑡0    𝜇 𝑡 + 𝛽 𝑡  

2
  𝑑𝑠  

⇒ 𝑥 𝑡1  , 𝑥0 , 𝑢   =    𝜇 𝑡1 + 𝛽 𝑡1  

+      2   
1

Γ 𝑞 

𝑚

]=0

 𝑌(𝑡1 , 𝑠)
𝑡1−𝑗

𝑡1−𝑗 +1

 𝑥  
 −𝑌𝑇 𝑡1 , 𝑠    𝜇 𝑡 + 𝛽 𝑡  

2𝑊 𝑡1 , 𝑡0 
  𝑑𝑠 

 

⇒ 𝑥 𝑡1  , 𝑥0 , 𝑢   =    𝜇 𝑡1 + 𝛽 𝑡1  

+      2   
1

Γ 𝑞 

𝑚

]=0

 𝑌(𝑡1 , 𝑠)
𝑡1−𝑗

𝑡1−𝑗 +1

 𝑥  
 −𝑌𝑇 𝑡1 , 𝑠  

2𝑊 𝑡1 , 𝑡0 
  𝑑𝑠.   𝜇 𝑡 + 𝛽 𝑡   

⇒ 𝑥 𝑡1  , 𝑥0 , 𝑢   =    𝜇 𝑡1 + 𝛽 𝑡1  

+  

−2  
1

Γ 𝑞 
  Y 𝑡, 𝑠   𝑌𝑇 𝑡1 , 𝑠  

𝑡1−𝑗

𝑡1−𝑗 +1

𝑚
]=0  𝑑𝑠.

2  
1

Γ 𝑞 
  Y 𝑡, 𝑠   𝑌𝑇 𝑡1 , 𝑠  

𝑡1−𝑗

𝑡1−𝑗 +1

𝑚
]=0 𝑑𝑠

   𝜇 𝑡 + 𝛽 𝑡   

⇒ 𝑥 𝑡1  , 𝑥0 , 𝑢   =    𝜇 𝑡1 + 𝛽 𝑡1 +    −1   𝜇 𝑡 + 𝛽 𝑡   
⇒ 𝑥 𝑡1  , 𝑥0 , 𝑢   =  𝜇 𝑡1 + 𝛽 𝑡1 −   𝜇 𝑡1 − 𝛽 𝑡1 = 0. 
𝑇𝑒𝑛, 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 3.5  𝑖𝑠 𝑠𝑡𝑒𝑒𝑟𝑒𝑑 𝑡𝑜    𝑧𝑒𝑟𝑜 𝑜𝑟 𝑡𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 𝑖𝑛 𝑓𝑖𝑛𝑖𝑡𝑒 𝑡𝑖𝑚𝑒 𝑡1 ∈  𝑡0 , 𝑡1 . 
𝐼𝑡 𝑟𝑒𝑚𝑎𝑖𝑛𝑠 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡𝑎𝑡 𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢:  𝑡0 , 𝑡1 → 𝐶𝑚  𝑖𝑠 𝑖𝑛 𝑡𝑒 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 

 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑅𝑚 , 𝑡𝑎𝑡 𝑖𝑠  𝑢 ≤ 𝜌1 , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  𝜌1 > 0.  
𝐵𝑦 𝑝𝑎𝑟𝑡 (𝑖𝑖) 𝑜𝑓 𝑡𝑒𝑜𝑟𝑒𝑚3.2 𝑎𝑏𝑜𝑣𝑒,  𝑌𝑇 𝑡1 , 𝑠 𝑊−1 𝑡1 , 𝑡0  ≤ 𝜆1 , for some constant 𝜆1 > 0. 
Thus, 

 𝑢 𝑡  ≤ 𝜆1[𝜆2exp −𝜌 𝑡1 − 𝑡0  ]  𝜆3

𝑡1−𝑗

𝑡1−𝑗 +1

exp −𝜌 𝑡1 − 𝑠 𝑒𝑥𝑝 −𝑘𝑠 𝜋 𝑥 𝑠 , 𝑢 𝑠  𝑑𝑠  

It follows that 

 𝑢 𝑡  ≤ 𝜆1 𝜆2exp −𝜌 𝑡1 − 𝑡0   + λλ3exp −𝜌𝑡1  3.6  

𝑠𝑖𝑛𝑐𝑒 𝑘 − 𝜌 ≥ 0 𝑎𝑛𝑑 𝑡 ≥ 𝑡0 ≥ 0. 𝑇𝑢𝑠, 𝑏𝑦 𝑡𝑎𝑘𝑖𝑛𝑔 𝑡 , 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑙𝑦 𝑙𝑎𝑟𝑔𝑒, 𝑤𝑒  𝑎𝑣𝑒 
 𝑢 𝑡  ≤ 𝜌1 ; 𝑡 ∈  𝑡0 , 𝑡1  , 𝑠𝑜𝑤𝑖𝑛𝑔 𝑡𝑎𝑡 𝑢 𝑖𝑠 𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙. 
Now, we need to prove the existence of a solution pair of the integral equations ( 3.3) and ( 3.4). 

