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Abstract 

 
Four of numerous solutions to multivariate Behrens-Fisher problem were 

selected for comparison. The four selected invariant solutions were; Yao, Johansen, 
James and Krishnamoorthy and Yu. Data were simulated to compare the four 
solutions under different distributions (Multivariate Beta, Multivariate Gamma and 
Multivariate Normal), sample sizes (N = 20, 30, 50, 100, 200, 400 and 600), number of 
variables (p = 2, 3 and 5) and for equal and unequal sample sizes. The comparisons 
were done at three levels of significance (α = 0.01, 0.025 and 0.05) using power of the 
test and type I error rate. The results showed that James procedure is better than all 
other procedure when p = 2 with small sample sizes, because it has second highest 
power with the lowest type I error rate. But when number of variables p = 3 or 4 and 
with large sample sizes, all the four procedures’ performances are the same. 
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1.0     Introduction 
The statistic used to test the hypothesis that two mean vectors are equal (��:	�� = ��) is Hotelling’s 
�. 

� = ���


����
 ��̅� − �̅�)′�������̅� − �̅�)      (1) 

Where 

��� = �
����
��

���� − 1)�� + ��� − 1)���  (2) 

and�̅� and �� are the sample mean vector and sample variance –covariance matrix of the ith sample. 
Hotelling’s
�, has three basic assumptions that are fundamental to the statistical theory; independent, multivariate normality 
and equality of variance-covariance matrices [1, 2]. A statistical test procedure is said to be robust or insensitive if departures 
from these assumptions do not greatly affect the significance level or power of the test. 
To use Hotelling’s
�, one must assume that the two samples are independent and that their variance-covariance matrices are 
equal�Σ� = Σ� = Σ). When variance –covariance matrices are not homogeneous, the test statistic will not be distributed as 
a
�. This predicament is known as the multivariate Behrens-Fisher problem[3].  
The Behrens-Fisher Problem is the problem of interval estimation and hypothesis testing concerning the differences between 
the means of two normally distributed populations when the variances of the two populations are not equal. Multivariate 
Behrens-Fisher problem deal with testing the equality of two normal mean vectors under heteroscedasticity of dispersion 
matrices  
The problem of comparing independent sample means arising from two populations with unequal variances has been studied 
for many years and there is a sizable literature. Historically, this problem has come to be known as the Behrens-fisher 
problem. The comparison of the means of two populations on the basis of two independent samples is one of the oldest 
problems in statistics.  Indeed, it has been a testing ground for many methods of inference as well as for a variety of analytic 
approaches to practical problems. 
Yao [4]test procedure’s Type I error rate was lower than that of James in almost all cases. Subrahmaniam and 
Subrahmaniam[5, 6] compared the tests of Bennett, James and Yao and concluded that though Bennett’s procedure achieves 
exact protection of the level of significance, its power was “extremely poor, particularly for unequal sample sizes”. They also 
found that James’ test had the highest power among the three solutions but had a higher Type I error rate than Yao’s test, 
particularly when the smaller sample is associated with the larger variance-covariance matrix. 
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Alginaand Tang [7] and Algina, Oshima and Tang [8] verified the results of [4]. Algina, Oshima and Tang [8] included 
Johansen’s solution in their simulation and found its Type I error rate to be roughly equivalent to that of Yao’s solution. It 
was shows that the Type I error rates for Johansen’s test improve as the ratio of the smaller sample size to the number of 
variables increases. 
Kim[9] reported that the Type I error rate for his test was almost always more conservative than that of Yao’s test.  He 
showed that there was no apparent difference in power (after adjusting for the Type I error rate) between the two procedures 
when the smaller sample was associated with the smaller variance-covariance matrix. However, Kim’s procedure had higher 
power than Yao’s (after adjusting for the Types I error rate) when the smaller sample was associated with the larger variance-
covariance matrix. 
De la Rey and Nel’s[10] comparisons of Bennett’s, James’, Yao’s and Nel and van der Merwe’s and Yao’s stand out as better 
solutions. James’ test showed the highest power, but its significance levels were usually high, especially as the 
dimensionality (p) increased.  
 
