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1.0  Introduction and Preliminaries 

1.1  Normalized Univalent Function 

Let 𝕌 be the unit disk 𝑧 ∈ ℂ: |𝑧| < 1, A be the class of functions analytic in U satisfying the conditions 𝑓(0) = 0 and 

𝑓 ′(0) = 1. Then each function 𝑓 ∈ 𝐴 has the Taylor expansion  

𝑓(𝑧) = 𝑧 +  ∞
𝑘=2 𝑎𝑘𝑧𝑘       (1) 

 Further, by 𝑆 we shall denote the class of all functions in 𝐴 which are univalent in 𝕌. We denote by 𝑇 the subclass of A 

consisting of functions 𝑓(𝑧) ∈ 𝐴 which are analytic and univalent in 𝕌 and of the form  

𝑓(𝑧) = 𝑧 −  ∞
𝑘=2 𝑎𝑘𝑧𝑘 , 𝑎𝑘 ≥ 0.     (2) 

 Multiplier transformation 

Let 𝑓 ∈ 𝑇,𝑛 ∈ ℕ0 = ℕ ∪  0 , 𝜆, 𝑙 ≥ 0, we define the multiplier transformation operator 𝐷𝑛(𝜆, 𝑙)𝑓(𝑧) as follows:  

𝐷𝑛(𝜆, 𝑙)𝑓(𝑧) = 𝑧 −  ∞
𝑘=2  

𝜆(𝑘−1)+𝑙+1

𝑙+1
 

𝑛

𝑎𝑘𝑧
𝑘 .   (3) 

 

1.2   Definition             

A function 𝑓 ∈ 𝑇, defined by (1.2) with the multiplier transformation (1.3) is said to belong to the class 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉) if  

𝑅𝑒  

𝐷𝑛+𝑚 (𝜆 ,𝑙)𝑓(𝑧)

𝐷𝑛 (𝜆 ,𝑙)𝑓(𝑧)
−𝜇

𝜎
𝐷𝑛+𝑚 (𝜆 ,𝑙)𝑓(𝑧)

𝐷𝑛 (𝜆 ,𝑙)𝑓(𝑧)
+𝛽(𝜔−𝜎)

 > 𝜉     (4) 

where 𝑚,𝑛 ∈ ℕ0 = ℕ ∪  0 , 0 ≤ 𝜎 < 1, 0 ≤ 𝜉 ≤ 1, 𝜔 ≥ 1, 𝛽 ≥ 1, and 𝜇 ≥ 0. 

The object of this paper is to investigate a family of univalent functions. Authors such as  3 , [4] and [5] also investigated 

certain classes of univalent functions. Motivated by [1], we define class 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉) as a family of holomorphic univalent 

functions based on multiplier transformation. 

 

2  Main Result 

We now consider some theorems on the family of 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉).  

Theorem 2.1 If a function 𝑓(𝑧) defined by (1.2) belongs to the the class of 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉) then  ∞

𝑘=2 [𝑐𝑘(𝑙, 𝜆)]
𝑛 [𝑐𝑘(𝑙, 𝜆)]

𝑚 (𝑙 −

𝜉𝜎)− 𝜉𝛽(𝜔−𝜎)+𝜇]𝑎𝑘≤ 1−𝜇−𝜉𝜎+𝛽(𝜔−𝜎)]    (5) 

 

∞

𝑘=2

𝑎𝑘 ≤
[1− 𝜇 − 𝜉𝜎 + 𝛽(𝜔 − 𝜎)]

[𝑐𝑘(𝑙, 𝜆)]
𝑛 [𝑐𝑘(𝑙, 𝜆)]

𝑚 (1− 𝜉𝜎) − [𝜉𝛽(𝜔 − 𝜎) + 𝜇] 
. 

