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Abstract

Several developed multivariate tests of normalitgluding Skewness (S), Kurtosis
(K), Mardia Skewness (MS), Mardia Skewness for smaample (MSS), Mardia
Kurtosis (MK), Shapiro-Francia (SF), Shapiro-Wilk§W), Royston (R), Henze-Zirkler
(HZ), Doornik-Harsen (DH), Energy (E), Bontemps-Meiahi (BM), Gel-Gastwirth
(GG) and Desgagne-Micheaux (DM) rarely lead to teame conclusion when applied
to a set of multivariate data. Consequently, thep&yl error rates of these tests were
examined at five levels of dimension and eight lsvef sample size through Monte
Carlo study so as to identify the good ones thatésommendable for use. The results
were compared at three levels of significance. Attis considered good if its estimated
error rate approximates the true error rate and béfsit has the highest number of times
(Mode) it approximates the error rate when counteder the levels of significance.
Results showed that the Type 1 error rates of hb tests of multivariate normality are
seldomly the same at the levels of significanceeTdrror rates of HZ, MSS, R and E;
MS and E; and MK, MS, S, HZ and E are respectivglgod at 0.1, 0.05 and 0.01 levels
of significance. Moreover, those of E and HZ are roparatively best therefore
recommended to practitioners.

Key words: Multivariate Normality Test, Type 1 error rate, ledwf Significance.

1.0 Introduction

Manymultivariate parametric statistical data anialymethods including Multivariate Analysis of Vam@e (MANOVA),
Multivariate Analysis of Covariance (ANCOVA), Multariate Regression Analysis, Seemingly Unrelategr&ssion (SURE)
Analysis and Discriminant Analysis require that gmeor term of the model should be multivariatemnak Violation of this
assumption often results to invalid inference(sjl amisinterpretation of results[1]. Several multiaée normality tests
including Skewness (S) and Kurtosis (K)[2], Mar@ikewness (MS), Mardia Skewness for small samp®&3Mand Kurtosis
(MK)[3], Shapiro-Francia (SF)[4],Shapiro-Wilk (SV8] Royston (R)[6], Henze-Zirkler (HZ)[7], Doornikdarsen (DH)[8],
Energy (E)[9], Bontemps-Meddahi (BM)[10], Gel-Gastlv (GG)[11] and Desgagne-Micheaux (DM)[12] haveeh
developed.A major challenge associated with theofiskese tests is that their results frequentiy o different conclusions.
Consequently, this study was undertaken to deterithia Type 1 error rates of the multivariate tdsteomality, identify the
good ones and recommend appropriately.

2.0 Reviews on Multivariate Normality Tests

Several procedures have been developed for asgessiltivariate normality status of a data set. Smhthese methods are
discussed below.

2.1 Henze-Zirkler Test of Multivariate Normality

Henze and Zirkler[7] proposed a class of invar@onsistent tests for testing multivariate normalithe Henze-Zirkler test is
given as:

Top = }ii{ex{‘[’;\ﬂ ‘Ykzﬂ -2+ ﬂz)’p/zg[exp{— —2(162,82) \ zﬂ +n(L+25%) "2 (1)

Ni= =2
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Tn’ﬁ is log normally distributedwith mean and varianedined as follows:
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wherew(f) = (L+ B°)(L+3(%).

2.2 Generalized Shapiro-Wilk Test of Multivariate Normality
The generalized Shapiro-Wilk tehf’t/p is a modification of the Shapiro-Wilk te8V [5]for a multivariate case. The test

according to [13]is given as:

h 2
{; Ain) (U -+ ~Y g )}

P (X = X)TAYX, - X)T

(2)

whereA= (X, - X)X, - X)", U, = (X, - X)TAX(X, = X) for j=12---,n, h:gifniseven
i=1

(n-1)
2

andh =

if nis odd,a; , (i=212---,h).

The test could be compared with a quantile of sk of the Shapiro-Wilk distribution as thus; Rejece thypothesis if
W, <W. whereW,' is the critical value[13].