2.0 Methodology 
This study would only compare the solutions that are invariant to nonsingular transformations of the data namely: Yao, 
Johansen, James and Krishnamoorthy and Yu. Where ��� =	�� �� ,			� = 1, 2, �� = 	 ��� +	���, 
� =	 �!"� − !"�)′����⁄ �!"� − !"�) 
1. Yao 

Yao [4] invariant test. This is a multivariate extension of the Welch ‘approximate degree of freedom’ solution 
provided by Turkey. And is based on 
�	~		�%& �% − & + 1)⁄ )'�,(���� with the  d.f.v  given by 
�
( =

�
�)
)
∑

�
�+�� ,��̅� − �̅�)′�������������̅� − �̅�)-

���.�    (3) 

2. Johansen 
Johansen [11] invariant test. We use 
�	~		/'�( where 

 / = & + 20 − 60 �&�& − 1) + 	2�, % = 	&�& + 2) 30⁄⁄     (4)                                        

0 = 	 ��∑ 345 6�7 − 8����� +	�����9�������)�: + 	45 6;7 − 8����� +	�����9�������<:
�=��.� ��>   (5) 

3. James 
 James[12] test for equality of mean vector involves a correction for ?�   critical values. The statistic T2 has 

approximate critical value as ?�
@,��A + B?@,�� ), where ?�

@,� is the upper C quantile of the chi-square distribution 

with p degrees of freedom. The values of A and B are given by 

A = 1 + �
��∑

�
�+�� ,458��

�����9-���.�       (6)      

  B = �
������)∑

�
�+�� D45 628��

�����9�: + ,458�������9-�E��.�    (7)   

         
4. Krishnamoorthy and Yu 

Krishnamoorthy and Yu [13, 14] modified Nel/ Van der Merwe invariant 
solution. We use the idea as before, namely,  

�	~		�%& �% − & + 1)⁄ )'�,(����with the d.f. v defined by 

%FG = �& + &�) H8���, ���9⁄  

8���, ���9 = 	 ��� D45 68�����
��9�: + ,458�������9-�E + �

�
 D45 68�����
��9�: + ,458�������9-�E (8) 

2.1  Testing Equality of Variance-Covariance 
For a test of equality of variance-covariance matrices, we used the statistic 

I = �J − K)LMK|�| −O %�LMK|��|
P

�.�
 

S is the pooled-within estimate of the variance –covariance matrix and g denotes the number of groups (populations) 

� = 1
J − KO %���

P

�.�
 

Where  

J = O J�
P

�.�
 

Anderson [15] and Kullback[16] used this statistic to test equality of variance-covariance and however, multiplying M by 1 – 
C, where; 
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H = 2&� + 3& − 1
6�& + 1)�K − 1) QO

1
vS −

1
N − g

V

S.�
W 

?X� = �1 − H)I 
More rapidly approximates a chi-square distribution with degrees of freedom 

    % = �����)�P��)
�  

Ho is rejected at the significance level α if ?X� > ?@�()�  
 
3.0  Simulation 
A simulation using R statistics was conducted in order to estimate the Type I error rate and power for each of the previously 
discussed approximate solutions (James, Johanson, Yao and Krishnamoorthy). The distributions considered were; 
Multivariate Normal, Multivariate Beta (Dirichlet) and Multivariate Gamma. Small (N = 20, 30), medium (N = 50, 80, 100) 
and large  (N = 150, 400, 600) samples were also considered and the dimensionality (p) used were p = 2, 3 and 4. For each of 
the above combinations, an n1 x p data matrix X1 and n2 x p data matrix X2 were replicated 1,000. The comparison criteria; 
type I error rate and power of the test were therefore obtained and the results were presented in Tables 1 to 6. 
 
Table 1: Power of the test for Multivariate Beta  

                        α=0.01                        α=0.025                      α=0.05 

 Jam John Yao Kris Jam John Yao Kris Jam John Yao kris 

Unequal 
sample(n1≠n2) 

P=2 20,30 0.317 0.662 0.147 0.147 0.432 0.746 0.233 0.233 0.526 0.799 0.320 0.320 
50,60 0.603 0.877 0.314 0.314 0.709 0.922 0.429 0.429 0.788 0.950 0.533 0.533 
100,120 0.875 0.983 0.595 0.594 0.924 0.992 0.697 0.696 0.947 0.995 0.769 0.769 
400,600 1.000 1.000 0.997 0.997 1.000 1.000 0.999 0.999 1.000 1.000 0.999 0.999 

P=3 20,30 0.481 0.924 0.132 0.132 0.591 0.951 0.212 0.211 0.690 0.971 0.300 0.299 
50,60 0.796 0.990 0.287 0.286 0.866 0.994 0.405 0.405 0.906 0.996 0.502 0.502 
100,120 0.963 0.999 0.545 0.544 0.977 0.999 0.653 0.652 0.987 0.999 0.739 0.739 
400,600 0.999 1.000 0.981 0.981 1.000 1.000 0.990 0.990 0.999 1.000 0.993 0.993 

P=4 20,30 0.689 0.995 0.141 0.140 0.784 0.997 0.222 0.222 0.837 0.999 0.314 0.315 

50,60 0.962 1.000 0.357 0.356 0.977 1.000 0.477 0.476 0.988 1.000 0.584 0.583 

100,120 0.999 1.000 0.693 0.692 0.999 1.000 0.786 0.785 0.999 1.000 0.853 0.852 

400,600 1.000 1.000 0.999 0.999 1.000 1.000 0.999 0.999 1.000 1.000 1.000 1.000 

Equal 
sample(n1=n2) 