Proof. Let  

𝑐𝑘(𝑙, 𝜆) =  
𝜆(𝑘−1)+𝑙+1

𝑙+1
       (6) 

 So that  

[𝑐𝑘(1, 𝜆)]
𝑛 =  

𝜆(𝑘 − 1) + 𝑙 + 1

𝑙 + 1
 

𝑛
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Suppose the inequality (2.1) holds for |𝑧| ≤ 1. Then by definition (1.2), we have  

 

𝐷𝑛+𝑚 (𝜆 ,𝑙)𝑓(𝑧)

𝐷𝑛 (𝜆 ,𝑙)𝑓(𝑧)
−𝜇

𝜎
𝐷𝑛+𝑚 (𝜆 ,𝑙)𝑓(𝑧)

𝐷𝑛 (𝜆 ,𝑙)𝑓(𝑧)
+𝛽(𝜔−𝜎)

− 1 ≤ 1 − 𝜉     (7) 

 

𝐷𝑛+𝑚 (𝜆 ,𝑙)𝑓(𝑧)

𝐷𝑛 (𝜆 ,𝑙)𝑓(𝑧)
− 𝜇

𝜎
𝐷𝑛+𝑚 (𝜆 ,𝑙)𝑓(𝑧)

𝐷𝑛 (𝜆 ,𝑙)𝑓(𝑧)
+ 𝛽(𝜔 − 𝜎)

− 1 = 

 
[1 − 𝜇 − 𝜎 − 𝛽(𝜔 − 𝜎)]𝑧 −  ∞

𝑘=2 [𝑐𝑘(𝑙,𝜆)]
𝑛 (1− 𝜎)[𝑐𝑘(𝑙,𝜆)]

𝑚 − [𝜇 − 𝛽(𝜔 − 𝜎)] 𝑎𝑘𝑧
𝑘

[𝜎 + 𝛽(𝜔 − 𝜎)]𝑧 −  ∞
𝑘=2 [𝑐𝑘(𝑙, 𝜆)]

𝑛 𝜎[𝑐𝑘(𝑙, 𝜆)]
𝑚 + 𝛽(𝜔 − 𝜎) 𝑎𝑘𝑧

𝑘
 ≤ 1− 𝜉. 

Since 𝑧 ∈ 𝑈, 𝑡𝑒𝑛|𝑧| ≤ 1 which thus implies definition (1.2). Hence, 𝑓(𝑧) ∈ 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉). Conversely, suppose 𝑓(𝑧) ∈

𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉), then  

𝑅𝑒  

𝐷𝑛+𝑚 (𝜆 ,𝑙)𝑓(𝑧)

𝐷𝑛 (𝜆 ,𝑙)𝑓(𝑧)
− 𝜇

𝜎
𝐷𝑛+𝑚 (𝜆,𝑙)𝑓(𝑧)

𝐷𝑛 (𝜆,𝑙)𝑓(𝑧)
+ 𝛽(𝜔 − 𝜎)

 = 

 

𝑅𝑒  
1−  ∞

𝑘=2 [𝑐𝑘(1,𝜆)]
𝑛+𝑚𝑎𝑘𝑧

𝑘−1 − 𝜇 +  ∞
𝑘=2 𝜇[𝑐𝑘(𝑙, 𝜆)]

𝑛𝑎𝑘𝑧
𝑘−1

[𝜎 + 𝛽(𝜔 − 𝜎)]−  ∞
𝑘=2 [𝑐𝑘(𝑙,𝜆)]

𝑛+𝑚𝑎𝑘𝑧
𝑘−1 −  ∞

𝑘=2 𝛽(𝜔 − 𝜎)[𝑐𝑘(𝑙, 𝜆)]
𝑛𝑎𝑘𝑧

𝑘−1
 ≥ 𝜉; 𝑧 ∈ 𝑈. 

We thus remove the denominator and set 𝑧 → 1− so that 

 

∞

𝑘=2

[𝑐𝑘(𝑙, 𝜆)]
𝑛 [𝑐𝑘(𝑙, 𝜆)]

𝑚 (1− 𝜉𝜎) − [𝜉𝛽(𝜔 − 𝜎) + 𝜇]𝑎𝑘 ≤ [1− 𝜇 − 𝜉𝜎 + 𝛽(𝜔 − 𝜎)] . 

It thus follows that  

 

∞

𝑘=2

𝑎𝑘 ≤
[1− 𝜇 − 𝜉𝜎 + 𝛽(𝜔 − 𝜎)]

[𝑐𝑘(𝑙, 𝜆)]
𝑛 [𝑐𝑘(𝑙, 𝜆)]

𝑚 (1− 𝜉𝜎) − [𝜉𝛽(𝜔 − 𝜎) + 𝜇] 
. 