2.3 Mardia’s Measures of Multivariate Kurtosis and Skewness

Mardia[3] extended the concepts of kurtosis andvsless from univariate case to the multivariate chisealso obtained the
asymptotic distribution of the multivariate kurtesind skewness parameters which are needed tthéestll hypothesis of
multivariate normality[14].

The author defined the multivariate kurtosis caééiit as follows:

=23 [ - s -x,) |
k-[p(p+2)(n-2)/(n+1)]
[8p(p+2)/n]*

Mardieet al[15]defined the measure of multivariate skewnedsetas follows:

a= L33 [ %) s -, ]

i=1 j=1

~N (01 €)
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2
r X p(p+1)(p+2) /6 @

Where)(;(ml)(mz),6 is the chi-square distribution witp(p +)(p + 2) / 6 degrees of freedom [14].

2.4  The Energy Test for Multivariate Normality
Szekely and Rizzo [16] proposed and defined a resw for multivariate normality known as energy tastfollows. Let

Xl, Xz,..., ane a sample from somp variate distribution. Then, the Energy test statistdefined as follows:

== 25 efx; -2]-efz 27| S -] e
i=1 i=1

where Xi*, i =12,...,nis the standardized sampE,andZTare independent identically distributgai— variate standard

normal random vectors, arﬂd ] || denotes Euclidean norm.

2.5 Royston’s H Test for Multivariate Normality
Let V\/J denote the value of the Shapiro-Wilk statistictfu | th variable in ap variate distribution[6]. Then, defining

R = {o | So-la-w) - ol

whereA, i,and o are calculated from polynomial approximations giviefil7] andCD([)] denotes the standard normal
cumulative distribution function (cdf). Thus, Rogsts H statistic is defined as

R
H =£Z?’~X§ (7)
j

- P
where E - m}

2.6  The Gel-Gastwirth Test
Gel-Gastwirth proposed a new test of normality \uhie a robust version of the Jarque-Bera (JB) X&§t[The statistic is
defined as follows:

2 2
n nim
RJB=€(%J +a[J—j—3j -X ®)

whereJ | = /72 Zn:|xi - M| , M is the sample median
n 4

2.7  The Bontemps-Meddahi Test
Bontemps and Meddahi [10] proposed a family of raditytests based on moment. The general expresditre test family
is given in[18] as:

BM, , = Z(%Zl H (z )j ~Xi, )

k=3

(Xi B K)
S

where z; = and Hk([) represents thieth order normalized Hermite polynomial having thengral expressionby

the following recursive formulation[18]:
. 1 -
0i >1 H,(u) = 7[u Ho@-Vim1HLW)  HoW=1 H,u)=u
|
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2.8 Shapiro-Francia Test of multivariate Normality
Shapiro and Francia [4]proposed a new test statfisti testing multivariate normality assumptionsomultivariate data.The
test is as follows:

(X )
(MM (X, - X’

where Xjn is the j th order statistic from the sample, antiis the expectation vector of the order statistmsé standard

W, = (10)

normal sample [19].

2.9 Doornik-Harsen Multivariate Normality Test
Doornik and Hansen [8]proposed a test statistit ifhdased on Omnibus test for normality by makiisg of Skewness and
Kurtosis based[20]. The Doornik-Hansen multivariest is

E, =212, +Z,Z, ~ x2(2p) (11)
where Z; = (zyy,-++,2,) and Z; = (Zy,-++, Z,,,)

2.10 Desgagne-Micheaux Multivariate Normality Test
Desgagnét al[12] proposed a new multivariate normality testsdzhon the distribution defined below:

-1
Rn:nrn()?n’sn)T(‘JO_%UOUgJ rn()?n’sn)~)(:32 (12)

wnerer, (X,,8,)= 1, (4,0)= 2 (0=T, o, + O, (), 1, ,0) = 23 dy () ¥ =2 ET, =23 w2,
i=1 i=1

0
=(1 1 27,3, = E,[do(Y)do(Y)"] do(Y) =—logg(y; ¥
L=l 129 = Bldy (Va1 V) = Slogg (i) ) o
Up = _Eo[deo(Y)]
2.11 Skewness (S) and Kurtosis (K) Tests
Kankainert al[2]proposed tests of multinormality based on lamatrectors and scatter matrices. The test for skswiis:
U= (Tl_Tz)TC_l(T1 -T,) ~X;2) (13)

where T, and T, are two separate location vectors, &Gda scatter matrix.
while that of kurtosis:

W= {Tr((cfcz )Z)‘%T”(CJ 'c, )} e frleie.)- ol i a9

C, and C, are two separate scatter matrices equipped witbdhection factor.