P=2 30,30 0.337 0.681 0.157 0.157 0.481 0.796 0.261 0.261 0.556 0.822 0.342 0.343 
80,80 0.773 0.958 0.457 0.456 0.824 0.964 0.557 0.556 0.886 0.979 0.657 0.656 
150,150 0.964 0.998 0.773 0.773 0.969 0.997 0.813 0.812 0.999 0.999 0.887 0.887 
600,600 1.000 1.000 0.999 0.999 1.000 1.000 0.999 0.999 1.000 1.000 0.999 0.999 

P=3 30,30 0.550 0.945 0.154 0.155 0.663 0.969 0.240 0.241 0.747 0.978 0.334 0.336 
50,50 0.913 0.999 0.418 0.417 0.946 0.999 0.532 0.532 0.963 0.999 0.632 0.631 
150,150 0.985 0.999 0.679 0.679 0.992 0.999 0.772 0.772 0.995 0.999 0.845 0.845 
600,600 1.000 1.000 0.989 0.989 0.999 1.000 0.994 0.994 1.000 1.000 0.997 0.997 

P=4 30,30 0.797 0.999 0.184 0.184 0.865 0.999 0.279 0.280 0.909 0.999 0.381 0.382 
80,80 0.994 1.000 0.533 0.532 0.997 1.000 0.661 0.660 0.999 1.000 0.745 0.745 
150,150 1.000 1.000 0.841 0.841 1.000 1.000 0.906 0.906 1.000 1.000 0.941 0.941 
600,600 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
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Table 2: Type I error rate of the test for Multivariate Beta  
                        α=0.01                       α=0.025                      α=0.05 
 Jam John Yao Kris Jam John Yao Kris Jam John Yao kris 

Unequal 
sample(n1≠n2) 

P=2 20,30 0.16
8 

0.87
3 

0.16
7 

0.16
5 

0.30
9 

0.92
0 

0.30
4 

0.30
7 

0.44
4 

0.94
0 

0.43
9 

0.44
4 

50,60 0.58
6 

0.98
6 

0.58
6 

0.58
6 

0.73
5 

0.98
9 

0.73
5 

0.73
6 

0.84
6 

0.99
7 

0.84
6 

0.84
6 

100,12
0 

0.93
4 

1.00
0 

0.93
4 

0.93
4 

0.97
2 

1.00
0 

0.97
5 

0.97
5 

0.98
7 

1.00
0 

0.98
7 

0.98
7 

400,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

P=3 20,30 0.13
3 

0.99
4 

0.32
5 

0.31
6 

0.48
7 

0.99
6 

0.47
7 

0.48
0 

0.63
3 

1.00
0 

0.62
8 

0.62
5 

50,60 0.82
0 

1.00
0 

0.81
8 

0.81
7 

0.90
2 

1.00
0 

0.90
3 

0.90
2 

0.95
2 

0.99
9 

0.95
2 

0.95
2 

100,12
0 

0.99
2 

1.00
0 

0.99
1 

0.99
2 

0.99
5 

1.00
0 

0.99
6 

0.99
5 

0.99
9 

1.00
0 

0.99
9 

0.99
9 

400,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

P=4 20,30 0.61
7 

1.00
0 

0.59
2 

0.59
3 

0.76
8 

1.00
0 

0.75
3 

0.75
8 

0.82
7 

1.00
0 

0.81
6 

0.82
0 

50,60 0.99
1 

1.00
0 

0.99
1 

0.99
1 

0.99
3 

1.00
0 

0.99
3 

0.99
3 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

100,12
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

400,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

Equal 
sample(n1=n2) 

P=2 30,30 0.19
0 

0.90
0 

0.18
0 

0.19
0 

0.37
0 

0.94
0 

0.37
0 

0.37
0 

0.43
0 

0.97
0 

0.44
0 

0.43
0 

80,80 0.81
0 

1.00
0 

0.80
0 

0.81
0 

0.86
0 

1.00
0 

0.86
0 

0.86
0 

0.94
0 

0.99
0 

0.94
0 

0.94
0 

150,15
0 

0.99
0 

1.00
0 

0.99
0 

0.99
0 

0.99
0 

1.00
0 

0.99
0 

0.99
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

600,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

P=3 30,30 0.43
4 

0.99
8 

0.42
9 

0.43
0 

0.61
1 

1.00
0 

0.59
9 

0.60
7 

0.73
9 

0.99
9 

0.73
1 

0.73
8 

80,80 0.96
5 

1.00
0 

0.96
5 

0.96
5 

0.98
9 

1.00
0 

0.99
1 

0.98
9 

0.99
1 

1.00
0 

0.99
1 

0.99
1 

150,15
0 

0.99
7 

1.00
0 

0.99
7 

0.99
7 

0.99
9 

1.00
0 

0.99
9 

0.99
9 

0.99
9 

1.00
0 

0.99
9 

0.99
9 

600,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

P=4 30,30 0.79
5 

1.00
0 

0.78
8 

0.78
5 

0.88
0 

1.00
0 

0.87
0 

0.87
6 

0.93
9 

1.00
0 

0.93
5 

0.93 

80,80 1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

150,15 1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

600,60 1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 
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Table 3: Power of the test for Multivariate Gamma 
                        α=0.01                       α=0.025                      α=0.05 
 Jam John Yao Kris Jam John Yao Kris Jam John Yao kris 

