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Abstract 

 
 We analysed the effects of suction/injection on the boundary layer and heat transfer 

characteristics of a nanofluid over a nonlinearly stretching sheet. Similarity 

transformations are employed to transform the governing partial differential 

equations into nonlinear ordinary differential equations which are solved numerically 

using the fourth-order Runge-Kutta scheme with a shooting technique. The results 

obtained are presented for different values of the governing parameters for valuesof 

parameters of interest. It is observed that the rate of heat transfer increases sharply 

with suction and later decreases rapidly to a non-zero value while the rate of mass 

transfer decreases rapidly to the ambient value. On the other hand, the rate of heat 

transfer increases with injection, whereas, the rate of mass transfer decreases rapidly. 

The results are benchmarked with published and the agreement is good.  
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1.0 Introduction 

The flow and heat transfer over a nonlinear stretching sheet has important application in polymer processing, environmental 

pollution, biological processes, etc. Also, the diffusion of reactant contaminant in boundary layer flow around a stretching sheet is 

relevant practically in chemical industries and metal and polymer processing industries. It is very important to control the drag and 

the heat flux during the manufacturing process for better product quality. It is noted in [1] that there is a rise in the temperature with 

an increase in the thermophoresis parameter or Brownian motion ;the stretching parameter and the species concentration decrease 

with an increase in Brownian motion while the concentration increases for an increase in the values of the thermophoresis 

parameter. A rising value in Nb and the decreasing in Nt produce a decrease in the nanoparticle concentration as a result of increase 

in the Sherwood number. In their work on numerical solution of   the forced convection boundary layer flow, [2] assumed that the 

stretching velocity and the surface temperature vary nonlinearly along with the distance from theforward stagnation point. The flow 

of an electrically conducting fluid in presence of uniform magnetic field over a stretching elastic sheet was studied by Pavlov [3]. 

By employing Darcy model for the porous medium in [4], the authors discussed the problem of natural convection past a vertical 

plate. They looked into the effect of Brownian motion and thermophoresis parameters on the velocity and temperature profiles. Also 

the author, [5] was the first to introduce the word nanofluid that represents the fluid in which nano scale particles whose diameter is 

less than 100 nm, [6] presented different theories on enhanced heat transfer characteristics of nanofluids and he concluded that 

thermal dispersion phenomenon cannot explain fully the high heat transfer coefficients in nanofluids. In [7], it was proved that 

stretching may not necessarily be a linear function therefore he extended his research to flow over a quadratic and nonlinearly 

stretching sheet respectively. In [8] the behavior of nanofluid molecules in thin channels was explained while [9] explained that the 

thermal conductivity of solid particles is severally better than that of the base or convectional fluids.  The major obstacles facing the 

effectiveness and heat transfer characteristics of the base fluids in heat exchange was discussed by authors of   [10] while 

[11]discussed the heat transfer characteristics of nanofluids by immersing the high conductivity nano particles in base fluids and 

they concluded that the effective thermal conductivity of the fluid increases appreciably and consequently enhances the heat transfer 

characteristics.  Furthermore, analysis of the flow and heat transfer of a MHD Newtonian fluid over impulsively stretched plane 

surface was carried out using an analytical method known as homotophy analysis method by [12]. In [13] ,the viscosity and thermal 

conductivity on hydro magnetic flow over a nonlinear stretching sheet was discussed while the two dimensional mixed convection 

boundary layer MHD stagnation point flow in porous medium bounded by a stretching vertical plate was studied by [14]. 
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The transition effect of the boundary layer flow due to suddenly imposed magnetic field on the viscous flow past a stretching sheet 

and sudden withdrawal of a magnetic field on the viscous flow past a stretching sheet under a magnetic field is discussed in [15] and 

[16] also  discussed radiation and chemical reaction effects of the MHD flow over a vertical plate; they found that in both cases the 

sheet stretches linearly along the direction of the fluid flow. In [17] the radiation effects on unsteady natural convective flow of a 

nanofluid past an infinite vertical plate was discussed while [18] extended this work by considering magnetic field and chemical 

reaction effects on convective flow of dusty viscous fluid. Recently, the authors in [19] analysed the heat and momentum transfer 

characteristics at different channels by immersing the micro or millimetre sized particles in to base fluids.  

Nevertheless, to the best of the authors’ knowledge, no attempt has been made to analyse the simultaneous effects of 

suction/injection on boundary layer flow of a nanofluid over a nonlinearly permeable stretching sheet which is now investigated. 