3.0 Methodology

The Type 1 error rates of the multivariate testsnofmality are evaulated through Monte Carlo sirtioka study. The
simulation parameters are: four levels of dimensfpr 2, 3, 4 and 5, three levels of significance= 0.1, 005 and 001,

eight sample sizes (n): 10, 20, 30, 50, 75, 100, did 300. We generated 1000 , Replications (R}tivatiate normally
distributed samples for specified values pfind Nfrom R-programenvironment [21]. The generated detee subjected to

the multivariate normality tests and the p-valusoammted with each test was documented for eadheofeplications. We
defined

_ |1, if p—value<a, levelof significarce
' 710, Otherwise (15)
i = 12---.R
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R
LetW = ZWI , then the empiricalType 1 error rate & level of significance is given as:
i=1

T, =— (16)

The procedure was repeated until all the parametersitilized.A normality test is considered gobds empirical error ate
approximates the true error rate and best if it theshighesnumber of times (Mode) it approximates the errde nahen
counted over the levels of significance.

Table 1:The True Level of Significancend Their Preferred Intery

True levels of significance Preferred interval
0.1 0.095-0.14
0.05 0.045 - 0.054
0.01 0.005-0.014

Source: [22]

4.0 Results and Discussion
The results of the Type 1 error of the multivariatgmality tests for three levels of significance presented and dissed as
follows:

4.1 Results at 0.1 evel of Significance

Table 2 summarizes the empirical Type 1 error rafdbe tests at 0.1 level of significance. Thaulissshow that the Ty| 1
errors of DH, BM, GG, DM, SW and SF are compardgiviar from the true level of significance whilea$eof K, S, MK,
MS, HZ, MSS, E and R revolve around it. Thus, ttéel ones are goc

The error rates when p=2 and p=3 are respectivagemted in Figures la and 1b. From the figures, dbserved that tF
Type 1 errors of DM, DH, BH and GG tests inses as the sample size increases and that of SE\éndsts are high whe
sample size is small; however, they reduced andi tiethe true level of significance as sample Bizecases. Besides, MK,

S, and MS tests approximate the true error raitery large sample sizes. In addition, E, HZ, R an@iSdenerally revolv
around the true level of significance.

The error whenp=4 and p=5 are respectively predent€igures 1c and 1d. From the graphs, it wagmes! that the Type
error rates of DM, BMPH and GG tests increase with increase in sampke @nd that at small sample size, their Tyg
errors are far above the level of significance oAlhie SF and SW tests have very high Type 1 éoresmall sample sizeut
reduce gradually as samplasiincreases. However, the errors are still faryafnam the true level of significance at lar
sample sizes. From the Figures, it can also betbeé¢the Type 1 error rates of K, S, MK and MSfarebelow 0.1 but ter to
converge to the true rate sample increases. The results further show thatdBH tests have Type 1 errors that converg
0.1 at all sample sizes while R and MSS tests Tlypgor rates also revolve around 0.1 level ofificamce
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Figure 1:Comparison of Type 1 Error rate of Different NorityaTests at = 0.1
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4.2 Results at 0.05 Level of Significance

Table 3 shows the of empirical Type 1 errors oftdms. It was observed that the Type 1 errorsMf BM, GG, DH, SW
and SF are high above 0.05 level of significancdenthat of K, S, MK, MS, HZ, MSS, E and R are @o%o 0.05 level of
significance.

The error rates when p=2 and p=3 are respectivelsemted in Figures 2a and 2b. The results revéladedhe Type 1 error
rates of BM, DM, DH, and GG are twice more than50iével of significance and as sample size incie#ise error rates
increases. At all sample sizes, Type 1 error raté®N and SF are more than twice 0.05. The Typeadr eates of K, MK,
S and MS are less than 0.05 at all sample sizetehdtto converge to the true error at large samsigks. Furthermore, the
Type 1 error rates of HZ, E, R and MSS are equinate0.05 at almost all sample sizes.

