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Abstract 
 

In this paper, the exact form of Fisher information matrix for Log-logistic Poisson 

(LLP) distribution with respect to censored data is determined. The LLP is a unimodal 

and decreasing distribution and is a family of widely applicable log-logistic 

distribution. Analytical prove of the existence and uniqueness of MLEs is also 

presented, and the approximate confidence interval for the parameters related to this 

distribution is also obtained. 
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1.0  INTRODUCTION 

Information about the parameters usually obtained from a sample of data coming from the specific probability distribution, 

this normally done in the parameter estimation problems. However, to know how much information a sample of data can 

provide about the unknown parameter, we need a measure. Fisher information is one of the measures for such information, 

this measure of information can be used to find the bounds on the variance of estimators, and it can be used to obtain an 

approximate confidence interval when dealing with large sample, and it can also be used to approximate the sampling 

distribution of an estimator obtained from a large sample. 

The basic principle of maximum likelihood estimation (MLE) says; let a random variable 𝑋 with probability function 𝑓(𝑥, 𝜃), 

if 𝜃 were the true value of the parameter, the likelihood function should take a big value, or in another word, the derivative 

log-likelihood function should be close to zero. It is popular that Fisher information matrix used as a useful tool for 

derivation of variance-covariance matrix in the asymptotic distribution of MLEs. Moreover, under appropriate regularity 

conditions, the determinate (divided by the sample size) of asymptotic variance-covariance matrix of MLE reaches an 

optimal lower bound for the volume of the "spread ellipsoid" of joint estimators, [1 - 7]. In the univariate case, this optimal 

property of MLE is widely used in the "robustness versus efficiency" studies as a quantitative benchmark for efficiency 

considerations. We are motivated by the work of [2], where they introduced Fisher information matrix of feller-pareto 

distribution. 

The paper organized as follows. In section 2, we give the definition of LLP and prove of the existence of MLEs with respect 

to censored data. In section 3, we provide the Fisher information matrix for LLP. The integrals related are presented in the 

appendix. 

 

2.1 The Log-logistic Poisson distribution (LLP) 

A random variable X is said to have log-logistics Poisson distribution with scale parameter 𝜆 > 0 and shape parameter 𝛼 > 0 

if it probability density function is given by 

𝑓𝑋(𝑥; 𝜆, 𝛼) = 𝛼𝜆(𝑒
𝜆 − 1)−1

𝑥𝛼−1

(1+𝑥𝛼)2
𝑒

𝜆

(1+𝑥𝛼),              𝑥 > 0                             (1) 

and zero otherwise. 

The cumulative distribution function by 

𝐹(𝑥) =
𝑒𝜆−𝑒

𝜆
(1+𝑥𝛼)

𝑒𝜆−1
, 𝑥 > 0                                                                                         (2) 

2.2 Maximum likelihood estimators 

Let 𝑋1, 𝑋2, 𝑋3, … , 𝑋𝑛 be a random sample coming from LLP(𝜆, 𝛼). The log-likelihood function (of right censored data) is 

given by 

 

 

Corresponding Author: Usman A.H., Email: ahusman.mth@buk.edu.ng,   Tel: +2348032722757 
 

Journal of the Nigerian Association of Mathematical Physics Volume 47, (July, 2018 Issue), 157 – 162 



158 
 

Fisher Information Matrix for…                     Usman and Sadiq                       J. of NAMP 

 

𝑙(𝜆, 𝛼) =∏𝑓𝛿𝑖(𝑥𝑖 , 𝜃)[1 − 𝐹(𝑥𝑖 , 𝜃)]
1−𝛿𝑖

𝑛

𝑖=1

 

=∑𝛿𝑖[ln(𝛼)

𝑛

𝑖=1

+ ln(𝜆)] + (𝛼 − 1)∑ 𝛿𝑖 ln(𝑥𝑖)
𝑛

𝑖=1
− 2∑𝛿𝑖 ln(1 + 𝑥𝑖

𝛼)

𝑛

𝑖=1

 

+𝜆∑
𝛿𝑖

(1+𝑥𝑖
𝛼)

𝑛
𝑖=1 + ∑ (1 − 𝛿𝑖) ln(𝑒

𝜆
(1+𝑥𝛼) − 1)𝑛

𝑖=1 − 𝑛 ln(𝑒𝜆 − 1). 