2. Formulation of the problem 

We considered that the flow is the steady laminar, incompressible and two dimensional boundary layer and heat transfer over a 

nonlinearly stretching sheet. The governing boundary layer equations of continuity, momentum, energy and chemical species 

concentration are (see [1)]): 
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The boundary conditions for equations (1) – (4) are: 

u=Uw, v=Vw, T=Tw, C=C    at y=0, 

U0, TT,     CC,        as y . . . . . . . . . . . . . . . . . . . . .. . . . ….. .(5) 

Where u and v are the velocity components in the x and y directions respectively, T is the temperature, C is the nanoparticle 

concentration, 𝑇𝑊  is the surface temperature, 𝑇 is the ambient temperature, 𝐶𝑊  the nanoparticles volume fraction at the plate and  is 

𝐶the nanoparticles concentration far from the plate,  the suction velocity is𝑣𝑤< 0 while 𝑣𝑤 > 0 is the velocity injection,𝜏 = (𝜌𝑐)𝑝  /

(𝜌𝑐)𝑓  , where(𝜌𝑐)𝑝   is the effective heat capacity of the nanoparticles,(𝜌𝑐)𝑓   is the heat capacity of the base fluid, 𝛼 = 𝑘𝑛𝑓 /(𝜌𝑐)𝑓   is 

the thermal diffusivity of the nanofluid, 𝑣 is the kinematic viscosity, 𝐷𝐵  is the Brownian diffusion coefficient,𝐷𝑇  is the 

thermophoretic diffusion coefficient and  is the stretching/shrinking parameter with > 0  for a stretching surface and < 0  for a 

shrinking surface . The constant n is the nonlinearity parameter with n=1for the linear case and n ≠ 1 is for the nonlinear case.  It is 

assumed that the surface is stretched or is shrunk with the velocity  𝑈𝑤 = 𝑎𝑥𝑛 , where a > 0 is a constant. Thus, for a nonlinear flow 

of a fluid over a permeable stretching surface, by using Roseland approximation, the radiation heat flux qr is given by: 
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Where 𝜎∗ and 𝑘∗  are the Stefan- Boltzmann constant and the mean absorption coefficient respectively. Considering the temperature 

differences within the flow sufficiently small such that 𝑇4  may be expressed as the linear function of temperature. Then expanding 

𝑇4 in Taylor series about 𝑇∞ and neglecting higher-order terms takes the form: 

𝑇4 ≅ 4𝑇∞
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4 . . . . . . . . . .. . . . . . . . . . . . . .  ... .. . . . .  . ..  . . ..  . .. . . . .  .(7) 

Equation (3) reduces to 
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Equations (1) to (4) were subjected to the boundary conditions (5) .The governing partial differential equations can be solved by 

transforming them to ordinary differential equations by using similarity functions: 
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Where prime denotes differentiation with respect to η. To have similarity solution of equations (1) to (5), we assume: v = 

− 
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2
𝑥
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2 𝑆, where the constant parameter S corresponds to suction (S < 0) and injection (S>0) By applying these similarity  
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variables on the governing partial differential equations, transformed conservation equations and boundary conditions  , thus  

obtained as follows ( [1]): 

𝑓 ′′′ + 𝑓𝑓 ′′ −
         2𝑛    𝑓 ′ 

2

𝑛+1
= 0  . .  . . . . . . . . . . . . . . .. . . . . . . . . .. . . . . . . . .  ……... (10) 

𝜃′′ + Pr(𝑁𝑏𝜃
′′ +  𝑁𝑡 𝜃

′ 2 +  𝑓𝜃′ +  𝐸𝑐 𝑓 ′′ 2)/ 1 +  𝑃𝑟𝑅 = 0 . .. . . . . .. ……. (11) 

′′ +
𝑁𝑡

𝑁𝑏
𝜃′′ + 𝐿𝑒𝑓′ = 0. .  . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . .  .... . ... . ……..  (12) 

    The boundary Conditions are: 

𝑓 0 = 𝑆,𝑓 ′(0) = ,   θ 0 = 1,  0 = 1  as  0 

𝑓 ′  0, θ  0,  0                   as  . . .. . . . . .  . .......  .. . . . ........... (13) 

   Where dimensionless parameters are defined as: 

𝑃𝑟 =
ѵ

𝛼
(Prandtl number),   𝐿𝑒 = 𝑣/𝐷𝑏 (Lewis number),  
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The quantities of physical and engineering interest are the skin friction coefficient 0,the  reduced Nusselt number − ′
0 and 

the reduced Sherwood number - 
′
0. From the knowledge of the Nusselt number, the local convection coefficient may be found 

and the local heat flux may then be computed. The reduced Sherwood number on the other hand is the parameter that defines the 

dimensionless concentration gradient at the surface, and it provides a measure of the convection mass transfer occurring at the 

surface.The skin friction coefficient can be used to compute stresses at the wall. 
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The local heat transfer rate (local Nusselt) number is given by 
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 The local Sherwood number is; 

𝑆𝑥 =
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where 𝑞𝑤  and 𝑞𝑚  denotes the wall heat and mass flux rates respectively. 
 