Unequal 
sample(n1≠n2) 

P=2 20,30 0.09
6 

0.26
7 

0.04
9 

0.05
0 

0.15
9 

0.35
5 

0.09
2 

0.09
3 

0.22
3 

0.42
4 

0.14
2 

0.14
2 

50,60 0.12
2 

0.28
5 

0.05
8 

0.05
8 

0.18
5 

0.36
6 

0.10
1 

0.10
1 

0.25
8 

0.44
4 

0.15
8 

0.15
8 

100,12
0 

0.16
4 

0.34
4 

0.07
5 

0.07
5 

0.24
4 

0.44
3 

0.12
9 

0.12
9 

0.31
7 

0.51
5 

0.18
7 

0.18
7 

400,60
0 

0.42
4 

0.68
2 

0.20
5 

0.20
5 

0.53
3 

0.76
1 

0.30
1 

0.30
1 

0.60
5 

0.80
7 

0.38
1 

0.38
1 

P=3 20,30 0.24
5 

0.68
3 

0.07
1 

0.07
0 

0.33
9 

0.74
9 

0.12
6 

0.12
4 

0.43
7 

0.81
0 

0.19
1 

0.19
0 

50,60 0.44
1 

0.83
0 

0.12
6 

0.12
5 

0.54
5 

0.87
8 

0.20
3 

0.20
2 

0.64
7 

0.91
3 

0.28
9 

0.28
9 

100,12
0 

0.71
1 

0.96
1 

0.24
9 

0.24
8 

0.77
7 

0.97
2 

0.33
9 

0.33
9 

0.84
3 

0.98
4 

0.44
7 

0.44
6 

400,60
0 

0.99
9 

1.00
0 

0.87
5 

0.87
5 

0.99
9 

1.00
0 

0.92
3 

0.92
3 

0.99
9 

1.00
0 

0.94
9 

0.94
9 

P=4 20,30 0.21
9 

0.79
5 

0.04
4 

0.04
4 

0.33
0 

0.85
6 

0.08
9 

0.08
8 

0.41
4 

0.88
8 

0.14
1 

0.14
0 

50,60 0.40
5 

0.89
0 

0.07
5 

0.07
5 

0.50
7 

0.92
4 

0.12
8 

0.12
8 

0.58
6 

0.94
2 

0.19
3 

0.19
3 

100,12
0 

0.63
2 

0.97
1 

0.12
9 

0.12
9 

0.72
4 

0.98
4 

0.20
8 

0.20
8 

0.77
9 

0.98
6 

0.28
9 

0.28
9 

400,60
0 

0.99
7 

1.00
0 

0.63
3 

0.63
2 

0.99
9 

1.00
0 

0.72
2 

0.72
1 

0.99
9 

1.00
0 

0.79
8 

0.79
8 

Equal 
sample(n1=n2) 

