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Abstract

The focus is on the influence of time developmemt a partially ionized liquid
metal in the presence of an applied uniform magretfield. The rectangular channel
is assumed to have a conducting, moving top platel & stationary conducting
bottom and side walls. Numerical solution by anpfitit finite-difference method of
the Crank Nicolson type is employed. Results presdrillustrate the influence of time
variation and magnetic parameter for the two compmnts of the fluid designated as
ionized (i) and neutral (n)when the induced magnetfield is not negligible. The
graphs presented for the velocities clearly shove thffect of the parameters under
consideration on the two components of the fluid.
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1.0 Introduction

Magnetic fields influence are many and man-madedldrhey are routinely used in industry to heatmpy stir and levitate
liquid metals. Liquid metal, such as mercury, l@jgsiodium and lithium is one of the simplest exaapf an electrically
conducting fluid. Liquid metals have been discodei® sustain high current density than the coneeiali brush technology
which perhaps accounted for its wide applicatiothmarea of homopolar electrical machines andeaundlision technology.
For instance, coolant used in nuclear reactors hayte heat extraction rate, the high melting paintl boiling point which
eliminates the possibility of local boiling makéguid metal more attractive to high temperatureligpfion in nuclear fusion
reactors. The design of electromagnetic pump ishemdamportant application of liquid metal MHD. Tip@mp consists of
mutually perpendicular magnetic and electricaldéedrranged normal to the axis of a duct. Filling duct with liquid metal
causes current to flow and the resulting Lorentzdgrovides the necessary pumping action.

The application of liquid metal in various aspettarhnology are numerous hence the interest ofymesearchers. Some
have considered liquid metal flow problems (wittplgd magnetic field) and boundary conditions conitey combination
of moving and fixed perfectly conducting or insidgtwalls while others focused on radiation, heamsfer, steady and time
dependent flows, ionization and partial ionizatidme concept of partial ionization in liquid metd#HD system and
conductivity was popularized by Lielpeteris and Eau [1], who carried out extensive research orstiigect. The theory of
partial ionization in liquid metal is centered upone of the concepts: impurities of other metadiienponents within the
system, establishment of pressure gradient withinflow pipes and generation of Eddy-current witthie moving fluid
system [2]. Thus in looking at partial ionizatiof lmuid metals one is indirectly considering a two multi-component
system. There are quite considerable numbers oficatibns involving liquid metal MHD, Neil and Mohamed [3]
undertook the study of fully developed, liquid mietgpen channel flow in a nearly coplanar magnidicl. They were able
to show that in completely insulated channels,ehsra parabolic velocity jet at the free surfadeiclv is essentially a
parallel layer restrained only by friction at thdeswalls. Furthermore, that in channels with noozslectrical conductivity,
the inviscid core flow is accompanied by boundayer velocity jets that can carry an appreciableigo of the flow and
when the channel is at an oblique angl® the magnetic field, the inviscid core flow daghave in two different fashions.
Fredrick and Samuel [4] investigated the transMagnetohydrodynamics liquid metal flow in a rectalag channel with a
moving conducting wall. The equations for this stuehs formulated and solved for a liquid metal fiogvin a rectangular
channel which has a perfectly conducting movingwail and a perfectly conducting stationary botteall in the presence
of an applied external magnetic field aligned padeular to the conducing walls. Their results shibat fast transient is

Corresponding author: E.O. Chukwuocha, E-mail: miesa66@yahoo.com , Tel.: +2348036399790

Journal of the Nigerian Association of Mathematic&hysics Volume 34, (March, 2016), 41 — 50
41



