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Abstract

In this paper, we have applied homotopy perturbatimethod to solve a system of
volterra integral equations. We considered steadiytes laminar boundary layer flow
on a flat plate. The boundary layer on a flat platéhich is often called a zero pressure

gradient boundary layer, the momentum equation inetX direction for boundary

layer is transformed by means of a similarity vabie n from partial differential
equation into ordinary differential equation. Thehtained equation is called Blasius
equation. The nonlinear third order ordinary diffemtial equation is further
transformed into a system of first order ordinaryiférential equations which were
further written as a system of volterra integral egtions. The solution obtained has
been compared with variational iterative method.istshown that this method is easy
to implement. It is more efficient and convergesstar than variational iterative
method.
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1.0 Introduction
In developing a mathematical theory of boundaretay solution of a limiting form of equation of titm as Reynolds
number becomes large is expected to describe aippately the flow in laminar boundary layers. We sioler a flat plate at

y = Owith a stream with constant velocity, parallel to the plate. At the surface there isflow across it which implies
that the rate of flowV =0 at y = 0. Due to the viscosity we have the no slip conditiorthe plate. In other words = O

at y = 0.At infinity outside the boundary layer we hale= U, as Y becomes large. Because of its numerous applications

in science and engineering, the laminar boundamrlflow has attracted the interest of physicistgjineers, mathematicians
and numerical analysts alike since discovered laydrt in 1904 and solved by Blasius in 1908[1].cgimne can elegantly
reduce these equations to ODE by similarity tramsfomathematicians have found their fulfilment incavering the
underlying symmetries and proving the existence @mdueness of its solutions. The first numericduson was obtained
by Howarth [2]. More recently, the Blasius equatisas solved using the shooting method [3, 4]. TraorAian
decomposition method was employed to solve theilasguation as outline in [5 - 8]. The same eguatias solved using
variational iterative method [9]. Also, researchrikvon application of homotopy perturbation methodrion-linear Blasius
equation to boundary layer flow over a flat plass fbeen investigated [10]. We are to solve the texjuasing Homotopy
perturbation method.

Our aim is to compute the solution to Blasius eigmaby Homotopy perturbation method using MAPLEdda compare
solutions obtained with variational iterative metrand Blasius’ solution.

Perturbation method called homotopy perturbatiorthod (HPM) is a series expansion method used instiation on
nonlinear ODE and PDE. It was introduced by Ji-Htnin 1998 and systematic description in 2000 thg; in fact,
coupling of the traditional perturbation method dnotopy in topology [11-13]. Until recently, tapplication of the HPM
in
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non-linear problems has been developed by scisrigl engineers, because this method is the nfestieé and convenient
for both weakly and strongly non-linear equatiob4 { 19]. In this paper, we have applied HPM to pata the solution of
Blasius equation.

Atx=0.5x)=0 At v=0{pawall),
v =v =10 (oo slip
condition)

Figure 1: Boundary layer flow

2.0  Perturbation Method
A brief description of the standard HPM on volteimeegral equations will be presented. Without lokgenerality, consider
the following system of the integral equations:

t
M (t) = N(t) +/l(j)K(t,s)M (s)ds, (1)
where
= )
M (t) = (my (1), My (1), (O )
T
N(t) = (nl(t), n2(t),...,nn (t)) 3)
K(t,9) =|k; ¢9)}i=123.n:j=123.n o)
To convey an idea of the homotopy perturbation method, wsider a general equation of the type
L(u)=0 (5)
whereL is an integral or differential operator, we define a convexdtopy H (u, p) by
H(u, p) = @~ p)F(u) + pL(u) (6)
whereF (u) is a functional operator with known solutions which can be obtained easily. It is clear that
H(u,p)=0 ()