P=2 30,30 0.09
2 

0.25
2 

0.04
8 

0.04
8 

0.15
7 

0.34
8 

0.09
0 

0.09
1 

0.22
7 

0.42
6 

0.14
4 

0.14
4 

80,80 0.13
1 

0.31
2 

0.06
4 

0.06
4 

0.20
7 

0.39
3 

0.11
2 

0.11
2 

0.28
6 

0.48
4 

0.17
1 

0.17
1 

150,15
0 

0.19
2 

0.39
2 

0.08
6 

0.08
6 

0.27
5 

0.48
6 

0.14
5 

0.14
5 

0.34
8 

0.54
8 

0.20
7 

0.20
7 

600,60
0 

0.47
0 

0.73
4 

0.23
2 

0.23
2 

0.57
4 

0.79
8 

0.32
8 

0.32
8 

0.64
9 

0.84
1 

0.41
9 

0.41
9 

P=3 30,30 0.28
5 

0.69
9 

0.07
9 

0.07
9 

0.38
5 

0.77
6 

0.13
8 

0.13
8 

0.48
0 

0.82
6 

0.20
6 

0.20
6 

80,80 0.58
7 

0.91
6 

0.18
5 

0.18
5 

0.68
3 

0.94
4 

0.27
1 

0.27
1 

0.53
4 

0.95
9 

0.36
2 

0.36
2 

150,15
0 

0.83
3 

0.98
7 

0.34
4 

0.34
4 

0.88
1 

0.99
1 

0.44
6 

0.44
6 

0.91
5 

0.99
3 

0.54
8 

0.54
8 

600,60 0.99
9 

1.00
0 

0.98
1 

0.98
1 

1.00
0 

1.00
0 

0.96
6 

0.96
6 

1.00
0 

1.00
0 

0.98
1 

0.98
1 

P=4 30,30 0.24
9 

0.80
4 

0.04
8 

0.04
9 

0.34
6 

0.85
0 

0.09
1 

0.09
1 

0.44
9 

0.88
8 

0.14
9 

0.14
9 

80,80 0.50
1 

0.93
6 

0.09
3 

0.09
4 

0.62
5 

0.96
4 

0.16
6 

0.16
7 

0.70
1 

0.96
9 

0.24
1 

0.24
2 

150,15
0 

0.74
9 

0.99
2 

0.17
2 

0.17
2 

0.81
7 

0.99
3 

0.26
1 

0.26
2 

0.87
4 

0.99
6 

0.35
9 

0.35
9 

600,60
0 

0.99
9 

1.00
0 

0.72
3 

0.72
3 

0.99
9 

1.00
0 

0.81
9 

0.81
9 

0.99
9 

1.00
0 

0.86
9 

0.86
9 
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Table 4: Type I error rate of the test for Multivariate Gamma 
                        α=0.01                       α=0.025                      α=0.05 
 Jam John Yao Kris Jam John Yao Kris Jam John Yao kris 

Unequal 
sample(n1≠n2) 

P=2 20,30 0.01
6 

0.39
2 

0.01
6 

0.01
6 

0.03
4 

0.49
3 

0.03
1 

0.03
2 

0.05
7 

0.53
8 

0.05
7 

0.05
7 

50,60 0.02
3 

0.42
7 

0.02
3 

0.02
3 

0.04
5 

0.51
0 

0.04
5 

0.04
5 

0.07
9 

0.57
9 

0.07
9 

0.07
9 

100,12
0 

0.05
2 

0.51
9 

0.05
2 

0.05
2 

0.09
6 

0.62
3 

0.09
6 

0.09
6 

0.13
8 

0.66
6 

0.13
8 

0.13
8 

400,60
0 

0.32
3 

0.87
0 

0.32
3 

0.32
3 

0.45
8 

0.90
7 

0.45
8 

0.45
8 

0.55
4 

0.93
5 

0.55
4 

0.55
4 

P=3 20,30 0.09
9 

0.91
0 

0.09
8 

0.09
5 

0.17
0 

0.92
9 

0.16
8 

0.16
5 

0.25
8 

0.95
8 

0.25
9 

0.25
5 

50,60 0.30
6 

0.97
8 

0.30
6 

0.30
6 

0.41
8 

0.98
1 

0.42
0 

0.41
8 

0.57
1 

0.98
5 

0.57
2 

0.57
0 

100,12
0 

0.69
0 

1.00
0 

0.69
2 

0.68
9 

0.78
0 

0.99
9 

0.78
1 

0.78
0 

0.85
6 

0.99
9 

0.85
6 

0.85
6 

400,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

P=4 20,30 0.05
8 

0.98
6 

0.05
5 

0.05
4 

0.13
6 

0.98
3 

0.13
0 

0.12
7 

0.19
2 

0.98
7 

0.18
9 

0.18
5 

50,60 0.21
2 

0.99
5 

0.21
1 

0.21
1 

0.30
2 

0.99
3 

0.29
7 

0.29
8 

0.39
5 

0.99
9 

0.39
5 

0.39
5 

100,12
0 

0.51
4 

0.99
9 

0.51
4 

0.51
4 

0.64
2 

1.00
0 

0.64
2 

0.64
2 

0.71
4 

1.00
0 

0.71
4 

0.71
4 

400,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

Equal 
sample(n1=n2) 