Where𝛿𝑖 = 0, for complete observation and 𝛿𝑖 = 1, for censored observation. 

The partial derivatives of the log-likelihood function with respect to parameters 𝛼 and 𝜆 are 

𝜕𝑙

𝜕𝜆
=
∑ 𝛿𝑖
𝑛
𝑖=1

𝜆
+ ∑

𝛿𝑖

1+𝑥𝑖
𝛼

𝑛
𝑖=1 + ∑

(1−𝛿𝑖)𝑒

𝜆
(1+𝑥𝛼)

(1+𝑥𝑖
𝛼)(𝑒

𝜆
(1+𝑥𝛼)−1)

𝑛
𝑖=1 − 𝑛

𝑒𝜆

𝑒𝜆−1
                            (3) 

𝜕𝑙

𝜕𝛼
=
∑ 𝛿𝑖
𝑛
𝑖=1

𝛼
+∑ 𝛿𝑖 ln(𝑥𝑖) − ∑

𝛿𝑖𝑥𝑖
𝛼 ln(𝑥𝑖)(2+

𝜆
(1+𝑥𝑖

𝛼)⁄ )

1+𝑥𝑖
𝛼

𝑛
𝑖=1

𝑛
𝑖=1                

−𝜆∑ (1 − 𝛿𝑖)
𝑥𝑖
𝛼 ln(𝑥𝑖

𝛼)𝑒

𝜆
(1+𝑥𝛼)

(1+𝑥𝑖
𝛼)2(𝑒

𝜆
(1+𝑥𝛼)−1)

𝑛
𝑖=1                        

=
∑ 𝛿𝑖
𝑛
𝑖=1

𝜆
+ ∑ 𝛿𝑖 ln(𝑥𝑖) −𝑊𝜆,1(𝛼, 𝑥

𝑛)𝑛
𝑖=1 −𝑊𝜆,2(𝛼, 𝑥

𝑛)                                        (4) 

Where  𝑊𝜆,1(𝛼, 𝑥
𝑛) =

𝛿𝑖𝑥𝑖
𝛼 ln(𝑥𝑖)(2+

𝜆
(1+𝑥𝑖

𝛼)⁄ )

1+𝑥𝑖
𝛼      and 𝑊𝜆,2(𝛼, 𝑥

𝑛) = (1 − 𝛿𝑖)
𝑥𝑖
𝛼 ln(𝑥𝑖

𝛼)𝑒

𝜆
(1+𝑥𝛼)

(1+𝑥𝑖
𝛼)2(𝑒

𝜆
(1+𝑥𝛼)−1)

 

To find the estimators, we set equation (3) and (4) to zero and solve simultaneously, but the equations are nonlinear, so it is 

very difficult to find the analytical solution by the way we try to prove the existence of MLEs given by the following 

theorems. 

Theorem 2.1 

Let ℎ𝛼(𝜆; 𝑥
𝑛) be the right-hand-side of equation (3). Then for any fixede 𝛼 > 0, there exist a unique root of 𝜆; �̂�, i.e., 

ℎ𝛼(�̂�; 𝑥
𝑛) = 0 provided 𝑛 > ∑

1

(1+𝑥𝑖
𝛼)

𝑛
𝑖=1  . 