3.  Numerical solution 

The set of ordinary differential equations (10)-(12) has been solved numerically, using the boundary value problem (bvp) solver in 

Matlab Software, subject to the boundary conditions stated in equation (13). Solutions for the dimensionless parameters such as 

Prandtl number (Pr), Lewis number (Le), suction/injection parameter (S), radiation parameter (R) and stretching parameter (), has 

been obtained. The effect of thermal radiation on boundary layer flow and heat transfer over a nonlinearly permeable stretching 

sheet in a nanofluid with suction/injection are studied for different values of the governing parameters. 

The results of our numerical procedure are compared for -0  with that of previously published work and is found to be in good 

agreement. 

Table 1: Comparison of the values of -0  with those of Rana and Bhargava for Ec=0,R=0, Nt=Nb=0 and by setting  f (0) =0 , 

𝑓 ′(0) =1  for the boundary conditions  for various values of Pr and n shown.  
Pr n Cortell [21] Rana and Bhargava [20] Present results  

1.0 0.2 0.610262 0.6113 0.61022 

0.5 0.595277 0.5967 0.59522 

1.5 0.574537 0.5768 0.57477 

10 0.554960 0.5578 0.55495 

5.0 0.2 1.607175 1.5910 1.60778 

0.5 1.586744 1.5839 1.58678 

1.5 1.557463 1.5496 1.55769 

10 1.528573 1.5260 1.52893 
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4. Results and Discussion 

Figures 1-2 depict the effect of suction (S > 0) and injection (S < 0)on dimensionless velocity profiles f '(). It can be seen from the 

graph that the suction slows down the velocity of flow showing that suction reduces the boundary layer thickness and thus stabilizes 

the boundary layer growth, while injection increases the velocity in the boundary layer indicating that injection helps the flow to 

penetrate more into the fluid. In figures 3 and 4 the effect of suction and injection on the local skin friction coefficient are 

illustrated. Increasing the suction parameter (S > 0) increases the local skin friction coefficient up to the point where =0.3, 

thereafter, the local skin coefficient increases steadily. On the other hands, injection of more fluid into the boundary layer increases 

the local skin friction coefficient up to the point where =1.2 before it  decreases to non-zero value.  Figures 5 and 6, show that the 

concentration distribution decreases for increasing values of the suction parameter while the concentration increases for decreasing 

values of the injection parameter. With figures 7 and 8, we see temperature distribution decreasing for increasing the value of 

suction parameter while the temperature distribution increases for increasing injection parameter. This means that larger suction 

leads to faster cooling of the wall surface, which is of utmost importance in many engineering applications. But for larger values of 

injection parameter (S < 0) the temperature increases at the beginning until it achieves a certain value then decreases to the ambient 

value. This means that large values of the injection parameter the wall temperature gradient is positive which can be physically 

interpreted to mean that the heat is transferred from fluid to the surface. We also note this in figures 9 and 10, that the local Nusselt 

number increases rapidly at the initial point and later decreases at a point where (<0.5) to a non-zero value for increasing values of 

suction parameter. For the different values of injection parameter the local Nusselt number increases until a rapid increase occurs at 

a point where (1.8) and then increases rapidly to non-zero values. Figures 11 and 12, showthat the rate of mass transfer drops 

rapidly to near zero for increasing suction and increases gradually only to drop rapidly at about (=1.4) to non-zero values for 

decreasing values of injection parameter 
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Figure 1: velocity profiles for 

various values of suction parameters. 

Figure 2: velocity profiles for various 

values of injection parameters. 

 

 

 

Figure 3: Skin friction for various 

values of suction parameters. 

Figure 4: Skin friction for various 

values of injection parameters. 
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Figure 5: Concentration distribution for 

various values of suction parameters. 

Figure 6: Concentration distribution for 

various values of injection parameters. 

 

 

 

Figure 7: Temperature distribution for 

various values of suction parameters. 

Figure 8: Temperature distribution for 

various values of injection parameters. 