From, which we haveHd (u,0) =F u(gndH (u) =L @1). This shows theH (u, p) continuously traces an implicitly defined
curve from a starting pointl v( ,@ a solutiorH (f 1) . The embedding parameter increases monotonically from zergtto u
as the problenf (u) = 0is continuously deforms the original problentu) = TBe homotopy perturbation method uses the
homotopy parametgras an expanding parameter to obtain

u=> p'u; =u, + pu, + p°u, + 0 ®)
i-0
If p — 1 then (7) corresponds to (5) and becomes the approximatesabf the form
f=limu=> u 9
mu=2.u ©

It is an established fact that the series (9) is convergendst of the cases and also the rate of convergence is depemdent o
L(u), we assume that problem (1) has a unique solution.

Considering the th equation of (1), which take the form

f.t) = i piui
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f,(t) = p'v, (10)
i=0

f(t) =D p'w
i-0

The comparison of like powers pfgives solution of various orders.

3.0 Materials and Method
For the flow along the flat plate with constant veloadjty we assume no pressure gradient, so the continuity and momen

equation in thexdirection for steady boundary layer is govern by:

a—u + @ =0 (11)
ox oy
ou du _ 0°u
—+tV—=U0—+ (12)
dy dy  oy?
The appropriate boundary conditions are:
y=0,x>0;u=v=0 (13)
y > 0, x20u=U, (14)

We reduced the boundary layer equation (12) to partial diffatesjuation with a single dependent variable by considering
the stream function related to the velocityl and Vaccording to the equations

0
u= —(/I andv = _6_(// (15)
oy 0x
We substitute equation (15) into the equation (12) to olstquartial differential equation given by
ay 0° oy 9° 9°
y o'y oy oy _ 0% 6

dy axdy 0x ody? ay°®

with the boundary conditions

y:O,x>0;a—w:—%—l)/::0 (17)
y - 00,x>0;%—l‘5:Um (18)

Based on the observation of Blasius in 1908, we reduced thal ghiferential equation (16) to an ordinary differential
equation using a similarity variable defined by

U2
n=y —= (19)
VX

oy

= =U,1'(n) (20)
oy

We substitute equations (19) and (20) into equation (@&pbtained an ordinary differential equation given by
(BN} 1 n

fln)+ fln)t () =o0 (21)

With the boundary conditions

f'(0)=0,f(0)=0,f'(0) =1 22)
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The function f § )s the solution of the boundary value problem given leyafuation (21) and (22), which has no closed

form solution. The ordinary differential equation (21)n@nlinear and has to be solved semi-analytically togethér thvit
boundary condition (22).

f
Using the transformaﬂoag— a), gg h(7), we can rewrite the boundary value problem (21) and (22)gwstam of
Ji 1

differential equations:

df

E =9()

j—g = h(7) 23)
n

j—h =Lt iphin)
n

with f (0) = 0,g(0) = 0,h(0) = a which can be written as a system of integral equations:
n
f(7)=0+[g(t)ct

9(7) = 0+Eh(t)dt (24)

h(7) = a—%} f (t)h(t)dt

n
fo+pfy +--=0+p[(g, + pg, +---Jt (25)
0
Ui
g, + Py, +---=0+ pj(h0+phl+---)dt (26)
0
p’7
hy+ phy+ p'h, +-- = 2= [ gy + P(gh
0 (27)

+goh)+ (g, + g + ghy) +-+)

Comparing the coefficient of like powers ¢, we have

f,=0 f, =0 ff%a/f f,=0 f,=0
p@:lg, =0 pY:{g, =an p@:lg, =0 p®:lg, =0 p®:lg, :_Ilisazna
h, =a h, =0 h,=0 h3=—1—12a2/73 h, =0
fo = _2%106‘2”5 f, =0 f=0 " fo = 16380613'78
p®:lg, =0 p®:lg, =0 p®:lg, = 20160a3/77 p®:lg. =0
h, =0 - %)a%ﬁ h =0 h, =0
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fo=0 - _ 5 4,11
f,=0 ° . =" 2257702
10) . - 4,10
N 25 P80 = 35707 " gfl_z g
h - _ 4,.9 - O 1=
° = 193536 o
f,=0
ho=0 ) 9299
(12) . — (13) : - 5,,13
P19:=0 9299 P 13 3321077760
- 5,12 =0
"2 = 554675206 " (28)
#rom equation (28) we obtained the following series smhuti
f(n) =£a,72 _iazns + 11 a3,78 _ S a‘ntt + 9299 asn
2 240 161280 4257792 46495088600
B 1272379 2517 — 19241647 a7 (29)
3793999230624000 346012730817888000

