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Abstract 
 
This paper presents a plasma wakefield acceleration scheme driven by positron 

beam using the particle-in-cell simulation code in two dimensions. A ����� positron 
beam of �����  charge,	�
�  long beam and a transverse size of ��
�  is 
propagated through a 
�  long plasma with initial density of � × 
��
��� . The 
particles in the plasma were variably weighted to represent the density ramp. The 
initial beam density was set to a value greater than the plasma density and the beam 
propagation followed the magnetically self-focused regime. Results show that as the 
beam entered the plasma, the plasma wakefield was excited as a result a strong axial 
electric field gradient (accelerating gradient) slightly in excess of �. ���/�.When the 
plasma density was increased from � × 
��
���to � × 
��
���, the accelerating 
field gradient increased up to �. 
����
 . The peak self-focusing magnetic field 
gradient (B-field) achieved was about	�. ��	�/�. This value was sufficient enough to 
induce noticeable plasma density perturbation which in turn enhanced the positron 
beam acceleration. 
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1.0     Introduction 
Due to the limitations of conventional accelerators,several attempts have been made to use plasma in place of metallic walls 
of the conventional accelerators to accelerate charged particles to high energies. The energy requirements in the present day 
frontier of high energy Physics is several trillion electron volts. To build conventional accelerators (suchas the Large Hadron 
Collider(LHC) and the International Linear Collider (ILC)) in this energy regime is very expensive and time consuming. 
Many of such projects are often abandoned midstream due to funding constraints. It is therefore imperative to explore new 
methods of accelerating charged particles to high energies [1]. Plasma have extraordinary potentials for advancing the energy 
frontier in high energy physics due to the large focusing and accelerating fields that are generated[2]. Plasma can sustain high 
electric field gradient which ordinarily will melt the conventional accelerator’s components. Typical breakdown due to 
electric field gradient of	100������  has been reported in the literature [3]. Enhanced plasma-based accelerator schemes 
utilizing relativistically propagating plasma waves have been under active investigation because of their potentials to 
accelerate charged particles at gradients that are order of magnitude greater than those currently employed in radio frequency 
cavitiesconventional colliders [4 -7]. 
The ultimate utility of plasma accelerators will depend on sustaining ultrahigh accelerating fields over a substantial length to 
achieve significant energy gain. Impressive gradient much in excess of 1������, 2.0����� and the energy gain of	2.7���, 
≲ 100���   have been obtained but only over plasma lengths of < 1$�,13$�, 10$�respectively [4,2,9,10].Where the 
plasma length could be appreciable (1.4m), the energy gain is drastically very low &192������([8]. Plasma density 
fluctuations have been known to enhance the strength of the accelerating electric field. Accelerating field gradient of3.2 ×
10������ at low density and5.2 × 10������ at high density ramp have been reported [11]. 
The essence of this paper is to use the particle-in-cell (PIC) simulation to achieve high accelerating field gradient in1� long 
plasma with positrons as the drive beam. Such a plasma length will be sufficient enough for the drive beam to significantly  
 
 
Corresponding author: Gangtak N., E-mail:pgangtak@gmail.com, Tel.: +2348160643107 
 

Journal of the Nigerian Association of Mathematical Physics Volume 34, (March, 2016), 323 – 330 



324 

 

Simulation of Positron Beam…           Gangtak, Anchaver andEchi   J of NAMP 

 
lose its energy to the wakefield.Our results may significantly impact on the applicability of plasma acceleration scheme to 
high energy accelerators. 
 
2.0  Theoretical Consideration 
2.1 Plasma Wave Generation 
The physical factor responsible for generating plasma waves in a plasma wakefield acceleration scheme is the space charge 
force of the drive beam. When the positron propagates into the background plasma, the beam density *+ generates a space 
charge potential via Poisson’s equation [12] 

 ∇-. = 01- 2 3
34
+ 36

34
− 18        (1) 

Where n is the electron plasma density, *9 is the uniform plasma density, . is the electric potential and 01- =
:;<

=< . The space 

charge force required to drive the plasma wake is given by 
  > = −�$-∇.        (2) 
Consider that *+ ≪ *9 and if the radius of the beam is @+ ≫ B1, then equation (1) reduces to the form 

  ∇-. = 01- 2 3
34
− 18       (3) 

The plasma electrons will respond to the space charge potential of the beam, thus the plasma density is perturbed&C* =
−*+(. That is the beam density has a perturbation effect on the electron plasma density. Therefore if the beam terminates in a 
period less than D1

��, a wakefield (charge density oscillation) of the form of equation (4) is generated 
  C* = *+EF*01&G − $H(       (4)  
But the axial electric field gradient due to the wakefield behind the drive beam is given by 

   
IJK
IL = −4N�C*       (5) 