Proof 

ℎ𝛼(𝜆; 𝑥
𝑛) =

∑ 𝛿𝑖
𝑛
𝑖=1

𝜆
+∑

𝛿𝑖
1 + 𝑥𝑖

𝛼

𝑛

𝑖=1
+∑

(1 − 𝛿𝑖)𝑒
𝜆

(1+𝑥𝛼)

(1 + 𝑥𝑖
𝛼)(𝑒

𝜆
(1+𝑥𝛼) − 1)

𝑛

𝑖=1
− 𝑛

𝑒𝜆

𝑒𝜆 − 1
 

Let 𝜆 → ∞ 

lim
𝜆→∞

ℎ𝛼(𝜆; 𝑥
𝑛) =∑

𝛿𝑖
1 + 𝑥𝑖

𝛼

𝑛

𝑖=1
+∑

(1 − 𝛿𝑖)

1 + 𝑥𝑖
𝛼

𝑛

𝑖=1
− 𝑛 

= ∑
1

1+𝑥𝑖
𝛼

𝑛
𝑖=1 − 𝑛 < 0 Provided 𝑛 > ∑

1

(1+𝑥𝑖
𝛼)

𝑛
𝑖=1  

Let 𝜆 → −∞ 

lim
𝜆→−∞

ℎ𝛼(𝜆; 𝑥
𝑛) =∑

𝛿𝑖
1 + 𝑥𝑖

𝛼
> 0

𝑛

𝑖=1
 

This implies that there exists at least a solution forℎ𝛼(𝜆; 𝑥
𝑛). To show the root is unique, we have 

ℎ′𝛼(𝜆; 𝑥
𝑛) = −

∑ 𝛿𝑖
𝑛
𝑖=1

𝜆2
−∑

(1 − 𝛿𝑖)𝑒
−

𝜆
(1+𝑥𝛼)

(1 + 𝑥𝑖
𝛼)2(1 − 𝑒

−
𝜆

(1+𝑥𝛼))2

𝑛

𝑖=1
+ 𝑛

𝑒−𝜆

(1 − 𝑒−𝜆)2
 

= −∑ 𝑉1
𝛼(𝜆; 𝑥𝑖)

𝑛

𝑖=1
−∑ 𝑉2

𝛼(𝜆; 𝑥𝑖) − 𝑛
𝑒−𝜆

1 − 𝑒−𝜆

𝑛

𝑖=1
 

Where 𝑖 = 1,2, … , 𝑛, 𝑉1
𝛼(𝜆; 𝑥𝑖) and 𝑉2

𝛼(𝜆; 𝑥𝑖) > 0 given in equations (5) and (6) respectively 

𝑉1
𝛼(𝜆; 𝑥𝑖) = 𝛿𝑖(

1

𝜆2
−

𝑒
−

𝜆
(1+𝑥𝛼)

(1+𝑥𝑖
𝛼)2(1−𝑒

−
𝜆

(1+𝑥𝛼))

2)                       (5)  

𝑉2
𝛼(𝜆; 𝑥𝑖) =

𝑒
−

𝜆
(1+𝑥𝛼)

(1+𝑥𝑖
𝛼)2(1−𝑒

−
𝜆

(1+𝑥𝛼))

2                                                            (6) 
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Equation (6) is greater zero. Now consider the behavior of (5). Let𝑍𝑖
𝛼(𝜆; 𝑥𝑖) = 𝜆 2(1 + 𝑥𝑖

𝛼),⁄  than equation (5) can rewrite as 

𝑉1
𝛼(𝜆; 𝑥𝑖) =

(sinh(𝑍𝑖
𝛼(𝜆; 𝑥𝑖)) − 𝑍𝑖

𝛼(𝜆; 𝑥𝑖))(sinh(𝑍𝑖
𝛼(𝜆; 𝑥𝑖)) + 𝑍𝑖

𝛼(𝜆; 𝑥𝑖))

𝜆2(sinh 𝑍𝑖
𝛼(𝜆; 𝑥𝑖))

2
 

The numerator can also reduce to (sinh 𝑍𝑖
𝛼(𝜆; 𝑥𝑖))

2 − (𝑍𝑖
𝛼(𝜆; 𝑥𝑖))

2, since 𝑠𝑖𝑛ℎ2(𝑥) > 𝑥2 Ɐ𝑥 ∈ ℝ, it follows that 𝑉1
𝛼(𝜆; 𝑥𝑖) >

0. 