The result is sharp with the extremal function of  

𝑓(𝑧) = 𝑧 −
[1− 𝜇 − 𝜉𝜎 + 𝛽(𝜔 − 𝜎)]

[𝑐𝑘(𝑙, 𝜆)]
𝑛 [𝑐𝑘(𝑙,𝜆)]

𝑚 (1− 𝜉𝜎) − [𝜉𝛽(𝜔 − 𝜎) + 𝜇] 
𝑧𝑘 . 

 

2.1   Linear Combination for univalent functions in class 𝑺𝝀,𝒍
𝝁
(𝜷,𝝈,𝝎, 𝝃) 

Definition 2.1Let 𝑓𝑗 (𝑧) = 𝑧 −  ∞
𝑘=2 𝑎𝑗 ,𝑘𝑧𝑘 , 𝑗 = 1,2,…𝑚 such that 𝑓𝑗 (𝑧) ∈ 𝑆𝜆 ,𝑙

𝜇
(𝛽,𝜎,𝜔, 𝜉), then the linear combination of 

𝑓𝑗 (𝑗 = 1,2… 𝑚) is defined by  

 𝐺(𝑧) =  𝑚
𝑗=1 𝑘𝑗 𝑓𝑗 (𝑧);𝑤𝑒𝑟𝑒  𝑚

𝑗=1 𝑘𝑗 = 1. 

See [2] for detail. 

Theorem 2.2Let 𝑓1(𝑧) = 𝑧 −  ∞
𝑘=2 𝑎𝑖 ,𝑘𝑧

𝑘 , 𝑗 = 1,2,… 𝑚 be the functions 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉). Then the linear combination of 

𝑓𝑗 (𝑗 = 1,2,… 𝑚) defined as  

 𝐻(𝑧) =  𝑚
𝑗=1 𝑘𝑗 𝑓𝑗 (𝑧) (8) 

where  𝑚
𝑗=1 𝑘𝑗 = 𝑘1 + 𝑘2 …𝑘𝑚 = 1 also belongs to the class 𝑆𝜆 ,𝑙

𝜇
(𝛽,𝜎,𝜔, 𝜉). 

Proof: Let 𝑓1(𝑧) = 𝑧 −  ∞
𝑘=2 𝑎𝑗 ,𝑘𝑧𝑘 , 𝑗 = 1,2,…𝑚 be the functions in the class 𝑆𝜆 ,𝑙

𝜇
(𝛽,𝜎,𝜔, 𝜉). 

By Theorem 2.1, for any 𝑓 ∈ 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉),  

  ∞
𝑘=2 [𝑐𝑘(𝑙, 𝜆)]

𝑛 [𝑐𝑘(𝑙, 𝜆)]
𝑚 (1− 𝜉𝜎)− [𝜉𝛽(𝜔 − 𝜎) + 𝜇] 𝑎𝑘 ≤ 𝜉|𝜛| + 𝜎 − 1. 

Thus,  

  ∞
𝑘=2 [𝑐𝑘(𝑙, 𝜆)]

𝑛 [𝑐𝑘(𝑙, 𝜆)]
𝑚 (1− 𝜉𝜎)− [𝜉𝛽(𝜔 − 𝜎) + 𝜇] 𝑎𝑗 ,𝑘 ≤ 𝜉|𝜛| + 𝜎 − 1. 

 

 𝐻(𝑧) =  𝑚
𝑗=1 𝑘𝑗 𝑓𝑗 (𝑧) 

 

 ⇒ 𝐻(𝑧) =  𝑚
𝑗=1 𝑘𝑗  𝑧 −  ∞

𝑘=2 𝑎𝑗 ,𝑘𝑧
𝑘  

 

 𝐻(𝑧) = 𝑧 −  ∞
𝑘=2   𝑚

𝑗=1 𝑘𝑗 𝑎𝑗 ,𝑘 𝑧
𝑘 . 

Using the coefficient estimate for the class, we have that  

  ∞
𝑘=2  [𝑐𝑘(𝑙, 𝜆)]

𝑛 [𝑐𝑘(𝑙, 𝜆)]
𝑚 (1 − 𝜉𝜎) − [𝜉𝛽(𝜔 − 𝜎) + 𝜇]    𝑚

𝑗=1 𝑘𝑗 𝑎𝑗 ,𝑘  

 

 =  𝑚
𝑗=1 𝑘𝑗   ∞

𝑘=2  [𝑐𝑘(𝑙, 𝜆)]
𝑛  [𝑐𝑘(𝑙, 𝜆)]

𝑚 (1 − 𝜉𝜎)− [𝜉𝛽(𝜔 − 𝜎) + 𝜇]  𝑎𝑗 ,𝑘  
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≤  

𝑚

𝑗=1

𝑘𝑗 [(𝑘 − 1) + 𝜉|𝜛|] = [1− 𝜇 − 𝜉𝜎 + 𝛽(𝜔 − 𝜎)]. 