Transient MHD Couette... Chukwuocha, Musa and Olisa J of NAMP

believed to be associated with the propagation lbfaA waves and a slow transient is the resultis€aus and electrical
diffusion. Gita, Samuel and Patricia [5] did a stwh Magnetohydrodynamics Liquid-metal flows inextangular channel
with an Acid Magnetic Field, a moving conductinglmand free surfaces. The rectangular Channel wasraed to have a
homogeneous external (axial) magnetic field padrédiehe moving, perfectly conducting, top wall ast@tionary, perfectly
conducing bottom wall. The two stationary side walere also perfect conductors and the gap bettieemoving wall and
each side wall was an insulating free surface eSesdlution was used to obtain the variables efést. It was found out that
since there was no pressure gradient, the flowgaibe channel was driven by the viscous effecth®@fmoving wall and the
Lorentz body force. Kishore [6], examined the efffet magnetic parameter M, Grashof number Gr, Bckamber E and
time t on velocity and temperature fields. Alicedalark [7] studied MHD heat transfer in elongategcRngular ducts for
liquid metal blankets. Their results show that laes &spect ratio increase (i.e. the ratio of the sidll to Hartman wall
length) the peak velocity and side layer flow qitgnincrease, which leads to enhancement of theageesheat transfer
coefficient along the side layer. Also the heamnsfar analysis indicate that non uniformity alohg heated wall and the peak
wall temperature, both increase as the aspect iratieases due to smaller velocities in the cora@d near the interface
between the side layer and the core. They alsmwscthat at peak velocity, elongated ducts alwlagge higher peak
temperatures. Kaddeche, Henry, Patelat and Haglid\j8stigated the stabilizing effects of a constartical magnetic field
in a heated planar liquid metal layer. The steadgas flow driven in the bounded layer by the imgbs$mrizontal
temperature and gradient involved two types ofalbiities, stationary transverse and oscillatomygitudinal instabilities.
Their approximate analytical linear stability ars$y/shows that the vertical magnetic field haseagstabilizing effect on
both types of instabilities as Gr, and exp {84.6). These results are of great importance figstal growers as the vertical
field is seen to delay the onset of instabilitiedu8ons to problems in liquid metal MHD are aclédwsing different models
and methods.Seung-Hasan and Seong-O [9] developgdlimensional axisymmentry MHD analysis methodebasn
Maxwell equation, finite difference method was udedobtain solution to some MHD parameters and tEdetagnetic
pump. Gautam [10] investigated the numerical sitmaof wall bounded liquid metal flow in the prese of a magnetic
Dipole. Gnaneswara [11]studied heat and mass &ae$fects on unsteady MHD flow of a chemicallyatérag fluid, using
the finite difference method of Crank Nicolson typte observed that the presence of chemical reaptimameter lead to
decrease in velocity field.Chukwuocha [2] undert@lstudy on partially ionized MHD liquid metal floim rectangular
channel, where he was able to establish among o#weits, based on steady flows, the velocity pefiof the two
components of the fluid (the ionized and the néwoanponents) using an analytical series solutioweler, the study did
not consider ,the possibility of the flow being érdependent. This was addressed by Musa and Chokala2] where
they examined the transient MHD Couette flow of atiplly ionized liquid metal in rectangular chahnehere it was
established that time variations has significaf¢@fon the components of the fluids. However, taier study did not
consider ,the effect of induced magnetic field, athis now being addressed here.

2.0 Formulation of the Problem

The channel is filled with a liquid metal in a wifn magnetic field3, applied in the z-direction. The perfectly condngti
top wall is assumed to move with constant veloBity The moving wall extends from z = ato z = b<(a< b) at y=1. The
perfectly conducting bottom wall is stationary witklocity U = 0. The flow is assumed to be unsteauyompressible, fully
developed and laminar in the positive x-directi®he pressure gradient is in the x — direction,dagumed to be zero. The
configuration of the problem assumes a rectanguardinate system as shown below.

Figure 1: Typical rectangular channel configuration

For a conducting fluid, the formulation takes tleentional form of basic fluid mechanics equati@Navier Stokes) and
the effect of applied magnetic field on the flugldoupled into the momentum equation through teeteimagnetic body
force. The incompressible MHD equations governhegliquid-metal flow in vector form are;