P=2 30,30 0.01
2 

0.37
9 

0.01
2 

0.01
2 

0.03
1 

0.04
8 

0.03
1 

0.03
1 

0.06
4 

0.53
5 

0.06
3 

0.06
3 

80,80 0.02
8 

0.47
8 

0.02
8 

0.02
8 

0.06
1 

0.55
4 

0.06
1 

0.06
1 

0.10
1 

0.64
3 

0.10
1 

0.10
1 

150,15
0 

0.06
3 

0.57
3 

0.06
2 

0.06
3 

0.11
6 

0.67
3 

0.11
6 

0.11
6 

0.19
2 

0.70
9 

0.19
2 

0.19
2 

600,60
0 

0.38
5 

0.91
2 

0.38
5 

0.38
5 

0.54
6 

0.93
2 

0.54
6 

0.54
6 

0.61
6 

0.95
3 

0.61
6 

0.61
6 

P=3 30,30 0.14
0 

0.91
7 

0.13
5 

0.13
8 

0.20
9 

0.93
6 

0.20
6 

0.20
8 

0.30
8 

0.95
8 

0.30
3 

0.30
4 

50,50 0.48
6 

0.99
4 

0.48
6 

0.48
5 

0.64
0 

0.99
7 

0.64
0 

0.63
9 

0.73
0 

0.99
5 

0.73
2 

0.73
0 

150,15
0 

0.88
2 

0.99
9 

0.86
2 

0.86
2 

0.90
7 

1.00
0 

0.90
7 

0.90
7 

0.95
4 

1.00
0 

0.95
4 

0.95
4 

600,60 1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

P=4 30,30 0.08
3 

0.98
7 

0.07
8 

0.08
1 

0.12
7 

0.98
4 

0.12
2 

0.12
3 

0.22
6 

0.98
8 

0.21
8 

0.22
3 

80,80 0.32
3 

0.99
8 

0.32
3 

0.32
3 

0.46
2 

0.99
8 

0.46
0 

0.46
2 

0.59
4 

0.99
9 

0.59
2 

0.59
3 

150,15
0 

0.70
1 

1.00
0 

0.70
0 

0.70
0 

0.79
8 

1.00
0 

0.79
8 

0.79
8 

0.88
8 

1.00
0 

0.88
8 

0.88
8 

600,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 
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Table 5: Power of the test for Multivariate Normal 
                        α=0.01                       α=0.025                      α=0.05 
 Jam John Yao Kris Jam John Yao Kris Jam John Yao kris 

Unequal 
sample(n1≠n2) 

P=2 20,30 0.11
8 

0.34
9 

0.05
9 

0.05
9 

0.19
5 

0.45
5 

0.11
0 

0.11
0 

0.26
0 

0.52
2 

0.11
0 

0.11
1 

50,60 0.17
2 

0.39
5 

0.07
9 

0.07
9 

0.25
0 

0.47
6 

0.13
4 

0.13
4 

0.33
1 

0.55
4 

0.20
0 

0.20
0 

100,12
0 

0.26
9 

0.51
4 

0.12
4 

0.12
4 

0.33
3 

0.57
1 

0.17
7 

0.17
7 

0.41
8 

0.64
0 

0.25
1 

0.25
1 

400,60
0 

0.70
1 

0.90
9 

0.40
2 

0.40
2 

0.78
0 

0.93
7 

0.51
2 

0.51
2 

0.83
5 

0.95
5 

0.60
3 

0.60
3 

P=3 20,30 0.29
4 

0.75
4 

0.07
9 

0.08
1 

0.40
9 

0.82
3 

0.13
9 

0.14
7 

0.50
3 

0.86
0 

0.21
2 

0.22
1 

50,60 0.58
9 

0.91
9 

0.18
1 

0.18
7 

0.69
6 

0.95
3 

0.26
9 

0.27
6 

0.76
9 

0.96
8 

0.37
3 

0.37
9 

100,12
0 

0.86
4 

0.99
3 

0.37
5 

0.38
2 

0.90
5 

0.99
4 

0.49
1 

0.49
7 

0.94
2 

0.99
8 

0.58
9 

0.59
4 

400,60
0 

1.00
0 

1.00
0 

0.96
9 

0.97
0 

1.00
0 

1.00
0 

0.98
5 

0.98
5 

1.00
0 

1.00
0 

0.99
1 

0.99
1 

P=4 20,30 0.74
7 

0.99
6 

0.17
3 

0.17
4 

0.81
6 

0.99
7 

0.26
3 

0.26
4 

0.87
9 

0.99
8 

0.37
4 

0.37
5 

50,60 0.97
4 

1.00
0 

0.43
0 

0.43
2 

0.98
4 

1.00
0 

0.54
7 

0.54
8 

0.99
2 

1.00
0 

0.65
7 

0.65
8 

100,12
0 

0.99
9 

1.00
0 

0.81
3 

0.81
3 

1.00
0 

1.00
0 

0.87
7 

0.87
7 

1.00
0 

1.00
0 

0.92
3 

0.92
3 

400,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

Equal 
sample(n1=n2) 

