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Abstract 
 

In this work, Fractional Integro-differential Systems in Banach Spaces with 

Distributed Delays in the Limited Control Power of the form: 
𝒅𝒏𝒙(𝒕)

𝒅𝒕𝒏
= 𝑨𝒙 𝒕 +  𝒅𝜽𝑯 𝒕, 𝜽 𝒖 𝒕 + 𝜽 +

𝟎

−𝒉
𝒇 𝒕, 𝒙 𝒕 ,  𝒈 𝒕, 𝒔, 𝒙 𝒔  𝒅𝒔

𝒕

𝟎
  is presented 

for controllability analysis. Necessary and Sufficient Conditions for the system to be 

Null Controllable are established. The Set Functions upon which our results hinged 

were extracted. Uses were made of: Unsymmetric Fubini theorem, the Controllability 

Standard and the Concept of Fractional Calculus were used to establish results. 
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1. INTRODUCTION 

According to [1], fractional differential equations emerged as a new branch of mathematics. Fractional differential equations 

have been used for many mathematical models in Sciences and Engineering. The equations are considered as an alternative 

model to nonlinear differential equations. The theory of fractional differential equations has been studied extensively by 

many authors([2, 3 and 4] ) .While the problems of stability for fractional differential systems are discussed in [5,6 , and 7]. 

Apart from stability, another important qualitative behavior of a dynamical system is controllability. Systematic study of 

controllability started over years at the beginning of the sixties when the theory of controllability based on the description in 

the form of state space for both time-varying and time-invariant linear control systems are carried out. Roughly speaking, 

controllability generally means that, it is possible to steer a dynamical control system from an initial state x(o) of the system 

to any final state x(t) in some finite time using the set of admissible controls[8] .The concept of controllability plays a major 

role in both finite and infinite dynamical systems, that is systems represented by ordinary differential equations and partial 

differential equations respectively. So it is natural to extend this concept to dynamical systems represented by fractional 

differential equations. Many partial fractional differential equations and Integro-differential equations can be expressed as 

fractional differential equations and Integro-differential equations in Banach spaces [9]. 

There exist many works on finite dimensional controllability of linear systems [10] and infinite dimensional systems in 

abstract spaces [11]. The controllability problems of nonlinear systems and Integro-differential systems with delays have 

been carried out by many researchers in both finite and infinite dimensional spaces [12,13 and 14]. Controllability of 

fractional differential systems in finite dimensional space have been studied by [15] and [16].While in [17] Controllability of 

fractional Integro-differential systems in Banach spaces wasstudied. Not alone,Relative Controllability of fractional Integro-

differential systems in Banach spaces with Distributed Delays in the Constrained Control was studied. 

One of the celebrated triumphs of LaSalle as contained [18] was his solution of the null controllability problem of Linear 

Ordinary Differential Control System 

𝑥 = 𝐴𝑥 + 𝐵𝑢                                                                                                    (1) 
Where A isnxn square constant matrix, B is nxm constant matrix, while the control powers small. i.e. Control powers are 

square integrable and lie in the unit cube, 

𝐶𝑚 =    𝑢 ∈ 𝐶𝑚 :  𝑢𝑖 ≤ 1 ; 𝑖 = 1,2, . . . , 𝑛                                                  2  
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Here, 𝑢𝑖  denotes the ith component of u. In his work,[19] “The Time Optimal Control Problem, in Theory of Nonlinear 

Oscillations”, he showed that if system (1) is proper (and this holds if and only if  

𝑟𝑎𝑛𝑘 𝐵, 𝐴𝐵, 𝐴2𝐵, . . . , 𝐴𝑛−1𝐵 = 𝑛  )                                                           3  
And if the system 

𝑥 = 𝐴𝑥                                                                                                               (4) 

Is stable ( i.e., all the eigen values of A have no positive real part ) , then system(1) is null controllable with constraints ( i.e. , 

limited control powers u lie in 𝐵 1(0) ). 
The condition in system (3) is equivalent to the controllability of system (1) when the controls are unlimited “big” in the 

sense that they are only assumed to be square integrable. This is equivalent to null controllability with square integrable 

controls. We call such controls unrestrained or unlimited in contrast to the restrained controls or limited controls which lie in 

a closed and bounded set. 

For the delay system 

𝑥  𝑡 = 𝐿 𝑡, 𝑥𝑡   + 𝐵 𝑡 𝑢 𝑡 , 𝑡 > 𝑡0                                                              5  

𝑥𝑡0
= 𝜙 ∈ 𝑊2

 1   − , 0  , 𝑅𝑛 ≡ 𝑊2
 1 

 

null controllability is not equivalent to controllability . For example, all nth order scalar differential difference equations of 

retarded type are null controllable[20], whereas they are never controllable[20] .It wasproved in [21] that if system(5) is 

controllable with unrestrained controls, and if  

𝑥  𝑡 = 𝐿 𝑡, 𝑥𝑡   𝑡 > 𝑡0                                                                                      6  
is uniformly asymptotically stable, then system (5) is null controllable with constrained controls 

(limited control powers).The problem was posed on whether the weaker the weaker condition of null controllability with 

unrestrained  control powers and the uniform asymptotic stability assumption was sufficient for restrained null controllability. 

The issue is affirmatively settled in this paper and extends any other results in the literature. 

The nonlinear infinite delay system of the form : 

𝑥  𝑡 = 𝐿 𝑡, 𝑥𝑡   + 𝐵 𝑡 𝑢 𝑡 +  𝐴 𝜃 
0

−∞

𝑥 𝑡 + 𝜃 𝑑𝜃 + 𝑓 𝑡, 𝑥𝑡 , 𝑢 𝑡  , 𝑡 > 𝑡0  7  

was studied in [18] and showed that system (7) is Euclidean null controllability if the linear base system 

𝑥  𝑡 = 𝐿 𝑡, 𝑥𝑡   + 𝐵 𝑡 𝑢 𝑡 , 𝑡 > 𝑡0                                                              8  
is proper and the free system 

𝑥  𝑡 = 𝐿 𝑡, 𝑥𝑡   +  𝐴 𝜃 
0

−∞

𝑥 𝑡 + 𝜃 𝑑𝜃 , 𝑡 > 𝑡0                                       9  

is uniformly asymptotically stable, provided that f satisfies some growth conditions. An analogous result was obtained in [21] 

for the delay system 

𝑑

𝑑𝑡
𝐷 𝑡 , 𝑥𝑡 = 𝐿 𝑡, 𝑥𝑡   + 𝐵 𝑡 𝑢 𝑡 +  𝐴 𝜃 

0

−∞

𝑥 𝑡 + 𝜃 𝑑𝜃 + 𝑓 𝑡, 𝑥𝑡 , 𝑢 𝑡  , 𝑡 > 𝑡0 

𝑥 𝑡 = 𝜙 𝑡 , 𝑡 ∈  −∞ ,0  
This result was in [17], extended to perturbed delay systems with distributed delays in the control. 