By assuming the valua = 0.332057based on the conclusions of [3], we obtained the folloveiages solution from
equation (29)

f(77) = 1.660285A0™1n2 — 45942438A07n° + 2.49718139X10°°° — 1.42769724820°
+8.07406734x10™ 7" - 4.4956769810%7" + 2.47536x10™°/ (30)

4.0  Application of the Result

We have compared solution obtained with that obtained by \ar@titerative method in [3] and Blasius’ solution as shown
in Table 1 and2.

Table 1:0Obtained solution, in comparison with VIM and Blasiusugon for f (7).

f ()

7] | Blasius VIM HPM

0 0.0000 0.0000 0.0000
0.5 | 0.0415 0.0415 0.0415
1.0 | 0.1656 0.1656 0.1656
1.5| 0.3701 0.3701 0.3701
2.0 | 0.6500 0.6500 0.6500
2.5 | 0.9963 0.9963 0.9963
3.0| 1.3968 1.3966 1.3968
3.5| 1.8377 1.8361 1.8377
4.0 | 2.3057 2.2966 2.3064
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Table 2: Obtained solution, in comparison with VIM and Blasiusi8onfor f'(17) .

f'(7)

7] | Blasius VIM HPM

0 0.0000 0.0000 0.0000
0.5| 0.1659 0.1659 0.1659
1.0 | 0.3298 0.3298 0.3298
1.5| 0.4868 0.4868 0.4868
2.0 | 0.6298 0.6298 0.6298
25| 0.7513 0.7512 0.7513
3.0 | 0.8460 0.8451 0.8461
3.5| 0.9130 0.9070 0.9133
4.0 | 0.9555 0.9262 0.9594

Table 3: Obtained solution, in comparison with Blasius'solufamf "'(7) .

£ ()

7] | Blasius HPM

0 0.33206 0.33206
0.5 | 0.33091 0.33091
1.0 | 0.32301 0.32301
2.0 | 0.26675 0.26675
3.0 | 0.16136 0.16142
3.5 | 0.10777 0.10917
4.0 | 0.06423 0.08498

In Table 1 the velocity distributiorf 7( ) computed for) <4 and the solution obtained compared favourably with
Blasius’ solution except fof] = 4 with absolute error of 0.0007. In Table 2 the first datiixe of the velocity distribution
f'(n7) is tabulated and compared with Blasius’ solution. The isoistobtained are in good agreement with Blasius’
solution except for] = 3.0,3.5and4.0 with absolute error of 0.0001, 0.0003 and 0.0039 respdgtiTable 3 shows the
second derivative of the velocity distributidn’(/7) , obtained solution compared favourably with Blasius’ sofuexcept
for 7 = 3.0,35and4.0 with absolute error of 0.00006, 0.0014 and 0.0207%ctisely.

| fir) —— £ r * £

Figure 2: Function off(7) , f'(7) and f"(7) against.

Figure 2 depicts the graph &f§ ),f '¢7 Jand f "'(17) against/} . It can be shown from the graph th&(0) = f '(0) =0
is satisfied.
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5.0 Conclusion
In this paper, we have applied Homotopy Perturbation Meth@wlve Blasius boundary layer equation. We have obtained

solution with excellent accuracy #gr< 4. In Table 1 , 2 and 3, comparison between Blasius’ solutiee variational

iterative method and HPM is presented. It is clear that HPMuges a velocity distribution that compare very favourably
with Blasius’ solution. This obtained solution can Isediin situations where an analytical solution is not abkglas it is
more accurate, converges faster than variational iterative methambafirtin the exact solution of Blasius.