P=2 30,30 0.12
3 

0.35
2 

0.06
1 

0.06
1 

0.18
1 

0.41
8 

0.10
2 

0.10
2 

0.26
6 

0.50
6 

0.16
7 

0.16
7 

80,80 0.20
9 

0.43
0 

0.09
4 

0.09
4 

0.29
6 

0.53
5 

0.15
8 

0.15
8 

0.37
9 

0.60
2 

0.22
7 

0.27
7 

150,15
0 

0.31
8 

0.57
1 

0.14
8 

0.14
8 

0.41
4 

0.66
3 

0.22
4 

0.22
4 

0.47
9 

0.69
8 

0.28
9 

0.28
9 

600,60
0 

0.76
9 

0.93
8 

0.47
1 

0.47
1 

0.83
3 

0.95
9 

0.57
6 

0.57
6 

0.88
2 

0.97
4 

0.66
9 

0.66
9 

P=3 30,30 0.37
5 

0.80
6 

0.10
3 

0.10
7 

0.49
7 

0.86
3 

0.17
8 

0.18
4 

0.59
3 

0.90
2 

0.25
7 

0.26
2 

50,50 0.77
6 

0.98
2 

0.28
5 

0.29
1 

0.84
0 

0.98
6 

0.39
3 

0.39
9 

0.89
1 

0.99
3 

0.50
1 

0.50
6 

150,15
0 

0.95
7 

0.99
9 

0.54
2 

0.54
7 

0.97
5 

0.99
9 

0661 0.66
5 

0.98
4 

0.99
9 

0.73
4 

0.73
7 

600,60 1.00
0 

1.00
0 

0.99
9 

0.99
9 

1.00
0 

1.00
0 

0.99
9 

0.99
9 

1.00
0 

1.00
0 

0.99
7 

0.99
7 

P=4 30,30 0.80
2 

0.99
8 

0.20
4 

0.20
9 

0.86
3 

0.99
9 

0.30
2 

0.30
7 

0.90
5 

0.99
9 

0.40
0 

0.40
4 

80,80 0.99
7 

1.00
0 

0.61
9 

0.62
1 

0.99
8 

1.00
0 

0.72
9 

0.73
1 

0.99
9 

1.00
0 

0.79
6 

0.79
7 

150,15
0 

1.00
0 

1.00
0 

0.91
6 

0.91
6 

1.00
0 

1.00
0 

0.95
2 

0.95
3 

1.00
0 

1.00
0 

0.97
3 

0.97
3 

600,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 
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Table 6: Type I error rate of the test for Multivariate Gamma 
                        α=0.01                       α=0.025                      α=0.05 
 Jam John Yao Kris Jam John Yao Kris Jam John Yao kris 

Unequal 
sample(n1≠n2) 

P=2 20,30 0.02
0 

0.50
0 

0.02
0 

0.02
0 

0.05
9 

0.60
6 

0.05
7 

0.05
9 

0.09
6 

0.66
3 

0.05
7 

0.05
9 

50,60 0.05
0 

0.57
5 

0.05
0 

0.05
0 

0.11
3 

0.64
5 

0.11
3 

0.11
3 

0.16
7 

0.69
0 

0.16
7 

0.16
7 

100,12
0 

0.13
4 

0.70
6 

0.13
4 

0.13
4 

0.18
8 

0.74
4 

0.18
7 

0.18
7 

0.27
0 

0.79
9 

0.27
0 

0.27
0 

400,60
0 

0.71
0 

0.98
5 

0.71
0 

0.71
0 

0.81
8 

0.98
9 

0.81
8 

0.81
8 

0.88
5 

0.99
5 

0.88
5 

0.88
5 

P=3 20,30 0.13
5 

0.95
3 

0.12
2 

0.13
4 

0.24
9 

0.96
9 

0.21
3 

0.24
4 

0.34
5 

0.97
3 

0.32
3 

0.34
3 

50,60 0.50
9 

0.99
5 

0.48
4 

0.50
9 

0.67
0 

0.99
5 

0.65
7 

0.67
0 

0.75
0 

0.99
9 

0.74
3 

0.74
9 

100,12
0 

0.90
0 

1.00
0 

0.88
8 

0.90
0 

0.92
8 

1.00
0 

0.92
7 

0.92
8 

0.97
5 

1.00
0 

0.97
4 

0.97
5 

400,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

0.96
9 

0.97
0 

P=4 20,30 0.69
4 

1.00
0 

0.68
1 

0.68
2 

0.78
5 

1.00
0 

0.77
2 

0.77
7 

0.89
3 

1.00
0 

0.88
4 

0.89
0 

50,60 0.99
8 

1.00
0 

0.98
8 

0.98
8 

0.99
3 

1.00
0 

0.99
1 

0.99
3 

0.99
8 

1.00
0 

0.99
8 

0.99
8 

100,12
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

400,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

Equal 
sample(n1=n2) 