 

2.2  Partial Sums 

Let 𝑓 ∈ 𝑇 be a function of the form (1.2) and define a partial sums 𝑓𝑚  defined by  

 𝑓𝑚 (𝑧) = 𝑧 −  ∞
𝑘=2 𝑎𝑘𝑧𝑘(𝑚 ∈ ℕ\ 1 ) (9) 

 

 

Theorem 2.3Let 𝑓 ∈ 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉) be given by (1.2) and define a partial sums 𝑓1(𝑧) and 𝑓𝑚(𝑧) by  

 𝑓1(𝑧) = 𝑧𝑎𝑛𝑑𝑓𝑚 (𝑧) = 𝑧 −  ∞
𝑘=2 𝑎𝑘𝑧𝑘(𝑚 ∈ ℕ\ 1 ) (10) 

 Suppose also that  

  ∞
𝑘=2 𝑑𝑘𝑎𝑘 ≤ 1. (11) 

 If  

 𝑑𝑘 ≥
[𝑐𝑘 (𝑙 ,𝜆)]

𝑛  [𝑐𝑘 (𝑙 ,𝜆)]
𝑚 (1−𝜉𝜎 )−[𝜉𝛽 (𝜔−𝜎)+𝜇 ] 

1−𝜇−𝜉𝜎+𝛽(𝜔−𝜎)
; (12) 

𝑘 = 2,3,… 𝑚𝑎𝑛𝑑𝑘 = 𝑚 + 1,𝑚 + 2,𝑚 + 3,…. Then 𝑓 ∈ 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉) and also,  

 𝑅𝑒  
𝑓(𝑧)

𝑓𝑚 (𝑧)
 > 1 −

1

𝑑𝑚+1
, (13) 

 and  

 𝑅𝑒  
𝑓𝑚 (𝑧)

𝑓(𝑧)
 >

𝑑𝑚+1

1+𝑑𝑚+1
 (14) 

 

For the coefficients 𝑑𝑘  given by (2.8), we have that  

 𝑑𝑘+1 > 𝑑𝑘 > 1. (15) 

 Hence,  

  ∞
𝑘=2 𝑎𝑘 + 𝑑𝑚+1  ∞

𝑘=2 𝑎𝑘 ≤  ∞
𝑘=2 𝑑𝑘𝑎𝑘 ≤ 1. (16) 

 Using the hypothesis (2.8), setting 𝑔1(𝑧) = 𝑑𝑚+1  
𝑓(𝑧)

𝑓𝑚 (𝑧)
−  1 −

1

𝑑𝑚+1
  , 

 = 1 +
𝑑𝑚+1  ∞

𝑘=𝑚+1 𝑎𝑘𝑧𝑘−1

1− ∞
𝑘=2 𝑎𝑘𝑧𝑘−1  

it thus suffices to prove that 𝑅𝑒 𝑔1(𝑧)) ≥ 0(𝑧 ∈ 𝕌) and using (2.12), we have that  

  
𝑔1(𝑧)−1

𝑔1(𝑧)+1
 ≤ 1(𝑧 ∈ 𝕌). 

Applying (2.12) we have that  

  
𝑔1(𝑧)−1

𝑔1(𝑧)+1
 ≤

𝑑
𝑚+1 ∞

𝑘=𝑚+1 𝑎𝑘

2−2 ∞
𝑘=2 𝑎𝑘−𝑑𝑚+1  ∞

𝑘=𝑚+1 𝑎𝑘
≤ 1(𝑧 ∈ 𝕌). 

Which yields the assertion (2.10) of Theorem 2.5 in order to see that  

 𝑓(𝑧)−
𝑧𝑚+1

𝑑𝑚+1
, (17) 

 

 
𝑓(𝑧)

𝑓𝑚 (𝑧)
= 1 −

𝑟𝑚+1

𝑑𝑚+1
⇒ 1 −

1

𝑑𝑚+1
𝑎𝑠𝑟 → 1−. 