Substituting equation (4) into (5) yields 

  
IJK
IL = −4N�*+EF*01&G − $H(      (6) 

Integrating equation (6) yields 
  OL = 4N� 36

P;
$QE01&G − $H(      (7) 

Equation (7) describes the longitudinal component the longitudinal component of the wakefield behind the drive beam. Thus 
the peak amplitude of the wake is given by 

  ORST = 236348 O9        (8) 

whereO9 is the nonrelativistic wave-breaking field given by 
   O9 =

=RU:;
V   (9)  

where c is the speed of light, �V is the mass of electron, D1 is the plasma frequency and e is the elementary charge. 
To account for the self-consistent transverse electric and the self-focussing magnetic fields the full Maxwell electromagnetic 
equations have to be used. That is 

         (10) 

          (11) 

The field solutions of these equations are used in pushing particles in accordance with the Newton-Lorentz laws: 

         (12) 

2.2  Particle-in-Cell Simulations 
The particle-in-cell (PIC) simulation package Vsim (version 7.2) incorporating the Vorpal simulation engine is used to 
implement 2-D PIC simulations of the positron beam propagated through the plasma. The simulation package consists of an 
electromagnetic solver that uses the Yee algorithm and initBeam macro to set up the initial beam properties. The beam 
(positron beam) travels near the speed of light and Matched Absorbing Layers (MALs) are used on the transverse sides of the 
window to absorb outgoing waves. The plasma is represented by macro-particles and both the beam and plasma are moved 
using the Boris push. The plasma particles are variably weighted to represent density ramp. It is assumed the plasma consists 
of pre-ionized heavy ions, which do not move in the time frame of the simulations. The positron beam initializes the field 
using a speed of light frame Poisson equation solve, then the fields are evolved using Finite Difference Time Domain 
(FDTD) PIC [13]. That is an electrostatic solution in the bunch rest frame is performed, and the resulting electric field is  
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transformed to the plasma rest frame to provide the bunch’s initial electromagnetic field. The electromagnetic fields are then 
updated in a FDTD scheme using the Yee algorithm. Vorpal initially loads the particles bunch onto a regular grid as an even 
distribution of variable-weight macro particles which helps to eliminate numerical instabilities due to density fluctuations 
[10].  
The positron beam is launched from W = 0 in the positive x-direction using the Lorentz boosted Poisson fields to ensure that 
the simulation is self-consistent from start. The beam is allowed to propagate forward into a ramped plasma density 
distribution, and simulation runs for a specified number of time steps, with data dumped periodically to Hierarchical Data 
Format version 5 (HDF5) files – a file format for storing graphical and numerical data and for transferring data between 
computers. The basic PIC procedure is illustrated in Figure 1 while the input parameters are shown in Table 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 1: Parameters used in this simulation 
   Parameter                                                                Value 
Plasma density X*1Y3 × 10-���Z 
Number of plasma particles per cell                                  9 
Number of cells [∆W, ∆]^[128, 176^ 
Total number of cells                                                        22528 
Total number of plasma particles                                     202752 
Number of beam particles per cell                                     16 
Total number of beam particles                                      360448 
Grid size [LX, LY]                                                        [12 × 10�Z, 44 × 10�a^ 
Beam density &*+(6.61 × 10-���Z 
Beam energy                                                                  30��� 
Beam charge                                                                    500bc 
RMS Beam Length   &dL(75e� 
RMS Beam Radius &df(20e� 
Mass of positron                                                     9.1092 × 10�Z�0g 
Speed of light (C)                                                2.9979 × 10h�/E 
Plasma length                                                              1� 
Plasma frequency                                                       3.255 × 10iE�� 
Elementary charge &�j(1.6 × 10��kc 
Pi &N(3.142 
 
3.0    Results and Discussion 
Figure 2(a) shows the initial beam profile and the longitudinal wakefield in Cartesian coordinates. Here y – and x – axes are 
the transverse and longitudinal coordinates in metre containing the initial beam and wakefield profile before full propagation 
of the positron beam (FPPB) in the plasma, while (b) is the initial longitudinal electric field gradient cast on axis, where the 
transformer ratio is unity indicating that the beam has not lost its energy. To this end, the beam is stiff and its particles do not 
physically move.  
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Figure 2: (a) The initial longitudinal wakefield and positron beam profile where the ovoid pink structure is the positron beam 
the blue structure is the wakefield. (b) the electric field gradient cast on axis. 
Figure 3(a) shows the longitudinal wakefield profile as contour colour plot after FPPB in the plasma, where a periodic 
wakefield (space - charge oscillation or charge disturbance) is observed with a phase velocityl~$. In (b) is the longitudinal 
electric field gradient (accelerating field) cast on axis after FPPB through the plasma. The peak accelerating field is slightly 
in excess of  2.9��/� which is greater than the one in literature [2,4, 8 -10].  