6.0 References

[1] Blasius H. 1908. “The boundary layer in fluid wilittle friction (in German)”.Zeitschrift fur Mathematik und
Physik. 56(1):1-37.

[2] Howarth, L. 1983. “On the solution of the laminayundary layer equation’Proceedings of the Royal Society of
London. 164:547-579.

[3] Asaithambi, A. 2005. “Solution of the Falkner-Skaquation by recursive evaluation of Taylor coefficients”.
Journal of Computational and Applied Mathematics. 176:203-21

[4] Cortell, R. 2005. “Numerical solution of classical aBius flat plate problem”Applied Mathematics and
Computation. 170:706-710.

[5] Abbasbandy, S. 2006. “Numerical solutions of the graé equations Homotopy perturbation and Adomain’s
decomposition methodApplied Mathematics and Computation. 173:493-500.

[6] Abbasbandy, S. 2007. “A numerical solution of Blasiequation by Adomian’s decomposition method and
comparison with homotopy perturbation methddhaos, Solitons and Fractals. 31: 257-260.

[7] Hashim, I. 2006. “Comment on A new algorithm far\sng classical Blasius equation by L. Wandi{pplied
Mathematics and Computation. 176(2):700-703.

[8] Wang, L. 2004. “A new algorithm for solving classi&lhsius equation”Applied Mathematics and Computation.
157 (1):1-9.

[9] Aiyesimi Y.M. and Olorunsola O. Niyi. 2011. “Comiational analysis of the non-Linear boundary layer flow over
a flat plate using variational iterative methodimerican Journal of Computational and Applied Mathematics.
1(2):94-97.

[10] Ganiji, D. D., H. Babazadeh, H. Noori, M.M. PirouzdaM. Janipour. 2009. “An application of homotopy
perturbation method for non-linear Blasius equation to hdary layer flow over a flat platelnternational Journal
of Nonlinear Science. 7(4):399-404.

[11] He. J. H. 1999. “Homotopy perturbation techniquédmputer Methods in Applied Mechanics and Engineering.
178:257-262.

[12] He, J. H. 2000. “A coupling method of homotopy teglne and perturbation technique for non-linear problems”.
International Journal of Non-Linear Mechanics. 35(1):37-43.

[13] He. J. H. 2008. “Recent development of the homotmgryurbation method " Topological Methods in Non-linear
Analysis. 13:205-209.

[14] He. J. H. 2006. “Some asymptotic methods for stgomgn-linear equations’lnternational Journal of Modern
Physics B. 20:1141-1199.

Journal of the Nigerian Association of Mathematic&hysics Volume 34, (March, 2016), 27 — 34
33



(15]

[16]

[17]

[18]

[19]

Computational Analysis of... Titiloye, Ibrahim and Aniki J of NAMP

He, J. H. 2004. “The homotopy perturbation method fionlinear oscillators with discontinuitiesApplied
Mathematics and Computation. 151:287-292.

He, J. H. 2005. “Application of homotopy perturbatimethod to nonlinear wave equatior@3iaos, Solitons and
Fractals. 26:695-700.

He, J. H. 2006. “Homotopy perturbation methodgolving boundary value problemsPhysics Letters A. 350:87-
88.

He, J. H. 2004. “Comparison of homotopy pertudratimethod and homotopy analysis methodpplied
Mathematics and Computation. 156:527-539.

He, J. H. 2003. “Homotopy perturbation method: @wmonlinear analytical techniquefpplied Mathematics and
Computation. 135:73-79

Journal of the Nigerian Association of Mathematic&hysics Volume 34, (March, 2016), 27 — 34

34