The error rates when p=4 and p=5 are presentedyimds 2c and 2d respectively. It was observed tti@afType 1 error
rates of DM, BM, DH, and GG increase with increassample size while the Type 1 error rates of SW &F reduce as
sample size increases. S, MK, K and MS have loweTygrror rates at small sample sizes but conuer@05 when the
sample size is at least 50. Furthermore, Type dr eates of HZ, E, MSS and R are in the neighbodho0.05 level of
significance at all sample sizes.

4.3 Results at 0.01 Level of Significance

The results from Table 4 show that the Type 1 sroéBM, DM, DH, SF, SW and GG are greater thari OHowever, the
Type 1 error rates of MSS, MK, K, S, MS, R, E and &te closer to 0.01.

From Figures 3(a-b) at p=2 and p=3, the resultataekthat the Type 1 error rates of BM, DM, DH, @@ increase as
sample size increases. The Type 1 error rates oBBWSF are higher than 0.01 for small samplelmizeapproach 0.01 as
sample size increases. The result of Type 1 eatmsrof K, MK, S, MS, HZ, E, R and MSS revolve ard.01 at all
sample sizes.

It is seen from Figures 3(c-d) when p=4 and p=5tiva Type 1 error rates of DM, BM, DH, and GG &ase with increase
in sample sizes while the Type 1 error rates of 8W SF reduce as sample size increases but doappraiximate 0.01.
The Type 1 error rates of S, MK, K and MS are lothemn 0.01, level of significance, for small samgilees but approaches
0.01 when the sample size is at least 50. Furthernitype 1 error rates of E, R, MSS and HZ revaweund 0.01 at all
sample sizes.
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Figure 2: Comparison of Type 1 Error rate of Different Nadity Tests at@ = 005
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Figure 3: Comparison of Type 1 Error rate of Different NorityaTests atad = 001
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4.4  Overall Type 1 Error Rating of Multivariate Normality Tests

Having further counted the results of the Type rbrerates of the multivariate normality testsoves tevels of significace
and dimensions, it was observed that the Type dr eates of HZ, MS, MSS, R and E tests are ively good while the
Type 1 error rates of MK, DH, S, K, SW, SF, GG, Blkd DM tests arecomparatively bad.Further exangnaif the result
revealed that the Type 1 error rates of R, MS, M3%,and E, in this order, perform well.Table 5 suamizes the rsults
while Figure 4 displays them graphically.

Table 5: Total Number of Times Type 1 Error Rate Approxinsateue Level of Significan:

Sample Size
Tests 10 20 30 50 75 100 150 300 Total Rank
HZ 2 6 6 7 8 7 7 8 51 2
MS 0 2 4 6 6 7 7 3 35 4.5
MK 0 0 0 2 3 2 3 5 15 7
MSS 3 6 6 5 4 5 4 7 40 3
R 7 4 3 3 3 6 4 5 35 4.5
DH 0 0 0 0 0 0 0 0 0 12
S 0 1 1 3 4 4 6 4 23 6
K 0 0 2 2 0 2 2 4 12 8
SW 0 0 0 0 0 0 0 0 0 12
SF 0 0 0 0 0 0 0 0 0 12
E 11 7 6 7 7 10 9 8 65 1
GG 0 0 0 0 0 0 0 0 0 12
BM 1 0 0 0 0 0 0 0 1 9
DM 0 0 0 0 0 0 0 0 0 12

Source: Counted from Tables 2, 3 and 4

Multivariate Normality Tests

(0] 10 20 30 40 50 &0 70
Total Counts

Figure 4: Bar Chart Showing Summary of Number of Times Tygertbr Rates Approximate True Level of Significa

5.0 Conclusion

The Type 1 error rates of the multivarisésts of normality have been compared and the useés have been identifiThe
error rates of HZ, MSS, R and E; MS and E; and WIS, S, HZ and E are respectively good at 0.1, @b 0.01 levels c
significance. Moreover, those of E and HZ are Consequently,the use of HZ and E multivariate te$taormalityare
therefore recommended to users of statit
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