Let 𝑔(𝜆) =
𝑒𝜆

(𝑒𝜆−1)2
 then (ln 𝑔(𝜆))′𝑔(𝜆) = 𝑔′(𝜆) = −

𝑒𝜆

(𝑒𝜆−1)2
 this implies that it is positive decreasing sequence and 𝑔(𝜆) <

lim
𝜆→−∞

𝑔(𝜆) = 0, then 

ℎ′𝛼(𝜆; 𝑥
𝑛) < 0. Thus, ℎ𝛼(𝜆; 𝑥

𝑛) is a decreasing function on 𝜆, this implies that, there exists a unique root of ℎ𝛼(𝜆; 𝑥
𝑛). 

Theorem 2.2 

Let ℎ𝜆(𝛼; 𝑥
𝑛) be the right-hand-side of equation (4). Then there exist a unique root of 𝛼; �̂�, i.e., ℎ𝜆(�̂�; 𝑥

𝑛) = 0. 

Proof 

By examining the behavior of ℎ𝜆(𝛼; 𝑥
𝑛) on real positive line(0,∞), we have 

ℎ𝜆(𝛼; 𝑥
𝑛) = ∞ as 𝛼 → 0  and 

ℎ𝜆(𝛼; 𝑥
𝑛) = ∑ 𝛿𝑖 ln(𝑥𝑖)

𝑛
(𝑥𝑖<1)

−∑ 𝛿𝑖 ln(𝑥𝑖)
𝑛
(𝑥𝑖>1)

 as α→∞ 

To show ℎ𝜆(𝛼; 𝑥
𝑛) < 0, as 𝛼 → ∞, we consider these cases below 

Case I; when min(𝑥1,𝑥𝑖) > 1, then ℎ𝜆(𝛼; 𝑥
𝑛) = −∑ 𝛿𝑖 ln(𝑥𝑖) < 0

𝑛
(𝑥𝑖>1)

 

Case II; when max(𝑥1, 𝑥𝑖) < 1, thenℎ𝜆(𝛼; 𝑥
𝑛) = ∑ 𝛿𝑖 ln(𝑥𝑖)

𝑛
(𝑥𝑖<1)

< 0 

Case III; whenmin(𝑥1,𝑥𝑖) < 1 and max(𝑥1, 𝑥𝑖) > 1, then ℎ𝜆(𝛼; 𝑥
𝑛) = ∑ 𝛿𝑖 ln(𝑥𝑖)

𝑛
(𝑥𝑖<1)

− ∑ 𝛿𝑖 ln(𝑥𝑖) < 0
𝑛
(𝑥𝑖>1)

 

It follows that ℎ𝜆(𝛼; 𝑥
𝑛) < 0 if and only if 𝑥𝑖 ≠ 1 for some 1 ≤ 𝑖 ≤ 𝑛. Therefore, on (0,∞),   ℎ𝜆(𝛼; 𝑥

𝑛) is continuous 

function which decreases monotonically to negative values from positive values. Hence, there exists at least one finite 

positive root of the  ℎ𝜆(𝛼; 𝑥
𝑛) = 0. 

Also 

 ℎ′𝜆(𝛼; 𝑥
𝑛) = −

∑ 𝛿𝑖
𝑛
𝑖=1

𝛼2
− ∑

𝛿𝑖𝑥𝑖
𝛼 ln2(𝑥𝑖)

(1+𝑥𝑖
𝛼)2

(2 + 𝜆
1−𝑥𝑖

𝛼

1+𝑥𝑖
𝛼)

𝑛
𝑖=1                

−𝜆∑ (1 − 𝛿𝑖)
𝑥𝑖
𝛼 ln2(𝑥𝑖) 𝑒

𝜆
(1+𝑥𝛼)

(1+𝑥𝑖
𝛼)4(𝑒

𝜆
(1+𝑥𝛼)−1)

𝑛
𝑖=1 (

𝜆𝑥𝑖
𝛼

(𝑒

𝜆
(1+𝑥𝛼)−1)

+ 1 − 𝑥𝑖
2𝛼)                       

Consider the cases 

Case I; for min(𝑥1,𝑥𝑖) > 1, and 𝜆 < 0, ℎ′𝜆(𝛼; 𝑥
𝑛) < 0. 