Also taking and using (2.13), we have that 𝑔2(𝑧) = (1 + 𝑑𝑚+1)  
𝑓𝑚 (𝑧)

𝑓(𝑧)
−

𝑑𝑚+1

1+𝑑𝑚+1
 , 

  
𝑔2(𝑧)−1

𝑔2(𝑧)+1
 ≤

𝑑
𝑚+1 ∞

𝑘=𝑚+1 𝑎𝑘

2−2 ∞
𝑘=2 𝑎𝑘−𝑑𝑚+1  ∞

𝑘=𝑚+1 𝑎𝑘
≤ 1. (18) 

 Thus, the bound in (2.14) is sharp for each 𝑚 ∈ 𝑁 with the extreme function 𝑓(𝑧) given by (2.13). 

 

2.3  Hadamard Product 

Theorem 2.4If 𝑓(𝑧) = 𝑧 −  ∞
𝑘=2 𝑎𝑘𝑧𝑘   and  𝑔(𝑧) = 𝑧 −  ∞

𝑘=2 𝑏𝑘𝑧𝑘  belongs to 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉). Then, the Hadamard product 

of 𝑓(𝑧) and 𝑔(𝑧) given by  𝑓 ∗ 𝑔)(𝑧) = 𝑧 −  ∞
𝑘=2 𝑎𝑘𝑏𝑘𝑧𝑘  also belongs to 𝑆𝜆 ,𝑙

𝜇
(𝛽,𝜎,𝜔, 𝜉). 

Proof: Let 𝑓(𝑧) and 𝑔(𝑧) belongs to 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉), then  

  ∞
𝑘=2

[𝑐𝑘 (𝑙 ,𝜆)]
𝑛  [𝑐𝑘 (𝑙 ,𝜆)]

𝑚 (1−𝜉𝜎 )−[𝜉𝛽 (𝜔−𝜎)+𝜇 ] 

1−𝜇−𝜉𝜎+𝛽(𝜔−𝜎)
𝑎𝑘 ≤ 1 

and  

  ∞
𝑘=2

[𝑐𝑘 (𝑙 ,𝜆)]
𝑛  [𝑐𝑘 (𝑙 ,𝜆)]

𝑚 (1−𝜉𝜎 )−[𝜉𝛽 (𝜔−𝜎)+𝜇 ] 

1−𝜇−𝜉𝜎+𝛽(𝜔−𝜎)
𝑏𝑘 ≤ 1. 
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By Cauchy-Schwartz inequality, we have  

  ∞
𝑘=2

[𝑐𝑘 (𝑙 ,𝜆)]
𝑛  [𝑐𝑘 (𝑙 ,𝜆)]

𝑚 (1−𝜉𝜎 )−[𝜉𝛽 (𝜔−𝜎)+𝜇 ] 

1−𝜇−𝜉𝜎+𝛽(𝜔−𝜎)
𝑎𝑘𝑏𝑘  

 =  ∞
𝑘=2  

[𝑐𝑘 (𝑙 ,𝜆)]
𝑛  [𝑐𝑘 (𝑙 ,𝜆)]

𝑚 (1−𝜉𝜎 )−[𝜉𝛽 (𝜔−𝜎)+𝜇 ] 

1−𝜇−𝜉𝜎+𝛽(𝜔−𝜎)
 𝑎𝑘𝑏𝑘  𝑎𝑘𝑏𝑘  

 ≤   ∞
𝑘=2  

[𝑐𝑘 (𝑙 ,𝜆)]
𝑛  [𝑐𝑘 (𝑙 ,𝜆)]

𝑚 (1−𝜉𝜎 )−[𝜉𝛽 (𝜔−𝜎)+𝜇 ] 𝑏𝑘

1−𝜇−𝜉𝜎+𝛽(𝜔−𝜎)
 𝑎𝑘 

1

2
⋅ 

   ∞
𝑘=2  

[𝑐𝑘 (𝑙 ,𝜆)]
𝑛  [𝑐𝑘 (𝑙 ,𝜆)]

𝑚 (1−𝜉𝜎 )−[𝜉𝛽 (𝜔−𝜎)+𝜇 ] 𝑎𝑘

𝜂(2−𝛿)+𝜉−1
 𝑏𝑘 

1

2
≤ 1 

which completes the proof. 