 

 

 

 

Figure 9: Rate of heat transfer for 

various values of suction parameters. 
Figure 10: Rate of heat transfer for 

various values of injection parameters. 
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5. Conclusion 

In conclusion, it is observed that large suction increases the local skin friction while large injection, though increases the local skin 

friction at first, nevertheless it decreases the local skin friction to a non-zero value. Furthermore, the heat transfer rate increases with 

suction initially it later decreases to a non-zerovalue towards the end of the boundary layer. The mass transfer rate drops rapidly 

to near zero value for increasing suction parameter, while it drops rapidly to non-zero values for decreasing injection parameter 
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 𝐷𝑏           𝐵𝑟𝑜𝑤𝑛𝑖𝑎𝑛 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡                                                                                                                             
𝐷𝑡           𝑡𝑒𝑟𝑚𝑜𝑝𝑜𝑟𝑒𝑡𝑖𝑐 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡                                                                                                          
𝐾𝑒𝑓𝑓        𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑡𝑒𝑟𝑚𝑎𝑙 𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑖𝑡𝑦                                                                                                                   

𝐿𝑒         𝐿𝑒𝑤𝑖𝑠 𝑛𝑢𝑚𝑏𝑒𝑟                                                                                                                                                           
𝑁𝑏         𝐵𝑟𝑜𝑤𝑛𝑖𝑎𝑛 𝑚𝑜𝑡𝑖𝑜𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟                                                                                                                                         
𝑁𝑡          𝑇𝑒𝑟𝑚𝑜𝑝𝑜𝑟𝑒𝑠𝑖𝑠 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟                                                                                                                                     
𝑁𝑢        𝑁𝑢𝑠𝑠𝑒𝑙𝑡 𝑛𝑢𝑚𝑏𝑒𝑟                                                                                                                                                                   
 𝑆        𝑆𝑒𝑟𝑤𝑜𝑜𝑑 𝑛𝑢𝑚𝑏𝑒𝑟                                                                                                                                                                   
𝑅           𝑅𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟                                                                                                                                                                  
𝑞            𝑤𝑎𝑙𝑙 𝑒𝑎𝑡 𝑓𝑙𝑢𝑥                                                                                                                                                          
𝑅𝑒         𝑅𝑒𝑦𝑛𝑜𝑙𝑑𝑠 𝑛𝑢𝑚𝑏𝑒𝑟                                                                                                                                                    
𝑇𝑤          𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑎𝑡 𝑡𝑒 𝑤𝑎𝑙𝑙                                                                                                                                       
𝑇∞        𝐴𝑚𝑏𝑖𝑒𝑛𝑡 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒                                                                                                                                           
𝑢∞        𝑓𝑟𝑒𝑒 𝑠𝑡𝑟𝑒𝑎𝑚  𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦                                                                                                                                            
Greek symbols 

𝛼            𝑡𝑒𝑟𝑚𝑎𝑙 𝑑𝑖𝑓𝑢𝑠𝑠𝑖𝑣𝑖𝑡𝑦 

𝜂            𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑒𝑠𝑠 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒                                                                                                                                    
𝜃            𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑒𝑠𝑠 𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛                                                                                                                        
             𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑝𝑛𝑙𝑒𝑠𝑠 𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 

             𝑠𝑡𝑟𝑒𝑡𝑐𝑖𝑛𝑔 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 

𝜇             𝑑𝑦𝑛𝑎𝑚𝑖𝑐 𝑣𝑖𝑠𝑐𝑜𝑠𝑖𝑡𝑦 𝑜𝑓 𝑓𝑙𝑢𝑖𝑑                                                                                                                                                    
𝜌𝑓            𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑜𝑓 𝑓𝑙𝑢𝑖𝑑                                                                                                                                                      

𝜌𝑠             𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑜𝑓 𝑛𝑎𝑛𝑜  𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒                                                                                                                             
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Figure 12: Rate of mass transfer for 

various values of injection 

parameters. 

 

Figure 11: Rate of mass transfer for 

various values of suction parameters. 
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(𝜌𝑐)𝑓       𝑒𝑎𝑡 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝑜𝑓 𝑓𝑙𝑢𝑖𝑑                                                                                                                                                                                                                     

(𝜌𝑐)𝑝       𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒  𝑒𝑎𝑡 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝑜𝑓 𝑛𝑎𝑛𝑜 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒                                                                                               

𝜏              𝑜𝑓 𝑡𝑒 𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑒𝑎𝑡 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝑜𝑓 𝑡𝑒 𝑛𝑎𝑛𝑜 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑎𝑛𝑑 𝑡𝑎𝑡 𝑜𝑓 𝑡𝑒 𝑓𝑙𝑢𝑖𝑑                                                                                                         
ѵ              kinematic viscosity of fluid 

 

Subscripts 

𝑤     𝑟𝑒𝑓𝑒𝑟𝑠 𝑡𝑜𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑡 𝑡𝑒 𝑤𝑎𝑙𝑙                                                                          
∞    𝑟𝑒𝑓𝑒𝑟𝑠 𝑡𝑜 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑡 𝑡𝑒 𝑓𝑟𝑒𝑒 𝑠𝑡𝑟𝑒𝑎𝑚                                                                                                              
 𝑛𝑓  𝑟𝑒𝑓𝑒𝑟𝑠 𝑡𝑜 𝑛𝑎𝑛𝑜𝑓𝑙𝑢 
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