Case II; for max(𝑥1, 𝑥𝑖) < 1, and 𝜆 > 0, ℎ′𝜆(𝛼; 𝑥
𝑛) < 0. 

This implies that in both cases ℎ′𝜆(𝛼; 𝑥
𝑛) < 0 for all 𝛼 > 0. Hence, there exists a unique root of  ℎ𝜆(𝛼; 𝑥

𝑛). 
3.1 Fisher Information Matrix for LLP 

Suppose 𝑋 is a random variable with LLP probability function. Then the information matrix 𝐼(𝛩) is an 𝑛x𝑛 matrix with 

elements given by 

𝑰𝒊𝒋(𝜣) = 𝑬[−
𝝏𝟐 𝐥𝐧 𝒇(𝒙;𝜣)

𝝏𝜽𝒊𝝏𝜽𝒋
] , 𝑖, 𝑗 = 1,2 

Where Θ = (𝜆, 𝛼), to find the entries, we first find all the second derivative of likelihood with respect the parameters, we 

have 

𝜕2𝑙

𝜕𝜆2
= −

∑ 𝛿𝑖
𝑛
𝑖=1

𝜆2
−∑

(1 − 𝛿𝑖)𝑒
−

𝜆
(1+𝑥𝛼)

(1 + 𝑥𝑖
𝛼)2(1 − 𝑒

−
𝜆

(1+𝑥𝛼))2

𝑛

𝑖=1
+ 𝑛

𝑒−𝜆

(1 − 𝑒−𝜆)2
 

𝜕2𝑙

𝜕𝛼2
= −

∑ 𝛿𝑖
𝑛
𝑖=1

𝛼2
−∑

𝛿𝑖𝑥𝑖
𝛼 ln2(𝑥𝑖)

(1 + 𝑥𝑖
𝛼)2

(2 + 𝜆
1 − 𝑥𝑖

𝛼

1 + 𝑥𝑖
𝛼
)

𝑛

𝑖=1

 

−𝜆∑ (1 − 𝛿𝑖)
𝑥𝑖
𝛼 ln2(𝑥𝑖) 𝑒

𝜆
(1+𝑥𝛼)

(1 + 𝑥𝑖
𝛼)4(𝑒

𝜆
(1+𝑥𝛼) − 1)

𝑛

𝑖=1
(

𝜆𝑥𝑖
𝛼

𝑒
𝜆

(1+𝑥𝛼) − 1)

+ 1 − 𝑥𝑖
2𝛼) 

𝜕2𝑙

𝜕𝛼𝜕𝜆
= −∑

𝛿𝑖𝑥𝑖
𝛼 ln(𝑥𝑖)

(1 + 𝑥𝑖
𝛼)2

+
𝑛

𝑖=1
𝜆∑

(1 − 𝛿𝑖)𝑥𝑖
𝛼 ln(𝑥𝑖) 𝑒

−
𝜆

(1+𝑥𝛼)

(1 + 𝑥𝑖
𝛼)3(1 − 𝑒

−
𝜆

(1+𝑥𝛼))2

𝑛

𝑖=1
−∑

(1 − 𝛿𝑖)𝑥𝑖
𝛼 ln(𝑥𝑖)

(1 + 𝑥𝑖
𝛼)2(𝑒

𝜆
(1+𝑥𝛼) − 1)

𝑛

𝑖=1
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𝐼11 =
∑ 𝛿𝑖
𝑛
𝑖=1

𝜆2
+ 𝑛

𝑒−𝜆

(1 − 𝑒−𝜆)2
+∑∑∑

(1 − 𝛿𝑖)𝜆
𝑘+1(𝑗 + 1)(−𝑗)𝑘

(𝑒𝜆 − 1)𝑘! (𝑘 + 3)

∞

𝑘=0

∞

𝑗=0

𝑛

𝑖=1

 

𝐼12 = 𝐼21 =∑∑
𝛿𝑖𝜆

𝑘+1

𝛼(𝑒𝜆 − 1)𝑘!