Maxwell's equations
0B

VXEZ—E (1)
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VxH=j (2)
V.j=0 ()
V.B=0 (4)
Ohm'’s law Equation

j=p(E+V XB) (5)
Continuity Equation

V.V =0 (6)
Momentum Equation

p((;—t+ (173)17) = —Vp + V2V ' — pV + p E +jx B )
Where

B'= Magnetic flux density in Weberfor teslas.
H'= Magnetic field in ampere/m
u = Permeability in Henry/m
p.= charge unit volume in coulomb?m
J = conduction current
V' =Velocity vectors
po=fluid density
The fluid is considered to flow in the x-directiamd the applied magnetic field is uniform and diedcalong the z-axis.
SinceV x B has a component in the z- direction, it is expedteat current flow in the z—direction giving suppto a
magnetic field in the x — direction. Since the emtrneed a return path, there must generally bemponents of current as
well. Thus, the liquid metal flow is in the x-ditean (V, = 0,V, =V, = 0) and the magnetic field is in the z- direction,

B = (0,0,B), thereforeV x B = —jV,B, which is in the y-direction. Equation (1) is tréotsned and equates to
corresponding components of the transformed equ@jonoting thatd, is constant and was denoted Ry = %. Using

Ohm's law we have.
OH,

EZUEy—UBOU (8)

- % = oE, (9)

Taking a partial derivatives of equations (8) a@pwith respect to z and y, subtracting the reggiltes

9%H,  0%H, U _ 9By

372 + Py, + O’Boa =0 (20)
0%H, | 0%Hy ou OHy

or 9y +F+0—B05_ OHo —; (11)

whereB = uyH

Also the momentum equation in rectangular coorématoting that the problem is time dependent bespm

ou’ 0°u/ 0% oH!
a 02+622 A 0z
y (12)
Following [13] and [2] equations (11) and (12) ¢cenwritten for a two components liquid metal floas
AR AR au' ]
O e s Ty o, T g 1o - u) = o, 2 13)
oy o7 0z ot
ou; 0°u’,  0°u
ﬁ>&T=u{5%£+aﬁ?)ﬂﬂ@mifi%—w)
- :
Y (14)
Wheref_.(u,, — u;) is the coupling frequency term.
In this study the following non-dimensional paraemnstare introduced
L R A __t
U_Uo' X L’Y L’Z L’ t sz/#fv
' gl u ' 1.2
_  Hx — o — f+o _ fel®
Hy = ez o M = B,L \/:f A o —p E, o (15)

Non dimensionalizing equations (13) and (14) ugiif) and separating into the components, we have:
For ionized
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2 2
PmaHX:a '1*+a I_2X+M6U"—Fc(un—ui) (16)
ot oy 0z 0z
2 2
M98 O M M pefu, —u,) (7
ot oy 0z 0z
and for Neutral
2 2
p, s = Hzx+a Fi”'\/'au“+F<3(un—ui) (18)
ot oy 0z 0z
2 2
ot oy 0z z (19)
These equations are solved subject to the followimgndary conditions
t=0:u,=1a y=1
t<O:y,=0a y=0 \
ai =0at0<sy<1
oy
o, =0,at0<sy<l1 (20)
y >
a:x =0 at y=1
6I—T O<z<1
X=0at y=0
oy
H(y,z2)=0

3.0 Solution of the Problem

Equations (16) to (19) are to be solved for thezies (4) and neutral () components subject to the boundary conditions
(20). To achieved this a finite difference methddGrank Nicolson type is employed. The finite diface equations
corresponding to equations (16) to (19) are asvia!

For ionized components we have,

I+1 | I+1 1+1 1+1 | | |
P (Hi,j _Hi,jJ_l[Hi,jﬂ_ZHi,j +Hi + Hiju—2H;; +Hi,j—1J

1+1 1+1 | | 1+1 |
+M Uispj ~ Uiy +ui+1,j —Uiyj +E U U
2 2z 20z 2

At 2 Ay? Ay?
+ 1 Hi|++;|],-j - 2Hil,+jl + Hi|,+jl—1 + Hil+1,j - 2Hil,j + Hil—l,j (21)
2 AZ? 0Z?
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41 1+, . 141
Ui i _2ui,j UL + U| 1 2U +U. -1
Ay* Ay2