 

Definition 2.4 For 𝑓 ∈ 𝐴, we define he integral transform  

𝑉𝜎(𝑓)(𝑧) =  
1

0

𝑣(𝑡)
𝑓(𝑡𝑧)

𝑡
𝑑𝑡 

for a real valued, non-negative weight function normalized 𝜎 so that  
1

0
𝜎(𝑡)𝑑𝑡 = 1. Since special case of 𝜎(𝑡) are 

particularly interesting, such as 𝜎(𝑡) = (1 + 𝑐)𝑡𝑐 , 𝑐 > −1, for which 𝑉𝜎  is known as the Bernadi operator, and  

𝑉𝜎(𝑡) =
(𝑐 + 1)𝜆

𝑣(𝜆)
𝑡𝑐  𝑙𝑜𝑔

1

𝑡
 

𝜆−1

, 𝑐 > −1,𝜆 ≥ 0 

which gives the Komatu operator. For detail, see 𝑀𝑢𝑟 and 𝑀𝑢𝑟𝑉 for details. 

We now show that the class 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉) is closed under 𝑉𝜎(𝑓)(𝑧).  

Theorem 2.5Let 𝑓 ∈ 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉). Then, 𝑉𝜎(𝑓)(𝑧) also belongs to the class 𝑆𝜆 ,𝑙

𝜇
(𝛽,𝜎,𝜔, 𝜉).  

Proof: From definition 2.4, it follows that  

𝑉𝜎(𝑓)(𝑧) =
(𝑐 + 1)𝜆

Γ(𝜆)
 
1

0

(−1)𝜆−1𝑡𝑐(𝑙𝑜𝑔𝑡)𝜆−1  𝑧+ 

∞

𝑘=2

|𝑎𝑘 |𝑡
𝑘−1 𝑑𝑡 

=
(−1)𝜆−1(𝑐 + 1)𝜆

Γ(𝜆)
lim
→0+

  
1

0

(−1)𝜆−1𝑡𝑐(𝑙𝑜𝑔𝑡)𝜆−1  𝑧 + 

∞

𝑘=2

|𝑎𝑘 |𝑡
𝑘−1 𝑑𝑡 . 

 So that  

𝑉𝜎 𝑓(𝑧)) = 𝑧 −  

∞

𝑘=2

 
𝑐 + 1

𝑐 + 𝑛
 

𝜆

𝑎𝑘𝑧
𝑘 . 

We now show that 𝑉𝜎 𝑓(𝑧)) ∈ 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉).  

 ∞
𝑘=2

[𝑐𝑘 (𝑙 ,𝜆)]
𝑛  [𝑐𝑘 (𝑙 ,𝜆)]

𝑚 (1−𝜉𝜎 )−[𝜉𝛽 (𝜔−𝜎)+𝜇 ] 

1−𝜇−𝜉𝜎+𝛽(𝜔−𝜎)
 

𝑐+1

𝑐+𝑘
 

𝜆

𝑎𝑘 ≤ 1. (19) 

 Using Theorem 2.1, 𝑓 ∈ 𝑆𝜆 ,𝑙
𝜇
(𝛽,𝜎,𝜔, 𝜉) if and only if  

 

∞

𝑘=2

[𝑐𝑘(𝑙, 𝜆)]
𝑛 [𝑐𝑘(𝑙, 𝜆)]

𝑚 (1− 𝜉𝜎) − [𝜉𝛽(𝜔 − 𝜎) + 𝜇] 

1− 𝜇 − 𝜉𝜎 + 𝛽(𝜔 − 𝜎)
𝑎𝑘 ≤ 1. 

 Clearly, 
𝑐+1

𝑐+𝑘
< 1 for all 𝑘 ≥ 2. Thus,  

 

∞

𝑘=2

[𝑐𝑘(𝑙, 𝜆)]
𝑛 [𝑐𝑘(𝑙, 𝜆)]

𝑚 (1− 𝜉𝜎) − [𝜉𝛽(𝜔 − 𝜎) + 𝜇] 

1− 𝜇 − 𝜉𝜎 + 𝛽(𝜔 − 𝜎)
 
𝑐 + 1

𝑐 + 𝑘
 

𝜆

𝑎𝑘 ≤ 1. 
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