∞

𝑘=0

𝑛

𝑖=1

𝐴1 −∑∑∑
(1 − 𝛿𝑖)𝜆

𝑘+2(𝑗 + 1)(−𝑗)𝑘

𝛼(𝑒𝜆 − 1)𝑘!

∞

𝑘=0

∞

𝑗=0

𝑛

𝑖=1

𝐴2 +∑∑∑
(1 − 𝛿𝑖)𝜆

𝑘+1(1 − 𝑗)𝑘

𝛼(𝑒𝜆 − 1)𝑘!

∞

𝑘=0

∞

𝑗=1

𝑛

𝑖=1

𝐴1 

𝐼22 =
∑ 𝛿𝑖
𝑛
𝑖=1

𝛼2
+∑∑

𝛿𝑖𝜆
𝑘+1

𝛼2(𝑒𝜆 − 1)𝑘!
(

∞

𝑘=0

𝑛

𝑖=1

2𝐴3 + 𝜆(𝐴4 + 𝐴5)) +∑∑∑
(1 − 𝛿𝑖)𝜆

𝑘

𝛼2(𝑒𝜆 − 1)𝑘!
[(𝑗 + 1)(−𝑗)𝑘𝐴6 + 𝜆(1 − 𝐽)𝑘(𝐴7 − 𝐴8)]

∞

𝑘=0

∞

𝑗=0

𝑛

𝑖=1

 

Finally, the exact expression of the elements of fisher information matrix in terms of digamma (𝜓(𝑎)) and trigamma  and 

(𝜓′(𝑎)), [8] and  𝐴1 − 𝐴8, are given in appendix 

 

3.2 Observe information matrix 

The 2x2 unit information matrix is given by 

𝑱 = (
𝑱𝝀𝝀 𝑱𝝀𝜶
𝑱𝜶𝝀 𝑱𝜶𝝀

) 

The Asymptotic variance-covariance of the MLE for the parameters λ and α are the elements of the inverse of the fisher 

information matrix. However, the exact mathematical expressions are sometimes very difficult to obtain. Therefore, the 

approximate (observed) asymptotic variance-covariance matrix for MLE is given by 

(

 
−
𝜕2𝑙

𝜕𝜆2
−
𝜕2𝑙

𝜕𝜆𝜕𝛼

−
𝜕2𝑙

𝜕𝛼𝜕𝜆
−
𝜕2𝑙

𝜕𝛼2 )

 

−1

= (
𝑣𝑎𝑟(�̂�) 𝑐𝑜𝑣(�̂�, �̂�)

𝑐𝑜𝑣(�̂�, �̂�) 𝑣𝑎𝑟(�̂�)
) 

The Asymptotic normality of the MLE can use to obtain the approximate confidence interval for parameters λ and α  [9]. 

Therefore, (1-𝛾)100% confidence intervals for λ and α becomes 

�̂� ± 𝑍𝛾
2
√𝑣𝑎𝑟(�̂�) and �̂� ± 𝑍𝛾

2
√𝑣𝑎𝑟(�̂�) where 𝑍𝛾

2
 is a standard normal variate. 

 

CONCLUSION 

In this paper, the form of fisher information matrix in respect to right censored data is successfully derived. Proofs of the 

existence and uniqueness of MLEs are also established. The approximate confidence interval for the parameters also 

introduced. 

 

Appendix 

𝐴1 =
1

(𝑘 + 1)
∫

𝑥𝛼 ln 𝑥𝛼

(1 + 𝑥𝛼)2
(𝑘 + 1)𝛼𝑥𝛼−1(1 + 𝑥𝛼)−(𝑘+2)𝑑𝑥

∞

0

 

 =
1

(𝑘+2)(𝑘+3)
(𝜓(𝑘 + 2) − 𝜓(1) + 𝑘

𝑘+1
) 

𝐴2 =
1

(𝑘 + 2)
∫

𝑥𝛼 ln 𝑥𝛼

(1 + 𝑥𝛼)2
(𝑘 + 2)𝛼𝑥𝛼−1(1 + 𝑥𝛼)−(𝑘+3)𝑑𝑥

∞

0

 