1+1 1+1 1+1
+1 Uity j _2ui,2j Uy + |+lj 2u2 +u 22)
2 Az Az
1+1 1+1 [ [ 1+1 [
+M Hl+lj Hi—l,j +Hi+l,j _Hi—l,j +Fc Ui +ui,j
2 2Az 20z 2
And for neutral components
1+1 | 1+1 |+l 1+1 |
P HIJ _Hi,j _l HIJ+1_2Hi, H|]+1+H|J+l_2H +H|]—l
" At 2 Ay? e
+1 1 H.I:1l, _2Hil,+l H.Hi, + Hil+1,j _2Hil,j + HiI—Lj (23)
2 A7* A7*
1+1 1+1 | | 1+1 |
_I_M Vi ~ Vi +Vi+1,j ~ Vi +Ed Ui +u
2 20Nz 20z 2
I+1 I 1+1 1+1 1+1
Vii “Vig Z 1 Vi TV TV +V| o T2V
At 2 Ay2 Ay2
v 4L\ | | | 24
+E |+i1 2y, ]l Vi ij +Vi+1,j —2vi; Vi (24)
2 Ve A7*
|+1 I+1 | | 1+1 |
+|\;{H|+L,2AH—LJ Hi+1,j2;Hi—1,jJ+Ft{ui,j ;ui,jJ
z z
To simplify equations (21)to (24) further we define
_ At _ At _ MAt _F.At
1__72’ 2__72’ < T ——— D4_
2P, Ay 2P Az 4P Az 2P,
(25)
. D= 0=l =5
Substituting (25) into (21) to (24) and then eqgeach components tq &nd k; we have:
— | |+ |+ I+ |+ | | |
I:1_Hi —H, 1+D(H|ji1 2Hi,1 Hljl—1+H|J+1_2H +HIJ—1)
+D,(HIE —2H! "+ HL + R, —2H! +HL,) (26)
1+1 1+1 1+1
+D3(ui+:Lj _ui—lj+ul+1j_ |lj)+D (U +U )
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F2 - U|+l _ u 4+ D ( IH;J;l _ 2ui|";1 +ui|;£l + ul i 2u +u| i l)
|+ |+ |+ | | | 27
+ De(ui+ii —2u Ul UL 22U +Ui—1j) @7
I+1 1+1 | I+1 |
+D (H.+1,J Hi% +Hi —H 11)"' D ( Ui,i)
And
Fl = Hi|,+l Hl +D (H|IJI];1 2H I+1 + H||J]ll i ]+1 _ZHI | J 1)
|+ | + |+ | 28
+D, (I —2H! 4 HIL +H —2H! +H!, ) (28)
|+ | +: |+
+D3(Vi+:tj_vi fJ+VI+L]_ |11)+D ( 1+U )
— 11 | 1+1 1+1 1+1 |
F,=vi| —u +D5(Vi,j+1 V5tV 1+V|J+l_2Vi,J i,j—l)
+ D6 (VilLl,J 2V|+l +VI|+iJ +VI+1.I _2V +V—lJ) (29)

i+1,] i-1,j i+, _Hll l])+D8(uiljl+uiqu')
The boundary conditions (20) are applied to theesdtat captured the boundaries.
Equations (26) to (29) are apply to all nodes ffjjhe solution domain which consists of a rectdaigregion with y varying
from 0 to 1 and z from O to z-maximum (=1), whegei&ions (26) and (27) are for ionized componeritgew(28) and (29)
are for neutral components. The region to be exathin (y, z) space is covered by grids system t@apce accuracy with a
time step of 0.0001 for the transient state. Thel gpacing parallel to both axes were denotedApy Az and At
corresponding to y, z and t directions respectiviglyorder to determine the solution of the findiference equation in each
node, a MATLAB CODE was employed in which a Newfaphson search algorithm is fused into the noratirérank
Nicolson finite difference equation with a techréqof updating individual nodal solution discretednd testing the
convergence of the entire system simultaneouslggusiie infinity norm of the function vectdfE|| < ¢ where we set
€ =1071° The problem under consideration is time depentente a time stefitis chosen. For each time levéA{) the
Newton-Raphson algorithm is applied till convergero obtainfifj and the scheme is repeated for the next timel leve

I+ DAt to obtalnfll+1 values. The time stepping is terminated when #redd time level t is attained or until steadyesta