We shall now consider the system whose state is given by 

𝑑𝑛𝑥(𝑡)

𝑑𝑡𝑛 = 𝐴𝑥 𝑡 +  𝑑𝜃𝐻 𝑡, 𝜃 𝑢 𝑡 + 𝜃 +

0

−

𝑓  𝑡, 𝑥 𝑡 ,  𝑔 𝑡, 𝑠, 𝑥 𝑠  𝑑𝑠

𝑡

0

    10  

where A is an nxn continuous matrix and 𝑓  𝑡, 𝑥 𝑡 ,  𝑔 𝑡, 𝑠, 𝑥 𝑠  𝑑𝑠
𝑡

0
  is continuous. The controls of interest, u, are square 

integrable with values in the unit cube 𝐶𝑚  , 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 

𝐶𝑚 =    𝑢 ∈ 𝐶𝑚 :  𝑢𝑖 ≤ 1 ; 𝑖 = 1,2, . . . , 𝑛    
Here, we develop sufficient computable criteria for the null controllability of system(10)’ 

Our objective, therefore, is to study the controllability of the perturbed system described by system (10) through its linear 

base control system 

𝑑𝑛𝑥(𝑡)

𝑑𝑡𝑛
= 𝐴𝑥 𝑡 +  𝑑𝜃𝐻 𝑡, 𝜃 𝑢 𝑡 + 𝜃 

0

−

                                                 11  

and it free system 
𝑑𝑛𝑥(𝑡)

𝑑𝑡𝑛
= 𝐴𝑥 𝑡  12  

 

Definition1.1 (Solution) 
𝐴 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑥 ∶  𝑡0 − 𝛾 , 𝑡0 + 𝑎 → 𝑅𝑛  𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚  12  
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𝑖𝑓 𝑡𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑡0 ∈ 𝑅  , 𝑎 > 0 𝑠𝑢𝑐 𝑡𝑎𝑡 𝑥 ∈ 𝐵  𝑡0 − 𝛾 , 𝑡0 + 𝑎 , 𝑅𝑛  , 𝑡 ∈  𝑡0 , 𝑡0 + 𝑎  𝑎𝑛𝑑  
𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑠𝑦𝑠𝑡𝑒𝑚 12  𝑜𝑛   𝑡0 , 𝑡0 + 𝑎  .  
𝐺𝑖𝑣𝑒𝑛 𝑡0 ∈ 𝑅 , 𝜙 ∈ 𝐵 , 𝑤𝑒 𝑠𝑎𝑦 𝑡𝑎𝑡 𝑥 𝑡0 , 𝜙  𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 12  𝑤𝑖𝑡 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 
 𝑣𝑎𝑙𝑢𝑒  𝑡0 , 𝜙   𝑖𝑓 𝑡𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝑎 > 0 𝑠𝑢𝑐 𝑡𝑎𝑡 𝑥 𝑡0 , 𝜙 𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 12  

 𝑜𝑛  𝑡0 − 𝛾 , 𝑡0 + 𝑎  𝑎𝑛𝑑 𝑥𝑡0
 𝑡0 , 𝜙 = 𝜙. 

 

2. PRELIMINARIES AND DEFINITIONS 

Let n be a positive integer and R =  −∞, ∞ be the real line . Denote Rn = the space of 
 real n − tuples called the Euclidean space with norm denoted by  .  . If J =   t0, t1  is  
any interval of R, L2 is Lebesgue space of square integrable functions from J to Rn  

 written as L2  t0 , t1 , Rn .  Let h > 0 be positive real number and let C  t0 , t1 , Rn  be 

 the Banach space of continuous functions with norm of uniform convergence defined by 

 ϕ = supϕ s ; ϕϵ C  t0 , t1 , Rn . 
If x is a function from  −h, ∞ to Rn  , then xt  is a function defined on the delay interval  
 −h, 0 given as ∶  
𝑥𝑡 𝑠 = 𝑥 𝑡 − 𝑠 ; 𝑠 ∈  −, 0 , 𝑡 ∈  0, ∞ . 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏𝟐. 𝟏  [𝟕].   

𝑇𝑒 𝑅𝑖𝑒𝑚𝑎𝑛𝑛 − 𝐿𝑖𝑜𝑢𝑣𝑖𝑙𝑙𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝛽 > 0 𝑜𝑓  
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓 ∈ 𝐶𝑛   , 𝑛 ≥ −1 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠:  

𝐼𝛽𝑓 𝑡 =
1

ρ(𝛽)
  𝑡 − 𝑠 𝛽−1

𝑡

0

𝑓 𝑠 𝑑𝑠 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟐  𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒂𝒍 𝒅𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆  

𝐼𝑓𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓 ∈ 𝐶𝑚  𝑎𝑛𝑑 𝑚 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟, 𝑡𝑒𝑛 𝑤𝑒 𝑐𝑎𝑛 𝑑𝑒𝑓𝑖𝑛𝑒 𝑡𝑒 

 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓 𝑓 𝑡  𝑖𝑛 𝑡𝑒 𝐶𝑎𝑝𝑢𝑡𝑜 𝑠𝑒𝑛𝑠𝑒 𝑎𝑠: 
𝑑𝑛 𝑓(𝑡)

𝑑𝑡 𝑛 =
1

𝜌 𝑚−𝑛 
  𝑡 − 𝑠 𝑚−𝑛−1𝑡

0
𝑓𝑚 𝑠 𝑑𝑠 ;  𝑚 − 1 < 𝑛 ≤ 𝑚. 

𝐼𝑓 𝑚 = 1, 𝑡𝑒𝑛 𝑚 − 1 < 𝑛 ≤ 𝑚 𝑏𝑒𝑐𝑜𝑚𝑒𝑠  0 < 𝑛 ≤ 1. 𝑇𝑒𝑛  
𝑑𝑛𝑓 𝑡 

𝑑𝑡𝑛
=

1

𝜌 1 − 𝑛 
  𝑡 − 𝑠 1−𝑛−1

𝑡

0

𝑓1 𝑠 𝑑𝑠 =
1

𝜌 1 − 𝑛 
  𝑡 − 𝑠 −𝑛

𝑡

0

𝑓1 𝑠 𝑑𝑠 

=  
1

𝜌 1 − 𝑛 
 

1

 𝑡 − 𝑠 𝑛

𝑡

0

𝑓1 𝑠 𝑑𝑠 =  
1

𝜌 1 − 𝑛 
 

𝑓1 𝑠 

 𝑡 − 𝑠 𝑛

𝑡

0

𝑑𝑠, 

 𝑤𝑒𝑟𝑒 𝑓1 𝑠 =
𝑑𝑓(𝑠)

𝑑𝑠
 𝑎𝑛𝑑 𝑓 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑠𝑡𝑟𝑎𝑐𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑤𝑖𝑡 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 𝑋 = 𝑅. 

