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Abstract

Researchers have written extensively on some prigerof a new class ¢
analytic and univdent functions in the unit disl. In this work, we used differential
operator to redefine these classes of functionseTdoefficient and convolution resuli
were different from the previous results obtainescept when we allow n=0. Th
provides an obvious extension to A. T. Olad's, coefficient inequalitis &
convolution properties for certain New classes afadytic and univalent functions ir
the unit disk.
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1.0 Introduction
Let A denote the class functioh&) of theform

(1.0)
f@)=z+ Z a,z"
which are analytlc in the open unit disk= {z: |7 <1}.
We letA(w) be the class of functions of the fc
J(z fz—erZakz— J(keN=234..)
(1.1)

which are analytic in the unlt d|sk and normalizéth f(w) = 0 andf (w)y—1=0

wherew is a fixed point ire = {z: [z <1}.

The function introduced in (1.1) was introducedl#99 by Kanas and Ronning. They applied this car
to define and study the following classeww—starlike and» — convex functions respectively

ST(w) = 5*(w) = {f € S(w) : Re (w) >0,z¢E}

f(2) . (1.2)
CV(w) =S°w)={f € A: Re (1 * (Zf,(:)>f @) >0,z €E} w3

For some of the properties of of the class intredusy Kanas and Ronni, see [1-5]

We say that the clas§w)is defined by geometric property that the imagemf circular arc centered
o is starlike with respect tod() and the corresponding claS(w) is defined by the property that t
image of any circular arc centeredeats convex . We define the Ruscheweyh derivativéhe$e classe
of analytic functions

I — 1) ,
D" fi(z —sz+z ni(m akj(z w)¥

If @ =0 we obtain the Ruscheweyh derivative of ordese, [2]. A functiorD"f(2) is mS (w, B,n) is said to bey — starlike
of orderp in z € with respect to Ruscheweyh derivative of orderamnifl only it
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ST(w) = S'(w) = {f € S(w): Re (%) >0,z€ E} (1.5)

We denote byS'(w,8,n) the class of all functions in ). A functionD"(2) in S(w,4,n) is said to
be convex of ordef in E with respect to Ruscheweyh derivative of oin + 1 if and only if

(z—w) (D"f,-(Z))*>
Re (1 + 0@ > p (1.6)
We define the convolution of the functioify(2) , f2(2) €(w) by

(ixfo)=2—w+ Z g ap (2 — w)k

k=n (1 7)
Jixfaxox fi)(2) +Z (H)
In general , ( k=p \j=1

We shall study the coefficient inequalities andaiibthe extremal functions and convolution progsriof the redefine
classes of Kanas and Ronning expressed by

2.0 Coefficient Inequalities
LEMMA 2.1 A functionD™f(z) &(w) is in the lassS*(w,4,n) if and only

Z Wom(kn +k + B — 2)(r + ) la, < 1 - (1.8)
ie=p
n!(m —1)!
nomn — 7', | z ‘: r <
Where¥ (m+n-—1)! 1 and o |=d.

PROOF. Supposéz) belongs toSEI ®,p,n) with | z|= r <1 and v |=d. then we have
()t 5 © k(n+)ni(m-1)lay, J(z w)
(z-)(D"(fj(2)) k:p (n+m)!
D"f;(2) ®  ni(m-1)!
: (2 W)+kzp(n+m -1)!

R (z-a)(D"(fj () _\(z—w)(D”(f j(@)
D"t} (2) | D"

a, j (z-w)*

and
Re ((Z - w)(D"(fj(Z))'> _ |(z — 0)(D"(f;(2))'
D f;(2) | D2
w km+Dnl(m-1)ay,j(z—w)¥ n! (m 1)!
Zk p (n+m)! - Zk =D (n+m—1)!
(z - w) + Xi=p ar, j(z — w)k

Since o+ m)! >(n+m- 1)! then
1 1

_1|

k'j(z - w)k

<1-B;(1.9)

n!(m-1)!
(n=m-1)!

(n+ m)! < (n+m—1)! (2.0)
Using (2.0) in (1.9) we obtain
®  ni(m-1)! ) k=1, .
kzp(n+m—1)!ak’1 (r+d)™ Tkn+k-1]
© ni(m-1) =
ni(m _ k-1
o Z p(n+m-= 1)|akv1(r+d)
2.1)
_nlm —1)!
Letustake ¥~ (m+n-1! so (2.1) yiel
S Wnmknrk+ ) -2)r+d)< Loy | <1-B; (2.2)

k=p
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Which is the required result . If we let n=0, weaib the same result of Lemma (2.1) of
Our claim in (1.8) of Lemma 2.1 is sharp with theéremal functiordefined with respect to Ruscheweyh deriva
of order n

1Aj (z—a))k , k=2 (23)

anj ()=z-w+—
Y Wnmkntk+Bj-2)
k=p
If n=0 in (2.2) then the result of equation (d®)]1] is establishe

D"
CORROLLARY 2.1 Let (@ &\(w) be in the clasS'(w,4,n). then we have

a.j< A , k=2 (24)
" Ynmnrk Bj -2)(r+d)k L

whered =| » |and equality in (2.4) holds true for functicD"fj(2) given by (2.3)

D"t .
CORROLLARY 2.2 Let i@ &\(w) be in the clasS’(w,4,0). Then we have
1-Bj k=2 ,=1

ay,j< = , (25)
Yo,m(k+Bj=2)(r+d)
LEMMA2 .2 A functionD"j(2) €\(w) is in the clasS (w,4,n) if and only if
kz W mik(k+kn=n+8; -2)(r +d)K Loy j<(@1-B;) (2.6)
p
PROOF : We use the same method as in Lemma 2.1, we
(k—1D(n+ Dl (m—1)! he1
L emw) D) T T —— o