+D7(H-|+1- _H|+1 +H|

4.0 Results and Discussion

The velocity profiles of the ionized componentshaain induced magnetic field {JHor a rectangular channel with a moving
perfectly conducting top wall arepresented in Fégu2, 3 and 4.The channel parameters were choskustoate variations
of the velocity profiles and the time componentghs velocities. The Hartmann’s number (M) used B§10,12 and 15
with a Magnetic Prandtl number,Pof 0.01 (value for liquid metal). Transients swlered were t=0.01, 0.03 and 0.07.
Steady state solution was attained atQ.07. The velocity profile along the moving inté is equal to 1 and along the
stationary walls at the bottom and sides are zesafisfaction of the boundary conditions. Forrégion considered on the y
and z axis, it is observed that the velocity dreggadily from its moving plate edge value to zertha stationary walls as
stated in the boundary conditions. This also ingptigat the stress free surface does not driveltiie &nd the stationary
perfectly conducting side wall retards the fluids e time increases the effect of the induced etigriield become
apparent as shown in Figures 2, 3 and 4. As théntdan’s number is increased, it was observed Hewelocity profiles
decreases. This decrease in the velocity profifeusad to be the effect of magnetic field whichaim electrically conducting
fluid produces a Lorentz force that acts againstfkiw. This observation was found to be in per@agteement with earlier
result as reported in[6]. The neutral velocity wi&covered to have the same velocity patternatsattthe ionized at similar
transient values, see Figures 5 and 6. A singlecitglcurve was maintained at all values of thetian’s number indicating
that the induced magnetic field has little or nfeetf on the neutral velocity. However as time iases the neutral velocity
profiles also increased. Furthermore, it was alsticed that increase in Pm lead to a decreadmeinélocity profile of the
ionized components in agreement with [7] and neafdn the neutral components.
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Figure 2: lonized velocity profiles with induced magnetield for different M at t=0.01, Pm=0.01
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Figure 3: lonized velocity profiles with induced magnetielél for different M at t=0.03, Pm=0.01
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Figure 4: lonized velocity profiles with induced magnetield for different M at t=0.07, Pm=0.01
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Figure 5: Neutral velocity profile with induced magnetic fidfor different M at t=0.01, Pm=0.01
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Figure 6: Neutral velocity profile with induced magnetic fidlor different M at t=0.07, Pm=0.01

1

\ —+—t=0.01

0.8 \\ t=0.03 |

— t=0.05

N
0.6 \\ ----t=0.06

N — - t=0.07

c
=]
0.4

0.2f N 1

Figure 7: Neutral velocity profiles with induced magnetield for various time t at M=5, Pm=0.01

\\ —+—t=0.01
08\ 2008
N\ — t=0.05
0.6l \ N - -1=0.06
N — - t=0.07
S \

0'47 \\\ 7
0.2t > 1
\\\\}

Q =
0 ‘ ‘ =
0 01 02 03 04 05 06 07 08 09 1
y

Figure 8: Neutral velocity profiles with induced magnetield for various time t at M=15, Pm=0.01

1
\ —+— Pm=0.01
0.8F \ Pm=0.08
N — Pm=0.71
0.6 N T Pm=3
A
N\ — - Pm=7
5 N
0.4+ SN i
X
0.2 % .
~ =
TR
0 I I I I I = = I I |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1

y
Figure 9: Velocity profile of ionized component at varioudwes of R,. when M=5,T=0.1
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Figure 10: Velocity profile of neutral component at variowsues of R, when M=5 and T=0.1

5.0 Conclusion

This paper studied the effect of time variationspartially ionized MHD liquid metal couette flow & rectangular channel

with an induced magnetic field. The momentum andmetic field equations written in dimensionlesstriovere separated

into ionized and neutral components and couplegblitih finite difference method was employed toslthe equations.

From the present numerical investigation the foltmconclusion have been drawn:

i. The magnetic field parameter M gets more sigaifit as time increases in the ionized velocityifgdhan in the
neutral velocity

ii. Increase in Magnetic Prandtl numbers lémc decrease in ionized velocity profiles andeffect on the neutral
velocity.
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