 

2.1. VARIATION OF CONSTANT FORMULA 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑠𝑦𝑠𝑡𝑒𝑚 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑒𝑑  𝑏𝑦 𝑡𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 
 𝐼𝑛𝑡𝑒𝑔𝑟𝑜 − 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒𝑠 𝑤𝑖𝑡 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑑𝑒𝑙𝑎𝑦𝑠 𝑖𝑛 𝑡𝑒 

𝑙𝑖𝑚𝑖𝑡𝑒𝑑  𝑐𝑜𝑛𝑡𝑟𝑜𝑙  𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑡𝑒 𝑓𝑜𝑟𝑚: 
𝑑𝑛𝑓 𝑡 

𝑑𝑡𝑛
= 𝐴𝑥 𝑡 +  𝑑𝜃𝐻 𝑡, 𝜃 

0

−

𝑢 𝑡 + 𝜃 + 𝑓  𝑡, 𝑥 𝑡 ,  𝑔 𝑡, 𝑠, 𝑥 𝑠  𝑑𝑠
𝑡

0

  2.1  

𝑥 0 = 𝑥0 ; 𝑡 ∈ 𝐽 =  𝑡0, 𝑡1 . 
𝑤𝑒𝑟𝑒 𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑥 .   𝑡𝑎𝑘𝑒𝑠 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 𝑡𝑒 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒 𝑋, 0 < 𝑛 < 1, 𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙  
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  𝑢 ∈ 𝐿2  𝑡0, 𝑡1 , 𝑈  , 𝑎 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑤𝑖𝑡  
𝑈 𝑎𝑠 𝑎 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒. 𝐻 𝑡, 𝜃 is an nxm matrix function continuous at t and of bounded variation  
in θ on  −, 0 , h > 0 𝑓𝑜𝑟 𝑒𝑎𝑐 𝑡 ∈  𝑡0, 𝑡1 ; 𝑡1 > 𝑡0. The integral is in the Lebesgue − Stieltjes 

 sense and  is denoted by the symbol  𝑑𝜃 . And the nonlinear operators f: JxXxX → X ,  
g: ∆xX → X are continuous;  ∆=   𝑡, 𝑠 : 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑡1  . 

If, Gx t =  𝑔 𝑡, 𝑠, 𝑥 𝑠  
𝑡

𝑡0

ds,                              2.2  

then the equation  2.1 becomes equivalent to the following nonliear integral equation 

 x t = 𝑥0 +
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

Ax 𝑠 ds +
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

  𝑑𝜃𝐻 𝑡, 𝜃 
0

−

𝑢 𝑡 + 𝜃  ds 
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+
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds                  2.3  

And the mild solution of the system (2.1) is given by 

x t = 𝑇 𝑡 𝑥0 +
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠   𝑑𝜃𝐻 𝑡, 𝜃 
0

−

𝑢 𝑡 + 𝜃  ds 

+
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds                         (2.4) 

which is similar to the concept defined in[22]. 

𝐹𝑜𝑟 𝑡𝑒 𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝑐𝑎𝑠𝑒, 𝑛 → 1 , 𝑡𝑒 𝑎𝑏𝑜𝑣𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.4  𝑟𝑒𝑝𝑟𝑠𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑜𝑚𝑒𝑠  

x t = 𝑇 𝑡 𝑥0 +  𝑇 𝑡 − 𝑠 
𝑡

𝑡0

 𝑑𝜃𝐻 𝑡, 𝜃 
0

−

𝑢 𝑡 + 𝜃 ds 

+  𝑇 𝑡 − 𝑠 

𝑡

𝑡0

𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds              (2.5) 

. 

𝑊𝑖𝑐 𝑖𝑠 𝑡𝑒 𝑚𝑖𝑙𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓𝑠𝑦𝑠𝑡𝑒𝑚 2.1 𝑣𝑖𝑠 − 𝑎𝑣𝑖𝑠 𝑠𝑦𝑠𝑡𝑒𝑚 2.6 𝑔𝑖𝑣𝑒𝑛 𝑏𝑒𝑙𝑜𝑤: 
𝑑𝑥 𝑡 

𝑑𝑡
= 𝐴𝑥 𝑡 +  𝑑𝜃𝐻 𝑡, 𝜃 

0

−

𝑢 𝑡 + 𝜃 + 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠   2.6  

𝑤𝑖𝑡 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑥 0 = 𝑥0 ∈ 𝑋. 
𝐴𝑛𝑎𝑙𝑜𝑔𝑢𝑠 𝑡𝑜 𝑡𝑒 𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑐𝑜𝑛𝑐𝑒𝑝𝑡. 𝐴 𝑐𝑎𝑟𝑒𝑓𝑢𝑙 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 𝑠𝑦𝑠𝑡𝑒𝑚 2.4 𝑠𝑜𝑤𝑠 𝑡𝑎𝑡 𝑡𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢 𝑡  

𝑓𝑜𝑟 𝑡 ∈  −, 𝑡1 𝑒𝑛𝑡𝑒𝑟 𝑡𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑡𝑒𝑟𝑒𝑏𝑦 𝑐𝑟𝑒𝑎𝑡𝑖𝑛𝑔 𝑡𝑒 𝑛𝑒𝑒𝑑 𝑓𝑜𝑟 𝑎𝑛 

 𝑒𝑥𝑝𝑙𝑖𝑐𝑖𝑡 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑓𝑜𝑟𝑚𝑢𝑙𝑎. 𝑇𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑖𝑛 𝑡𝑒 2𝑛𝑑 𝑡𝑒𝑟𝑚 𝑜𝑓 𝑡𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 2.4 , 
𝑡𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑎𝑠 𝑡𝑜 𝑏𝑒 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 𝑖𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠   − ,0 𝑎𝑛𝑑  0 , 𝑡1 . 
𝑇𝑜 𝑎𝑐𝑖𝑒𝑣𝑒 𝑡𝑖𝑠 𝑡𝑎𝑡 2𝑛𝑑 𝑡𝑒𝑟𝑚 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚  2.4 𝑎𝑠 𝑡𝑜 𝑏𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑑 𝑏𝑦 𝑎𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑡𝑒 𝑚𝑒𝑡𝑜𝑑  
𝑜𝑓 𝐾𝑙𝑎𝑚𝑘𝑎 𝑎𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 [𝟐𝟑]. . 𝐹𝑖𝑛𝑎𝑙𝑙𝑦, 𝑤𝑒 𝑖𝑛𝑡𝑒𝑟𝑐𝑎𝑛𝑔𝑒 𝑡𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛  
𝑢𝑠𝑖𝑛𝑔 𝑡𝑒 𝑈𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑢𝑛𝑖 𝑡𝑒𝑜𝑟𝑒𝑚 𝑡𝑜 𝑎𝑣𝑒 

x t = 𝑇 𝑡 𝑥0 +  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝐻 𝑠, 𝜃 𝑢 𝑠 + 𝜃 𝑑𝑠  

 

+     
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds                         (2.7) 

⇒  x t = 𝑇 𝑡 𝑥0 +  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡+𝜃

𝑡0+𝜃

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢 𝑠 − 𝜃 + 𝜃 𝑑𝑠  

+     
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds                          2.8 . 