 
Figure 3:(a) the longitudinal wakefield profile as contour colour plot. (b) Longitudinal electric gradient after FPPB through 
the plasma. 
Figure 4 is the vector profile of Figure 3(a) illustrating the effects of the beam’s space charge on the plasma electrons after 
FPPB through the plasma, where the plasma electrons are pulled from different radii arrive at different time along the beam. 
The curves shown here are contour curves of various constant electric fields. 

 
Figure 4: Vector profile of figure 3(a) (beam space charge (red), plasma electrons and wakefield behind the beam (green)). 
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Figure 5 is an overlay (superimposition) of the colour contour plot of longitudinal wakefield profile (Figure 3(a)) on its 
vector profile (Figure 4) depicting clearly the charge disturbance behind the beam, plasma electrons sucked in from different 
distance within the plasma and some electrons trapped by the beam and get accelerated as well. 

 
Figure 5: Overlay of the longitudinal wakefield profile on its vector profile after FPPB through the plasma. 
Figure 6(a) shows the unperturbed longitudinal plasma density profile before FPPB, while (b) is the unperturbed plasma 
density cast on axis before FPPB through the plasma. This reveals that the plasma density is not perturbed until the beam is 
propagated in the plasma as revealed by Figure 7. 

 
Figure 6: (a) Longitudinal unperturbed plasma density profile. (b) Longitudinal plasma density profile cast on axis. 
Figure 7(a) shows the colour contour profile of the longitudinal perturbed plasma density after FPPB through plasma .This 
indicates a strong charge density behind the beam which result in a spike of the electric field components. (b) Shows the 
perturbed plasma density profile cast on axis after FPPB through the plasma. 

 
Figure 7: (a) the perturbed plasma density profile after FPPB through the plasma. (b) Theperturbed plasma density profile 
cast on axis.  
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Figure 8(a) is the longitudinal wakefield as colour contour plot, while (b) the electric field gradient after FPPB through the 
plasma when plasma density is increased from 3 × 10-���Z to 6 × 10-���Zwhile other parameters remain constant. The 
peak electric field gradient (accelerating field) is ≳ 4.1��/�. The increase in the accelerating field gradient may be due to 
the high level of nonlinearity in the wakefield as suggested by it non-sinusoidal nature when compared to that of figure 3(a). 
Also comparing Figures 7 and 9, one sees that the plasma density is more perturbed in Figure 9 (when the plasma density was 
increased) than in Figure 7 (when the density was low). This implies that plasma density fluctuation may be another reason 
for the increase in the accelerating gradient similar to the findings in [11]. 

 
Figure 8: (a) the longitudinal wakefield profile as contour colour plot and (b) longitudinal electric gradient after FPPB 
through the plasma at the plasma density	6 × 10-���Z. 
Figure 9(a) is the colour contour profile of the longitudinal perturbed plasma density after FPPB through plasma and (b) 
shows the perturbed plasma density profile cast on axis after FPPB through the plasma at initial density of 	6 × 10-���Z. 

 
Figure 9: (a) the perturbed plasma density profile after FPPB through the plasma and (b) the perturbed plasma density profile 
cast on axis at	6 × 10-���Z. 
Figure 10(a) shows the longitudinal profile of the magnetic field (focusing field) as colour contour plot, while (b) is the 
longitudinal profile of the field cast on axis after FPPB through the plasma. 

 
Figure 10: (a) Longitudinal profile of the magnetic field. (b) Longitudinal profile of magnetic field cast on axis.  
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From Figure 10b, the peak value of the self-focusing B-field is about 0.62o���. This value is sufficient enough to cause the 
plasma density ramp observed in Figure 9b. It is practically intuitive that the more focus a traversal beam is, the more density 
fluctuation it can induce on the host plasma since the plasma electrons will have longer distances to move before reaching the 
of beam propagation. 
Figure 11 is the phase space plot of the drift velocity of the beam in m/s against the longitudinal distance in m, showing the 
resulting acceleration of the positron beam particles after FPPB through the plasma.   

 
Figure 11: Illustrates the resulting acceleration of the beam particles after FPPB. 
 
4.0 Conclusion  
The main results of the interactions of positron beam with the plasma in a plasma wakefield acceleration scheme has been 
considered. The beam/plasma parameters used in this simulation yields an accelerating gradient slightly in excess of 2.9��/
� . But when the plasma density was increased from 3 × 10-���Z  to 6 × 10-���Z  while other parameters remain 
unchanged, a sudden increase in accelerating gradient slightly in excess of 4.1��/� is achieved. Also the plasma density is 
perturbed when the beam is propagated in the plasma otherwise the plasma density remains unperturbed. This suggests that 
the positron beam parameters used will yield high accelerating gradient when propagated in plasma of appropriate density. 
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