 =
1

(𝑘+3)(𝑘+4)
(𝜓(𝑘 + 2) − 𝜓(1) + 𝑘+1

𝑘+2
) 

𝐴3 =
1

(𝑘 + 1)
∫

𝑥𝛼 ln2( 𝑥𝛼)

(1 + 𝑥𝛼)2
(𝑘 + 1)𝛼𝑥𝛼−1(1 + 𝑥𝛼)−(𝑘+2)𝑑𝑥

∞

0
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 =
1

(𝑘+2)(𝑘+3)
(𝜓′(𝑘 + 1) − 𝜓′(1) + (𝜓(𝑘 + 1) − 𝜓(1) − 𝑘

𝑘+1
)
2
−
(𝑘+1)2+1

(𝑘+1)2
) 

𝐴4 =
1

(𝑘 + 2)
∫

𝑥𝛼 ln2( 𝑥𝛼)

(1 + 𝑥𝛼)2
(𝑘 + 2)𝛼𝑥𝛼−1(1 + 𝑥𝛼)−(𝑘+3)𝑑𝑥

∞

0

 

 =
1

(𝑘+3)(𝑘+4)
(𝜓′(𝑘 + 2) − 𝜓′(1) + (𝜓(𝑘 + 2) − 𝜓(1) − 𝑘+1

𝑘+2
)
2
−
(𝑘+2)2+1

(𝑘+2)2
) 

𝐴5 =
1

(𝑘 + 1)(𝑘 + 2)
∫

𝑥𝛼 ln2( 𝑥𝛼)

(1 + 𝑥𝛼)2
(𝑘 + 2)(𝑘 + 1)𝛼𝑥2𝛼−1(1 + 𝑥𝛼)−(𝑘+3)𝑑𝑥

∞

0

 

 =
2

(𝑘+2)(𝑘+3)(𝑘+4)
(𝜓′(𝑘 + 1) − 𝜓′(2) + (𝜓(𝑘 + 1) − 𝜓(2) − 𝑘−1

2(𝑘+1)
)
2

−
(𝑘+1)2+4

4(𝑘+1)2
) 

𝐴6 =
1

(𝑘 + 3)(𝑘 + 4)(𝑘 + 5)
∫

𝑥𝛼 ln2( 𝑥𝛼)

(1 + 𝑥𝛼)2
(𝑘 + 2)(𝑘 + 3)𝛼𝑥2𝛼−1(1 + 𝑥𝛼)−(𝑘+4)𝑑𝑥

∞

0

 

 

 =
2

(𝑘+3)(𝑘+4)(𝑘+5)
(𝜓′(𝑘 + 2) − 𝜓′(2) + (𝜓(𝑘 + 2) − 𝜓(2) − 𝑘

2(𝑘+2)
)
2

−
(𝑘+2)2+4

4(𝑘+2)2
) 

𝐴7 =
1

(𝑘 + 3)
∫

𝑥𝛼 ln2( 𝑥𝛼)

(1 + 𝑥𝛼)2
(𝑘 + 3)𝛼𝑥𝛼−1(1 + 𝑥𝛼)−(𝑘+4)𝑑𝑥

∞

0

 

 =
1

(𝑘+4)(𝑘+5)
(𝜓′(𝑘 + 3) − 𝜓′(1) + (𝜓(𝑘 + 3) − 𝜓(1) − 𝑘+2

𝑘+3
)
2
−
(𝑘+3)2+1

(𝑘+3)2
) 

𝐴8 =
2

(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)
∫

𝑥𝛼 ln2( 𝑥𝛼)(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)𝛼𝑥3𝛼−1(1 + 𝑥𝛼)−(𝑘+4)

2(1 + 𝑥𝛼)2
𝑑𝑥

∞

0

 

 =
6

(𝑘+2)(𝑘+3)(𝑘+4)(𝑘+5)
(𝜓′(𝑘 + 1) − 𝜓′(3) + (𝜓(𝑘 + 1) − 𝜓(3) − 2−𝑘

3(𝑘+1)
)
2

−
(𝑘+1)2+9

9(𝑘+1)2
) 
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