𝑆𝑖𝑚𝑝𝑙𝑖𝑓𝑦𝑖𝑛𝑔 𝑠𝑦𝑠𝑡𝑒𝑚 2.8 , 𝑤𝑒 𝑎𝑣𝑒 

x t = 𝑇 𝑡 𝑥0   +      
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds 

+  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠  

+  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡+𝜃

0

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢 𝑠 𝑑𝑠                   (2.9) 

𝑈𝑠𝑖𝑛𝑔 𝑎𝑔𝑎𝑖𝑛 𝑡𝑒 𝑈𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐  𝐹𝑢𝑏𝑢𝑛𝑖 𝑇𝑒𝑜𝑟𝑚 𝑜𝑛 𝑡𝑒 𝑐𝑎𝑛𝑔𝑒 𝑜𝑓 𝑡𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 

 𝑖𝑛𝑐𝑜𝑟𝑝𝑜𝑟𝑎𝑡𝑖𝑛𝑔 𝐻∗𝑎𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑒𝑙𝑜𝑤: 
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𝐻∗ 𝑠 − 𝜃, 𝜃 =  
𝐻 𝑠 − 𝜃, 𝜃 , 𝑓𝑜𝑟 𝑠 ≤ 𝑡

0             , 𝑓𝑜𝑟𝑠 ≥ 𝑡
                          (2.10) 

System (.2.9) becomes 

x t = 𝑇 𝑡 𝑥0   +      
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds 

+  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠  

+   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

−

𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  
𝑡

𝑡0

𝑑𝑠                                               (2.11) 

𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑠𝑡𝑖𝑙𝑙 𝑖𝑛 𝑡𝑒 𝐿𝑒𝑏𝑒𝑠𝑔𝑢𝑒 𝑆𝑡𝑖𝑒𝑙𝑡𝑗𝑒𝑠 𝑠𝑒𝑛𝑠𝑒 𝑖𝑛 𝑡𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝜃 𝑖𝑛 𝐻.  
𝐹𝑜𝑟 𝑏𝑟𝑒𝑣𝑖𝑡𝑦, 𝑙𝑒𝑡  

𝜶 𝒕 , 𝒔 = 𝑇 𝑡 𝑥0   +      
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds                      (2.12) 

𝜷 𝒕 , 𝒔 =  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠                        (2.13) 

𝒀 𝒕 , 𝒔 =
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

−

𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃                                                       (2.14) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠  2.12 ,  2.13 𝑎𝑛𝑑  2.14 𝑖𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  2.11 , 𝑤𝑒 𝑎𝑣𝑒 𝑎 𝑝𝑟𝑒𝑐𝑖𝑠𝑒 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛  
𝑜𝑓 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑓𝑜𝑟 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑎𝑠: 

𝒙 𝒕, 𝒙𝟎, 𝒖 = 𝜶 𝒕 , 𝒔 + 𝜷 𝒕 , 𝒔 +  𝒀 𝒕 , 𝒔 𝒖 𝒔 𝒅𝒔

𝑡

𝑡0

 2.15 . 

 

2.2. BASIC SET FUNCTIONS AND PROPERTIES 

Definition 2.2.1 (Reachable set) 

𝑇𝑒 𝑟𝑒𝑎𝑐𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑅(𝑡, 𝑡0) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 ∶ 

𝑅(𝑡, 𝑡0) =   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

−

𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠 𝑑𝑠 ∶ 𝑢 ∈ 𝑈;  𝑢𝑗  ≤ 1 ;  𝑗 = 1,2, … , 𝑚
𝑡

𝑡0

  

𝑊𝑒𝑟𝑒 𝑈 =  𝑢 ∈ 𝐿2  𝑡0, 𝑡1 , 𝐸
𝑚    

Definition 2.2.2(Attainable set) 

𝑇𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐴(𝑡, 𝑡0) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 ∶ 

𝐴 𝑡, 𝑡0 =  𝑥 𝑡 , 𝑥0 , 𝑢 : 𝑢 ∈ 𝑈;  𝑢𝑗  ≤ 1 ;  𝑗 = 1,2, … , 𝑚 , 𝑤𝑒𝑟𝑒 𝑈 =  𝑢 ∈ 𝐿2  𝑡0, 𝑡1 , 𝑅𝑚    

Definition 2.2.3 (Target set) 

𝑇𝑒 𝑇𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(2.1) 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐺 𝑡, 𝑡0 is given by  

𝐺 𝑡, 𝑡0 =  𝑥 𝑡 , 𝑥0 , 𝑢 ∶ 𝑡 ≥ 𝜏 > 𝑡0 , 𝑓𝑜𝑟  𝑠𝑜𝑚𝑒 𝑓𝑖𝑥𝑒𝑑  𝜏 𝑎𝑛𝑑 𝑢 ∈ 𝑈  
Definition 2.2.4 (Controllability grammian or Map) 

𝐼𝑛 𝑠𝑦𝑠𝑡𝑒𝑚 2.11 , 𝑤𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒 𝑡𝑒 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛 

𝒀 𝒕 , 𝒔 =  
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−10

−
𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃   , 𝑡 ≥ 𝑠 ≥ 𝑡0, 

 𝑎𝑛𝑑 𝑑𝑒𝑓𝑖𝑛𝑒 𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑜𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑚𝑎𝑝 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚  2.1  𝑏𝑦  

𝑾 𝒕, 𝒕𝟎 =  𝒀 𝒕 , 𝒔 𝒀𝑻 𝒕 , 𝒔 𝒅𝒔
𝒕

𝒕𝟎

 , 

𝑤𝑒𝑟𝑒 𝑇 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒 
 

Definition 2, 2.5 (Positive Definite) 

𝑇𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑜𝑟 𝑚𝑎𝑝 𝑊 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑓 𝑊 𝑣𝑎𝑟𝑛𝑖𝑠𝑒𝑠 𝑜𝑛𝑙𝑦 

 𝑎𝑡 𝑡𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 𝑎𝑛𝑑 𝑊 𝑥 > 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ≠ 0, 𝑥 ∈ 𝐷, 𝑤𝑒𝑟𝑒 𝐷 =  𝑥 ∈ 𝐸𝑛 ∶   𝑥 ≤ 𝑟 ; 𝑟 > 0 ⊂ 𝑅𝑛  
 

2.3. RELATIONSHIP BETWEEN THE SET FUNCTIONS 

𝑊𝑒 𝑠𝑎𝑙𝑙 𝑓𝑖𝑟𝑠𝑡 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠 𝑡𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠𝑖𝑝 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑎𝑛𝑑 𝑡𝑒 𝑟𝑒𝑎𝑐𝑎𝑏𝑙𝑒 𝑠𝑒𝑡, 𝑡𝑜 

 𝑒𝑛𝑎𝑏𝑙𝑒 𝑢𝑠 𝑠𝑒𝑒 𝑡𝑎𝑡 𝑜𝑛𝑐𝑒 𝑎 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑎𝑠 𝑏𝑒𝑒𝑛 𝑝𝑟𝑜𝑣𝑒𝑑 𝑓𝑜𝑟 𝑜𝑛𝑒 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 𝑡𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑏𝑙𝑒 