𝐿𝑒𝑡 𝑁 𝑏𝑒 𝑡𝑒 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑎𝑙𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠  𝑥, 𝑢 :  𝑡0 −  , 𝑡1 𝑥 𝑡0 −  , 𝑡1 → 𝑅𝑛𝑅𝑚 , 
𝑤𝑒𝑟𝑒 𝑥 ∈ 𝑁  𝑡0 −  , 𝑡1  , 𝑅

𝑛  ; 𝑢 ∈ 𝐿2  𝑡0 −  , 𝑡1  , 𝑅
𝑚   𝑤𝑖𝑡 𝑡𝑒 𝑛𝑜𝑟𝑚 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 
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  𝑥 , 𝑢  =  𝑥 2 +  𝑢 2 

𝑤𝑒𝑟𝑒 ,     𝑥 2 =    𝑥 𝑠  2 𝑑𝑠
𝑡1−𝑗

𝑡1−𝑗 +1

 

1
2 

 ;   𝑢 2 =    𝑢 𝑠  2 𝑑𝑠
𝑡1−𝑗

𝑡1−𝑗 +1

 

1
2 

. 

 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑡𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑇 ∶ 𝑁 → 𝑁 𝑏𝑦 𝑇 𝑥 , 𝑢 =  𝑦, 𝑣 , 𝑤𝑒𝑟𝑒  
v t = −𝑌𝑇 𝑡1 , 𝑠 𝑊−1 𝑡1 , 𝑡0  𝜇 𝑡1 + 𝛽 𝑡1                                                                     (3.7) 

𝐴𝑛𝑑 𝑣 𝑡 =  𝑢 𝑡 , 𝑡 ∈  𝑡0 −  , 𝑡0 .  
𝑦 𝑡 = 𝑥 𝑡  , 𝑥0 , 𝑢    =    𝜇 𝑡 + 𝛽 𝑡 +  𝑧 𝑡1 , 𝑠  

=    𝜇 𝑡 + 𝛽 𝑡 +  2  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑢 𝑠 𝑑𝑠                   (3.8) 

𝐴𝑛𝑑 𝑦 𝑡 = ϕ t  , 𝑓𝑜𝑟 𝑡 ∈  𝑡0 −  , 𝑡0 .  
𝐼𝑡 𝑤𝑎𝑠 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑠𝑜𝑤𝑛 𝑡𝑎𝑡   
 𝑣 𝑡  ≤ 𝜌1 , 𝑓𝑜𝑟 𝑡 ∈   𝑡0 , 𝑡1  𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 , 𝑓𝑜𝑟 𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑣:  𝑡0 −  , 𝑡0 → 𝐶𝑚  , 
𝑤𝑒  𝑎𝑣𝑒  
𝑣 𝑡  ≤ 𝜌1 .  
𝑇𝑢𝑠 , 𝑤𝑒  𝑎𝑣𝑒  

 𝑣 𝑡  2 ≤ 𝜌1 𝑡1 +  − 𝑡0 
1

2 = 𝑘0 

𝐴𝑛𝑑,  𝑦 𝑡  ≤ 𝜆2𝑒𝑥𝑝 −𝜌 𝑡 − 𝑡0  + 𝜆4   𝑣 𝑠  
𝑡1−𝑗

𝑡1−𝑗 +1

𝑑𝑠 + 𝜆𝜆3𝑒𝑥𝑝 −𝜌𝑡  

𝑃𝑢𝑡    𝜆4 = 𝑠𝑢𝑝  2  
1

Γ 𝑞 

𝑚

]=0

  𝑡1 − 𝑠 + 𝑗  
𝑞−1

𝐵𝑗  𝑠 + 𝑗  
𝑡1−𝑗

𝑡1−𝑗 +1

 . 

𝑆𝑖𝑛𝑐𝑒 𝜌 > 0; 𝑡 ≥ 𝑡0 ≥ 0, 𝑤𝑒  𝑎𝑣𝑒 𝑖𝑡 𝑡𝑎𝑡 𝑓𝑜𝑟 𝑡 ∈   𝑡0 , 𝑡1  
 𝑦 𝑡  ≤ 𝜆2 + 𝜆4𝜌 𝑡1 − 𝑡0 + 𝜆𝜆3 = 𝑘1 