P=2 30,30 0.02
5 

0.51
6 

0.02
3 

0.02
3 

0.05
2 

0.56
4 

0.05
2 

0.05
2 

0.12
0 

0.63
9 

0.12
0 

0.12
0 

80,80 0.07
5 

0.62
1 

0.07
5 

0.07
5 

0.14
1 

0.73
1 

0.13
9 

0.14
0 

0.22
9 

0.75
0 

0.22
9 

0.22
9 

150,15
0 

0.19
6 

0.77
0 

0.19
6 

0.19
6 

0.27
5 

0.83
6 

0.27
5 

0.27
5 

0.38
8 

0.84
5 

0.38
8 

0.38
8 

600,60
0 

0.79
8 

0.99
6 

0.79
8 

0.79
8 

0.87
8 

0.99
9 

0.87
8 

0.87
8 

0.93
4 

0.99
6 

0.93
4 

0.93
4 

P=3 30,30 0.21
6 

0.95
8 

0.19
2 

0.21
0 

0.36
0 

0.97
5 

0.33
9 

0.35
6 

0.47
2 

0.98
2 

0.46
0 

0.46
9 

80,80 0.77
1 

1.00
0 

0.76
5 

0.77
0 

0.86
7 

0.99
9 

0.86
4 

0.86
5 

0.92
5 

1.00
0 

0.92
1 

0.92
5 

150,15
0 

0.98
4 

1.00
0 

0.98
4 

0.98
4 

0.99
1 

1.00
0 

0.99
1 

0.99
1 

0.99
6 

1.00
0 

0.99
6 

0.99
6 

600,60 1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

P=4 30,30 0.78
8 

1.00
0 

0.76
9 

0.78
3 

0.86
3 

0.99
9 

0.30
2 

0.30
6 

0.90
5 

0.99
9 

0.40
0 

0.40
4 

80,80 1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

150,15
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

600,60
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 

1.00
0 
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4.0  Discussion of Results and Conclusions 
For all values of p for Multivariate Beta (Dirichlet Distribution),Johanson procedure has the highest power and is followed by 
James throughout the three significance levels: 0.01, 0.025 and 0.05 for the two cases (n1=n2 and n1≠n2). When the sample 
size increases to 400:600 and 600:600, the four procedures have the same or roughly equivalent power. When p = 4, the 
power of James and Johanson are the same for the following sample sizes 100:120, 400:600, 150:150 and 600:600 (Table 1). 
Considering type I error rate in Multivariate Beta Distribution (Dirichlet Distribution), Johanson procedure has highest type I 
error rate while the remaining three procedures performed almost alike for all values of p and significance levels �C)for small 
sample sizes.When p =4, the four procedures performed the same as the sample size increases (100:120, 400:600, 80:80, 
150:150 and 600:600) for all α levels considered for both cases (n1=n2 and n1≠n2), (Table 2). 
For Multivariate Gamma Distribution, Johanson procedure has the highest power, followed by James while Yao and 
Krishnamoorthybehaviours are almost the same for all values of p and α. But when p=3 or 4 and large sample sizes(400:600 
and 600:600), James and Johanson are the same and better than Yao and Krishnamoorthy in the two cases (Table 3). 
Type I error rate in Multivariate Gamma, Johanson procedure has the highest while others (James, Yao and krishnamoorthy) 
are almost the same for all values of p and α. But when p= 3 or 4 and for large sample sizes (400:600 and 600:600), the 
performance of the four procedures are the same in the two cases (Table 4) 
In Multivariate Normal, Johanson procedure has the highest power and is followed by James while other two have almost the 
same values of power in the two cases (equal and unequal sample sizes) for all values of p and significance levels�C). But 
when p = 4 and for medium sample sizes (100:120, 150:150), James and Johanson behave alike while for large sample sizes 
(400:600 and 600:600), the performance of the four procedures are the same (Table 5) 
For type I error rate of Multivariate Normal, the Johanson procedure has highest type I error rate while the remaining three 
procedures performed almost the same for all values of p and significance levels (α). But when p = 3 or 4 the four procedures 
performed the same at medium and large sample sizes(100:120, 400:600, 80:80, 150:150 and 600:600) (Table 6). 
In the three distributions considered, the power of the four procedures behaves alike; the power increases with dimension (p) 
and sample sizes. Though the powers obtained for the four procedures in Multivariate Beta are higher than that of 
Multivariate Normal with Multivariate Gamma having the least power. Among the four procedures across the three 
distributions, James and Johanson have the highest power in that order. Therefore, chance of committing type I error rate 
reduces in James and Johanson procedures as the sample sizes and number of variables (p) increases in the three 
distributions. 
Type I error rate of James, Yao, and krishnamoorthy in the three distributions are almost the same and are always smaller 
than that of Johanson for all values of p and α.When the power equal to one, it shows that we did not commit type II error at 
all, that is, we reject a false null hypothesis where necessary. Also when type I error rate equal to one, it shows that 
throughout the simulation, type I error is committed,that is, an incorrect rejection of a true null hypothesis. Therefore, 
Johanson is not the best procedure in the three distributions which means whether the assumption of normality holds or not, it 
is not the best, because Johanson has the highest power and the highest type I error rate. 
James procedure is better and preferable toall other procedures, because it has second highest power with a low type I error 
rate.  
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