 𝑡𝑜 𝑡𝑒 𝑜𝑡𝑒𝑟. From equation (2.11), 
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𝑨 𝒕, 𝒕𝟎 =  𝜼 𝒕 + 𝑹(𝒕, 𝒕𝟎)  , 𝒇𝒐𝒓 𝒖 ∈ 𝑼; 𝒕 ∈  𝒕𝟎, 𝒕𝟏 , 𝒘𝒉𝒆𝒓𝒆 , 𝜼 𝒕 = 𝜶 𝒕 , 𝒔 + 𝜷 𝒕 , 𝒔 . 
This means that the attainable set is the translation of the reachable set through  
the 𝑜𝑟𝑖𝑔𝑖𝑛 𝜂 ∈ 𝐸𝑛 . 𝑈𝑠𝑖𝑛𝑔 𝑡𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡, 𝑡𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑖𝑡 𝑖𝑠 𝑒𝑎𝑠𝑦 𝑡𝑜 𝑠𝑜𝑤 𝑡𝑎𝑡 𝑡𝑒 𝑠𝑒𝑡  
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑝𝑜𝑠𝑠𝑒𝑠𝑠 𝑡𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑜𝑓 𝑐𝑜𝑛𝑣𝑒𝑥𝑖𝑡𝑦, 𝑐𝑙𝑜𝑠𝑒𝑑𝑛𝑒𝑠𝑠, 𝑎𝑛𝑑 𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠. 𝑁𝑜𝑡 𝑎𝑙𝑜𝑛𝑒, 
 𝑡𝑒 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠  𝑜𝑛  0, ∞ 𝑡𝑜 𝑡𝑒 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝑜𝑓 𝐸𝑛  

𝑇𝑒 𝑖𝑚𝑝𝑒𝑡𝑢𝑠 𝑓𝑜𝑟 𝑎𝑑𝑎𝑝𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡𝑒 𝑝𝑟𝑜𝑜𝑓𝑠 𝑜𝑓 𝑡𝑒𝑠𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑓𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 2.1 𝑤𝑎𝑠𝑔𝑖𝑣𝑒𝑛 𝑖𝑛[𝟐𝟒]. 
 

Definition 2.3.1 (Relative controllability) 

𝑇𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(2.1) 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒  𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [𝑡0, 𝑡1] 𝑖𝑓 

𝐴 𝑡, 𝑡0 ∩ 𝐺 𝑡, 𝑡0 ≠ 𝜙, 𝑡 > 𝑡0 ∈ [𝑡0, 𝑡1]’ 
 

Definition 2.3.2 (Properness) 

𝑇𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝐸𝑛  𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  𝑡0, 𝑡1  𝑖𝑓 𝑠𝑝𝑎𝑛𝑅 𝑡 , 𝑡0 = 𝑅𝑛  

𝑖. 𝑒. 𝑖𝑓, 𝐶𝑇   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 

0

−

 𝑑𝑠 = 0  𝑎. 𝑒 , ⇒ 𝐶 = 0 ; 𝐶 ∈ 𝑅𝑛
𝑡

𝑡0

. 

Definition 2.3.3 (Complete state) 

𝑊𝑒 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑎𝑡 𝑡𝑖𝑚𝑒  𝑡  𝑏𝑦 

𝒛 𝒕 =  𝒙 𝒕 , 𝒖𝒕 . 
𝑇𝑒𝑛 , 𝑡𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑚 2.1  𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡0 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦  

𝒛 𝒕𝟎 =  𝒙𝟎 , 𝒖𝒕𝟎  

Definition 2.3.4 (Null controllability) 

𝑇𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡0, 𝑡1  𝑖𝑓 𝑓𝑜𝑟 𝑒𝑎𝑐 𝜙 ∈ 𝐵  −𝛾 ,0  , 𝑅𝑛 ,  
𝑡𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠  𝑎 𝑡1 > 𝑡0, 𝑢 ∈ 𝐿2  𝑡0, 𝑡1  , 𝑃  , 𝑃 𝑎 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑅𝑚  , 𝑠𝑢𝑐 𝑡𝑎𝑡 

 𝑡𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥 𝑡 , 𝑡0 , 𝜙 , 𝑢 , 𝑓  𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 2.1 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 

𝑥𝑡0
 𝑡0 , 𝜙 , 𝑢 , 𝑓 = 𝜙 , 𝑎𝑛𝑑 𝑥 𝑡1 , 𝑡0 , 𝜙 , 𝑢 , 𝑓 = 0. 

 

Definition 2.3.5 

𝑇𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡0, 𝑡1  𝑖𝑓 𝑓𝑜𝑟 𝑒𝑎𝑐 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝜙 𝑎𝑛𝑑 𝑒𝑣𝑒𝑟𝑦 

𝑥1 ∈ 𝑅𝑛 , there exists an admissible control function , u, such that a solution of 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  

 satisfies   x 𝑡1 = 𝑥1  . 
 

3. MAIN RESULT 

𝑇𝑒 𝑖𝑠𝑠𝑢𝑒 𝑜𝑓  𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑁𝑒𝑢𝑡𝑟𝑎𝑙 𝑉𝑜𝑙𝑡𝑒𝑟𝑟𝑎 𝐼𝑛𝑡𝑒𝑔𝑟𝑜𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙   
𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑣𝑒 𝑏𝑒𝑒𝑛 𝑠𝑒𝑡𝑡𝑙𝑒𝑑 𝑖𝑛 [12,25]𝑎𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 [𝟏𝟒]. 
𝐹𝑟𝑜𝑚 𝑡𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑜𝑓 𝑡𝑒𝑠𝑒 𝑠𝑡𝑢𝑑𝑖𝑒𝑠 𝑡𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡𝑠 𝑒𝑚𝑒𝑟𝑔𝑒. 
Theorem 3.1.(Necessary conditions ) 

Consider the system  

𝑑𝑛𝑥(𝑡)

𝑑𝑡𝑛
= 𝐴𝑥 𝑡 +  𝑑𝜃𝐻 𝑡, 𝜃 𝑢 𝑡 + 𝜃 +

0

−

𝑓  𝑡, 𝑥 𝑡 ,  𝑔 𝑡, 𝑠, 𝑥 𝑠  𝑑𝑠

𝑡

0

                  (3.1) 

𝑥 0 = 𝑥0  ; 𝑡 ∈ 𝐽 =  𝑡0 , 𝑡1 . 
𝑤𝑖𝑡 𝑡𝑒 𝑠𝑎𝑚𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚′𝑠𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠  𝑎𝑠 𝑖𝑛 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1 , 𝑡𝑒𝑛 𝑡𝑒  
𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 ∶ 
 𝑖 . 𝑆𝑦𝑠𝑡𝑒𝑚(3.1)𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝐽 =  𝑡0 , 𝑡1 . 
 𝑖𝑖 . 𝑇𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛  𝑾(𝒕 , 𝒕𝟎) 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚(3.1)  𝑖𝑠 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟. 
 𝑖𝑖𝑖 . 𝑆𝑦𝑠𝑡𝑒𝑚(3.1) 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝐽 =  𝑡0 , 𝑡1 . 
 

𝑷𝑹𝑶𝑶𝑭: 

  𝒊 =  𝒊𝒊 .   