𝐴𝑛𝑑  𝑓𝑜𝑟 𝑡 ∈  𝑡0 −  , 𝑡0  , 𝑤𝑒  𝑎𝑣𝑒,     𝑦 𝑡  ≤ 𝑠𝑢𝑝 𝜙 𝑡  = 𝛿 

𝑇𝑢𝑠, 𝑖𝑓 𝛽 = 𝑚𝑎𝑥 𝑘1 , 𝛿  , 𝑡𝑒𝑛  𝑦 𝑡  2 ≤ 𝛽 𝑡1 +  − 𝑡0 
1

2 = 𝑘2 < ∞. 
𝑁𝑜𝑤, 𝐿𝑒𝑡 , 𝑟 = 𝑚𝑎𝑥 𝑘0 , 𝑘2 . 𝑇𝑒𝑛 𝑖𝑓 𝑤𝑒 𝑝𝑢𝑡  
𝐺 𝑟 =   𝑥 , 𝑢 ∈ 𝑁:  𝑥 2 ≤ 𝑟 ,  𝑢 2 ≤ 𝑟  , 
𝑤𝑒  𝑎𝑣𝑒  𝑇 ∶ 𝐺 𝑟 → 𝐺 𝑟 .  
𝑆𝑖𝑛𝑐𝑒 𝐺 𝑟  𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑, 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥, 𝑏𝑦 𝑅𝑖𝑒𝑠𝑧 𝑡𝑒𝑜𝑟𝑒𝑚 𝑎𝑠 

𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛[33], 𝑖𝑡 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑢𝑛𝑑𝑒𝑟 𝑡𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑇. 
𝑇𝑢𝑠, 𝑡𝑒 𝑆𝑐𝑎𝑢𝑑𝑒𝑟𝑠′𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑡𝑒𝑜𝑟𝑒𝑚 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡𝑎𝑡 𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑇  𝑎𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡. 
𝐻𝑒𝑛𝑐𝑒, 𝑠𝑦𝑠𝑡𝑒𝑚 10  𝑖𝑠 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝐸𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 . 
 

4.  𝐂𝐎𝐍𝐂𝐋𝐔𝐒𝐈𝐎𝐍 

𝑊𝑒 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒𝑑  𝑠𝑦𝑠𝑡𝑒𝑚 10  𝑓𝑜𝑟 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑡𝑟𝑜𝑢𝑔  𝑖𝑡𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝑏𝑎𝑠𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑎𝑛𝑑 

 𝑖𝑡𝑠 𝑓𝑟𝑒𝑒 𝑠𝑦𝑠𝑡𝑒𝑚     
 𝑊𝑒  𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠𝑒𝑑  𝑛𝑒𝑐𝑒𝑠𝑠𝑎𝑟𝑦 𝑎𝑛𝑑 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡  𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝐼𝑚𝑝𝑢𝑙𝑠𝑖𝑣𝑒 𝑄𝑢𝑎𝑠𝑖𝑙𝑖𝑛𝑒𝑎𝑟   
𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑀𝑖𝑥𝑒𝑑 𝑉𝑜𝑙𝑡𝑒𝑟𝑟𝑎 − 𝐹𝑟𝑒𝑑𝑜𝑙𝑚 𝑇𝑦𝑝𝑒 𝐼𝑛𝑡𝑒𝑔𝑟𝑜𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙  𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑖𝑛  
𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒𝑠 𝑤𝑖𝑡 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝐷𝑒𝑙𝑎𝑦𝑠 𝑖𝑛 𝑡𝑒 𝐶𝑜𝑛𝑡𝑟𝑜𝑙, 𝑡𝑜 𝑏𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 𝑇𝑒 𝑐𝑜𝑚𝑝𝑢𝑡𝑎𝑏𝑙𝑒  
𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑎 𝑎𝑟𝑒 𝑟𝑒𝑝𝑜𝑟𝑡𝑒𝑑 . 𝑇𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑛𝑐𝑒  𝑎𝑛𝑑  𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑎𝑣𝑒 𝑏𝑒𝑒𝑛 

 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠𝑒𝑑. 𝑊𝑒  𝑎𝑣𝑒 𝑎𝑙𝑠𝑜 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠𝑒𝑑 𝑡𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠𝑖𝑝 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑒 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑜𝑢𝑟 𝑠𝑦𝑠𝑡𝑒𝑚  
𝑎𝑛𝑑 𝑡𝑒 𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑖𝑡𝑠 𝑡𝑤𝑜 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑛𝑎𝑚𝑒𝑙𝑦 

, 𝐴𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑎𝑛𝑑 𝑇𝑎𝑟𝑔𝑒𝑠 𝑠𝑒𝑡 𝑠𝑜𝑤𝑖𝑛𝑔 𝑡𝑎𝑡 𝑖𝑓. 
𝐴 𝑡1 , 𝑡0 ∩ 𝐺 𝑡1 , 𝑡0 ≠ ∅   𝑓𝑜𝑟 𝑡 ∈  𝑡0 , 𝑡1  , 
 𝑡𝑒𝑛 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑎𝑛𝑑 𝑎 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑜𝑟 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑒𝑥𝑖𝑠𝑡𝑠 . 
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