𝑅𝑒𝑐𝑎𝑙𝑙: 𝑇𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑾 𝒕 , 𝒕𝟎  𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑖𝑠 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟, 𝑖𝑠 

𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 𝑠𝑎𝑦𝑖𝑛𝑔 𝑡𝑎𝑡 𝑾 𝒕 , 𝒕𝟎  𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒, 𝑤𝑖𝑐 𝑖𝑛 𝑡𝑢𝑟𝑛  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 𝑠𝑎𝑦𝑖𝑛𝑔  
𝑡𝑎𝑡 𝐶𝑇𝑡𝑖𝑚𝑒𝑠 𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑖𝑛𝑑𝑒𝑥 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑧𝑒𝑟𝑜 𝑎𝑙𝑚𝑜𝑠𝑡 𝑒𝑣𝑒𝑟𝑦𝑤𝑒𝑟𝑒  
𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  𝑡0 , 𝑡1  , 𝑖𝑚𝑝𝑙𝑦𝑖𝑛𝑔 𝑡𝑎𝑡 𝐶 = 0. ; 𝑇 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒 
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𝑖. 𝑒. 𝐶𝑇   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 

0

−

 = 0  𝑎. 𝑒 , ⇒ 𝐶 = 0 ; 𝐶 ∈ 𝐸𝑛

𝑡

𝑡0

,  

𝑤𝑖𝑐 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑠𝑖𝑛𝑐𝑒 𝑡𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑖𝑠 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒. 
 𝑇𝑖𝑠 , 𝑡𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑠𝑜𝑤𝑠𝑒𝑑 𝑡𝑎𝑡  𝒊  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜  𝒊𝒊 , 𝒐𝒓  𝒊 =  𝒊𝒊 . 
 

𝑻𝒐 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕  𝒊𝒊  𝒂𝒏𝒅  𝒊𝒊𝒊  𝒂𝒓𝒆 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕. 
𝐵𝑦  𝑡𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛  𝑜𝑓 𝑝𝑟𝑜𝑝𝑒𝑟𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1 , 𝑤𝑒 𝑎𝑣𝑒  𝒊𝒊  𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 ∶ 

𝐶𝑇   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 

0

−

 = 0  𝑎. 𝑒 , ⇒ 𝐶 = 0 ; 𝐶 ∈ 𝐸𝑛
𝑡

𝑡0

 ,  

𝑓𝑜𝑟 𝑒𝑎𝑐 𝑠 ∈  𝑡0 , 𝑡1  ,   𝑡𝑒𝑛 

 𝐶𝑇  
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 

0

−

 𝑢 𝑠 𝑑𝑠
𝑡

𝑡0

 

= 𝐶𝑇   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 

0

−

 𝑢 𝑠 𝑑𝑠 = 0  , 𝑓𝑜𝑟 𝑢 ∈ 𝐿2

𝑡

𝑡0

 3.2  

It follows from this last equation (3.2) that C is orthogonal to the reachable set  

𝑅(𝑡, 𝑡0) =   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

−

𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠 𝑑𝑠 ∶ 𝑢 ∈ 𝐶𝑚 ;  𝑢𝑗  ≤ 1 ;  𝑗 = 1,2, … , 𝑚

𝑡

𝑡0

  

𝐼𝑓 𝑤𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑛𝑜𝑤, 𝑅 𝑡, 𝑡0 = 𝑅𝑛  , 𝑠𝑜𝑡𝑎𝑡  
𝐶 = 0, 𝑠𝑜𝑤𝑖𝑛𝑔 𝑡𝑎𝑡  𝒊𝒊𝒊  𝑖𝑚𝑝𝑙𝑖𝑒𝑠  𝒊𝒊 . 𝑂𝑟  𝒊  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜  𝒊𝒊  𝑎𝑛𝑑  
 𝒊𝒊  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜  𝒊𝒊𝒊  𝑎𝑛𝑑 𝑣𝑖𝑠 − 𝑎 − 𝑣𝑖𝑠  𝒊𝒊𝒊  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜  𝒊𝒊  𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜  𝒊 . 
𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦, 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡𝑎𝑡 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒, 𝑠𝑜𝑡𝑎𝑡  𝑡𝑒  
𝑟𝑒𝑎𝑐𝑎𝑏𝑙𝑒 𝑅 𝑡, 𝑡0 ≠ 𝑅𝑛  𝑓𝑜𝑟 𝑡 > 𝑡0 . 𝑇𝑒𝑛 , 𝑡𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝐶 ≠ 0 , 𝐶 ∈ 𝑅𝑛   , 𝑠𝑢𝑐 𝑡𝑎𝑡 

𝐶𝑇𝑅 𝑡, 𝑡0 = 0 .  
𝐼𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠  𝑡𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠  𝑢 ∈ 𝐿2  𝑡𝑎𝑡 

0 =  𝐶𝑇   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 

0

−

 𝑢 𝑠 𝑑𝑠  , 𝑓𝑜𝑟 𝑢 ∈ 𝐿2

𝑡

𝑡0

 

=   𝐶𝑇  
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 

0

−

 𝑢 𝑠 𝑑𝑠
𝑡

𝑡0

 

Hence, 

𝐶𝑇   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 

0

−

 𝑢 𝑠 𝑑𝑠 = 0 , 𝑎. 𝑒 ;  𝑠 ∈  𝑡0 , 𝑡1 

𝑡

𝑡0

 , 𝐶 ≠ 0. 

𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑟𝑜𝑝𝑒𝑟𝑛𝑒𝑠𝑠 , 𝑖𝑡 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡𝑎𝑡 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑖𝑠 𝑛𝑜𝑡 𝑝𝑟𝑜𝑝𝑒𝑟 , 𝑠𝑖𝑛𝑐𝑒  
𝐶 ≠ 0 . 𝐻𝑒𝑛𝑐𝑒 𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 3.1  𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 𝐴𝑛𝑑 𝑜𝑟 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 
 

THEOREM 3.2(Sufficient condition) 

Assume for system (10) that : 

 𝒊 . 𝑻𝒉𝒆 𝒄𝒐𝒏𝒔𝒕𝒓𝒂𝒊𝒏𝒕 𝒔𝒆𝒕 𝑼 𝒊𝒔 𝒂𝒏 𝒂𝒓𝒃𝒊𝒕𝒓𝒂𝒓𝒚 𝒄𝒐𝒎𝒑𝒂𝒄𝒕 𝒔𝒖𝒃𝒔𝒆𝒕 𝒐𝒇 𝑹𝒏.  
 𝒊𝒊 . 𝑻𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝟏𝟐  𝒊𝒔 𝒖𝒏𝒊𝒇𝒐𝒓𝒎𝒍𝒚 𝒂𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒄𝒂𝒍𝒍𝒚 𝒔𝒕𝒂𝒃𝒍𝒆 𝒔𝒐𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 

𝒔𝒚𝒔𝒕𝒆𝒎 𝟏𝟐  𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒔 

 𝒙 𝒕, 𝒕𝟎 , 𝝓 , 𝟎, 𝟎  ≤ 𝑴𝒆−𝒂 𝒕−𝒕𝟎  𝝓  , 𝒇𝒐𝒓 𝒔𝒐𝒎𝒆 𝒂 > 0 , 𝑀 > 0. 
 𝒊𝒊𝒊 . 𝑻𝒉𝒆 𝒍𝒊𝒏𝒆𝒂𝒓 𝒄𝒐𝒏𝒕𝒓𝒐𝒍 𝒔𝒚𝒔𝒕𝒆𝒎 𝟏𝟏  𝒊𝒔 𝒑𝒓𝒐𝒑𝒆𝒓 𝒊𝒏 𝑹𝒏. 
 𝒊𝒗 . 𝑻𝒉𝒆 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒔  

 𝒇 𝒕 , 𝒙 𝒔  , 𝒖 𝒔   ≤ 𝒆𝒙𝒑 −𝒃𝒕 𝝅 𝒙 𝒔  , 𝒖 𝒔   

𝒇𝒐𝒓 𝒂𝒍𝒍 𝒕 , 𝒙 .   , 𝒖 .   ∈  𝒕𝟎 , ∞ 𝒙𝑩𝒙𝑳𝟐 , 𝒘𝒉𝒆𝒓𝒆  𝝅 𝒙 𝒔  , 𝒖 𝒔  𝒅𝒔 ≤ 𝒌 < ∞
∞

𝒕𝟎

  𝒂𝒏𝒅 

 𝒃 − 𝒂 ≥ 𝟎 ,𝒕𝒉𝒆𝒏 𝐬𝐲𝐬𝐭𝐞𝐦  𝟏𝟎  𝒊𝒔  𝒏𝒖𝒍𝒍 𝒄𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒍𝒆. 
 

PROOF 

𝐵𝑦 𝑡𝑒𝑜𝑟𝑒𝑚 3.1 𝑎𝑏𝑜𝑣𝑒,  𝑖𝑖  𝑎𝑛𝑑  𝑖𝑖𝑖 , 𝑊−1 𝑡1 , 𝑡0  𝑒𝑥𝑖𝑠𝑡𝑠 𝑓𝑜𝑟 𝑒𝑎𝑐 𝑡1 > 𝑡0. 
𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡𝑒 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑥 , 𝑢 𝑓𝑜𝑟𝑚 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑝𝑎𝑖𝑟 𝑡𝑜 𝑡𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 
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x t = 𝑇 𝑡 𝑥0   +      
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds 

+  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠  

+   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

−

𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  
𝑡

𝑡0

𝑑𝑠                      (3.3) 

 

u t = −𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎 𝑇 𝑡 𝑥0 − 𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds 

−𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠  (3.4) 

𝑇𝑒𝑛, 𝑢 𝑖𝑠 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑜𝑛  𝑡0 , 𝑡1  𝑎𝑛𝑑 𝑥 𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 2.1 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔  
𝑡𝑜 𝑢 𝑤𝑖𝑡 𝑖𝑛𝑖𝑡𝑖𝑎𝑙  𝑠𝑡𝑎𝑡𝑒 𝒙 𝒕𝟎 = 𝝓 . 𝑁𝑜𝑤, 

𝑥 𝑡1 = x t = 𝑇 𝑡1 𝑥0   +      
1

𝜌 𝑛 
  𝑡1 − 𝑠 𝑛−1

𝑡1

𝑡0

𝑇 𝑡1 − 𝑠 𝑓 𝑡1, 𝑥 𝑡1 , 𝐺𝑥 𝑠  ds 

+  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡1 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡1 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠  

+   𝑌 𝒕𝟏 , 𝒔  .
𝑡1

𝑡0

 −𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎 𝑇 𝑡 𝑥0  

 +   𝑌 𝒕𝟏 , 𝒔 
𝑡1

𝑡0

  −𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds + 

  𝑌 𝒕𝟏 , 𝒔  
𝑡1

𝑡0

 −𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎   𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠  

 3.5  

But, 

  𝑌 𝒕𝟏 , 𝒔   −𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎  =
𝑡1

𝑡0

−   𝑌 𝒕𝟏 , 𝒔  𝒀𝑻 𝒕𝟏 , 𝒔 
𝒕𝟏
𝒕𝟎

𝑾 𝒕𝟏 , 𝒕𝟎 
 

 

=  
−   𝑌 𝒕𝟏 , 𝒔  𝒀𝑻 𝒕𝟏 , 𝒔 

𝒕𝟏
𝒕𝟎

−   𝑌 𝒕𝟏 , 𝒔  𝒀𝑻 𝒕𝟏 , 𝒔 
𝒕𝟏
𝒕𝟎

 =  −𝟏 

 

𝑇𝑒𝑛, 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛(3.5) 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 

𝑥 𝑡1 = 𝑇 𝑡1 𝑥0   +      
1

𝜌 𝑛 
  𝑡1 − 𝑠 𝑛−1

𝑡1

𝑡0

𝑇 𝑡1 − 𝑠 𝑓 𝑡1, 𝑥 𝑡1 , 𝐺𝑥 𝑠  ds 

+  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡1 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡1 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠  

−𝑇 𝑡 𝑥0   −   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds  

−  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠   =    0. 

𝐼𝑡 𝑟𝑒𝑚𝑎𝑖𝑛𝑠 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡𝑎𝑡 𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢:  𝑡0 , 𝑡1 → 𝐶𝑚  𝑖𝑠 𝑖𝑛 𝑡𝑒 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 

 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑅𝑚 , 𝑡𝑎𝑡 𝑖𝑠  𝑢 ≤ 𝜌1  , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  𝜌1 > 0.  
𝐵𝑦 𝑝𝑎𝑟𝑡 (𝑖𝑖) 𝑜𝑓 𝑡𝑒𝑜𝑟𝑒𝑚3.2 𝑎𝑏𝑜𝑣𝑒,  𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎  ≤ 𝜆1  , for some constant 𝜆1 > 0. 

Thus,  𝑢 𝑡  ≤ 𝜆1[𝜆2exp −𝜌 𝒕𝟏 − 𝒕𝟎  ]  𝜆3
𝑡1

𝑡0
exp −𝜌 𝑡1 − 𝑠 𝑒𝑥𝑝 −𝑘𝑠 𝜋 𝑥 𝑠 , 𝑢 𝑠  𝑑𝑠  

It follows that 

 𝑢 𝑡  ≤ 𝜆1 𝜆2exp −𝜌 𝒕𝟏 − 𝒕𝟎   + λλ3exp −𝜌𝑡1  3.6  

𝑠𝑖𝑛𝑐𝑒 𝑘 − 𝜌 ≥ 0 𝑎𝑛𝑑 𝑡 ≥ 𝑡0 ≥ 0. 𝑇𝑢𝑠, 𝑏𝑦 𝑡𝑎𝑘𝑖𝑛𝑔 𝑡 , 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑙𝑦 𝑙𝑎𝑟𝑔𝑒, 𝑤𝑒 𝑎𝑣𝑒 
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 𝑢 𝑡  ≤ 𝜌1  ; 𝑡 ∈  𝑡0 , 𝑡1  , 𝑠𝑜𝑤𝑖𝑛𝑔 𝑡𝑎𝑡 𝑢 𝑖𝑠 𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙. 
Now, we need to prove the existence of a solution pair of the integral equations ( 3.3) and ( 3.4). 

𝐿𝑒𝑡 𝑁 𝑏𝑒 𝑡𝑒 𝐵𝑎𝑛𝑎𝑐 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑎𝑙𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠  𝑥, 𝑢 :  𝑡0 −  , 𝑡1 𝑥 𝑡0 −  , 𝑡1 → 𝑅𝑛𝑅𝑚 , 
𝑤𝑒𝑟𝑒 𝑥 ∈ 𝑁  𝑡0 −  , 𝑡1  , 𝑅𝑛  ; 𝑢 ∈ 𝐿2  𝑡0 −  , 𝑡1  , 𝑅

𝑚   𝑤𝑖𝑡 𝑡𝑒 𝑛𝑜𝑟𝑚 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 

  𝑥 , 𝑢  =  𝑥 2 +  𝑢 2 

𝑤𝑒𝑟𝑒 ,     𝑥 2 =    𝑥 𝑠  2 𝑑𝑠
𝑡1

𝑡0−

 

1
2 

 ;   𝑢 2 =    𝑢 𝑠  2 𝑑𝑠
𝑡1

𝑡0−

 

1
2 

. 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑡𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑻 ∶ 𝑵 → 𝑵 𝑏𝑦 𝑇 𝑥 , 𝑢 =  𝑦, 𝑣 , 𝑤𝑒𝑟𝑒  
v t = −𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎 𝑇 𝑡 𝑥0 

−𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds 

−𝒀𝑻 𝒕𝟏 , 𝒔 𝑾−𝟏 𝒕𝟏 , 𝒕𝟎  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠  (3.7) 

𝐴𝑛𝑑 𝑣 𝑡 =  𝑢 𝑡 , 𝑡 ∈  𝑡0 −  , 𝑡0 .  

𝑦 𝑡 = 𝑇 𝑡 𝑥0   +      
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

𝑡

𝑡0

𝑇 𝑡 − 𝑠 𝑓 𝑡, 𝑥 𝑡 , 𝐺𝑥 𝑠  ds 

+  𝑑𝐻𝜃

0

−

 
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

0+𝜃

𝑇 𝑡 − 𝑠 𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠 𝑑𝑠  

+   
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

−

𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  
𝑡

𝑡0

𝑑𝑠 , 𝑡 ∈   𝑡0 , 𝑡1           (3.8) 

𝐴𝑛𝑑 𝑦 𝑡 = ϕ t  , 𝑓𝑜𝑟 𝑡 ∈  𝑡0 −  , 𝑡0 .  
𝐼𝑡 𝑤𝑎𝑠 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑠𝑜𝑤𝑛 𝑡𝑎𝑡   
 𝒗 𝒕  ≤ 𝝆𝟏 , 𝒇𝒐𝒓 𝒕 ∈   𝒕𝟎 , 𝒕𝟏  𝒂𝒏𝒅 𝒂𝒍𝒔𝒐 , 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒗:  𝒕𝟎 − 𝒉 , 𝒕𝟎 → 𝑪𝒎 , 
 𝒘𝒆 𝒉𝒂𝒗𝒆  
 𝒗 𝒕  ≤ 𝝆𝟏 .  
𝑇𝑢𝑠 , 𝑤𝑒 𝑎𝑣𝑒  

 𝒗 𝒕  𝟐 ≤ 𝝆𝟏 𝒕𝟏 + 𝒉 − 𝒕𝟎 
𝟏

𝟐 = 𝒌𝟎 

𝐴𝑛𝑑,  𝑦 𝑡  ≤ 𝜆2𝑒𝑥𝑝 −𝜌 𝑡 − 𝑡0  + 𝜆4   𝑣 𝑠  
𝑡

𝑡0

𝑑𝑠 + 𝜆𝜆3𝑒𝑥𝑝 −𝜌𝑡  

𝑃𝑢𝑡    𝜆4 = 𝑠𝑢𝑝  
1

𝜌 𝑛 
  𝑡 − 𝑠 𝑛−1

0

−

𝑇 𝑡 − 𝑠 𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  . 

𝑆𝑖𝑛𝑐𝑒 𝜌 > 0; 𝑡 ≥ 𝑡0 ≥ 0, 𝑤𝑒 𝑎𝑣𝑒 𝑖𝑡 𝑡𝑎𝑡 𝑓𝑜𝑟 𝒕 ∈   𝒕𝟎 , 𝒕𝟏  
 𝒚 𝒕  ≤ 𝝀𝟐 + 𝝀𝟒𝝆 𝒕𝟏 − 𝒕𝟎 + 𝝀𝝀𝟑 = 𝒌𝟏 

𝑨𝒏𝒅  𝒇𝒐𝒓 𝒕 ∈  𝑡0 −  , 𝑡0  , 𝑤𝑒 𝑎𝑣𝑒 

 𝑦 𝑡  ≤ 𝑠𝑢𝑝 𝜙 𝑡  = 𝜹 

𝑇𝑢𝑠, 𝑖𝑓 𝜷 = 𝒎𝒂𝒙 𝒌𝟏 , 𝜹  , 𝑡𝑒𝑛  𝒚 𝒕  𝟐 ≤ 𝜷 𝒕𝟏 + 𝒉 − 𝒕𝟎 
𝟏

𝟐 = 𝑘2 < ∞. 
𝑁𝑜𝑤, 𝐿𝑒𝑡 𝑙 = 𝑚𝑎𝑥 𝑘0 , 𝑘2 . 𝑇𝑒𝑛 𝑖𝑓 𝑤𝑒 𝑝𝑢𝑡 𝐺 𝑙 =   𝑥 , 𝑢 ∈ 𝑁:  𝑥 2 ≤ 𝑙 ,  𝑢 2 ≤ 𝑙  , 
𝑤𝑒 𝑎𝑣𝑒  𝑇 ∶ 𝐺 𝑙 → 𝐺 𝑙 . 𝑆𝑖𝑛𝑐𝑒 𝐺 𝑙  𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑, 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥, 𝑏𝑦 𝑅𝑖𝑒𝑠𝑧 𝑡𝑒𝑜𝑟𝑒𝑚 𝑎𝑠 

 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 𝟏𝟕 , 𝑖𝑡 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑢𝑛𝑑𝑒𝑟 𝑡𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑇. 𝑇𝑢𝑠, 
𝑡𝑒 𝑆𝑐𝑎𝑢𝑑𝑒𝑟𝑠′𝑓𝑖𝑥 𝑝𝑜𝑖𝑛𝑡 𝑡𝑒𝑜𝑟𝑒𝑚 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡𝑎𝑡 𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑇 𝑎𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡. 
 𝐻𝑒𝑛𝑐𝑒, 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑖𝑠 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝐸𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 . 
 

4. CONCLUSION 

Necessary and sufficient conditions for the null controllability of perturbed Fractional Integro-differential System in Banach 

Spaces with Distributed Delays in the Limited Power Controls have been derived and established. These conditions are given 

with respect to the Stability of the free linear base system and the properness of the linear controllable base system, with the 

assumption that perturbation f satisfies some smoothness and growth conditions. Computable criteria for all these are 

reported. These results extended known results in the literature.  
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