(D" f(z)) B 14 Z < knl(m —1)! ) (z — w)k-1

ag
n+m—1)! J

hence,

Ny o9 D)
Re <1+ (D"fj<2))/ )

i( (k—1)( :i;))(m —1)! an, ) W)k 1+Z ( /:tjrr:;f 1) o j) (o )it
)

. . . _ n!(m-1)!
Using relation (2.0) in equation (2.7) and all#, ,=————— , we have
(n+m—D!

ad 3 E @O @) zpw” mik(keron=ne 5 -2)0 )
(D"} (2))

- Sl—,[f’j
1+ Y Y mk+d)$ oy
k=p

further simplification will give

kz Ymnkl(+D)(k-D](r+d)* ey j<(1-B; )(1+ S @nmk(+d )K"
=p =p
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And finally one obtains

(o)
kz Ymnk(k+kn-n+))(r+d)* Loy <(1-5)) (2.8)
=p
We observe that whan= 0 ,equation (2.8) yields result of Lemma 2.214f Pur extremal function is
1-Bj kk=2

(z-w) (2.9)

D"t (2) = (z-w)+
. S Wn mik(knrk+ 5] -2)]
k=p
CORROLLARY 2 .3 LetD"(2) () is in the clasS(w,4,0) . Then
1—,8j

§ Wn’m[k(kn+k+ﬂj —2)](r +d
k=p , (3.0)
Where d =| w |. Equality holds true for functions given by (2.9)

a <
K, ]

)k—l

C
CORROLLARY 2 .4 D(2) €\(e) be in the class  {,,0).Then
1-Bj WYom=1
kz Wo,mik(k+B; -2)](r+d)< 1
=p
Which agrees with corollary (2.2) of [1].

(3.1)

<

a .
K, ]

0
3.0 Convolution Properties for Functions in the Class (w,,n)

stwpn) . . . . sw. p.n)
In this section we consider the Hadamard produétmmétions defined by (1.7) for the class
THEOREM3.1

If D'(2) () be in S{w@ £.n) , § = 12,...m) then D”(f1 0 0f Y20 s, B,n) where

m
(kn+k-1) [ (1-5;)

- -1
a=1- m m 1
M @=Bj)+ N (kn+k+Bj-2)(r+d)
j=1 j=1
(32)
The result is sharp for the functio®',(2) ( = 1,2..m) given by
A-8j)
Ne. (y—ope J _.zk
D' fj(2)=z w+(kn+k+,8j _2)(2 ) (33)

Proof . Here we use the principle of mathemadfiedliction to prove theorem (3.1)

Let D"y(2) Sw, ﬂl,n) andD"f(2) ESD(a), ,BZ,n). Then the inequality

[oe]
Z ummlkntice s —2)(r+d)K Ly j<1-5 (3.4)
=p
k-1
0 kn+k+3;i -2)(r+d
implies that > \/Wn,m( 'BJ_ Jrd) ag,j<1 (3.5)
k=p =5
Thus , by applying the Cauchy-Schwarz inequality have
-1 2 kn+k+3 -2 ® kn+k -2
S(H'd)k ! > I/In,m(nzhgl]ak,l ) l//n,m[rwjak,z <1 (3.6)
k=p -A k=p =42
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\/(l//m o) (nk+ A-2)(kn+k+ B~ 2)ak i 2

Therefore , if ; wm,n(wj

aI<'°1I<2<Z

o 1-5 k=p (1-A)(1-B2)
k-1
. 1-5 ) [(kn+k+ B -2)(kn+k+Bp-2)( +d)
Thatis if, ak'lak'zs[kn+k+5-2j\/ (1-A1)(1-B2)

Then Dn[(flmfz)(z)]DSD(w,J,n) . We note that the inequality (3.5) yields

15 K1 (ieq o - e
/ak i \/kn+kﬁ’2( +d) (=1,2 : k=p, p+1, p*+2..)
Consequently, if

(1-A)1-B2)
(kn+k+ 8 -2)(kn+k+Bp—2)(r +d )k

1- \/(kn+k+/}l—2)(kn+k+[3’2—2)(r+d)k_l

~kntk+5-2 (1-4)@-B2)
that is , if
kn+k+6-2 _(kn+k+S-2)(kn+k+SBp-2)(r +d )k—l
-5 A-4)(1B2) k=pp+1p+2, (37)

then we have
D" ((10f2)(2)) O S (@, 8.n) It follows from (3.7) that

B (kn+k-1)(1-8)1-B.)
1-B)A-L)* kn+k+[ - 2)f +d )

SinceL(K) is increasing fok > n, we have
5=1- (pn+p-1)(1-41)-/52)

=Lk),k=p,ptLp+2..) (3.8)

}<_1 (39
(1-41)A=B2)+ (pn+ p+ 1~ 2)(pn+ p+ B2~ 2)¢ +d
which shows that
D' (f Of )(2) OS(w,d,n)
1 (kn+k-1)(A-41)(I-B2)
o=l 1 (4.0
where (1~ ) (- Bo)+ (kn+k+ 1 - 2)kn+k+ B 2)¢ +d f
n 0 (kﬂ+k-1)l'lm =@55)
Next we suppose thad'' ( f T0fy)(2)0S(w,y,n), where y= (41)
(r+d)K 1|-|rn L (vt 320+ ()
Then by means of the above technique, we can shaitw t
m+1
(kn+k=1) [T (1-B;)
j=0
as<l-
k-1M m+1 (4.2)
(r+d)< LT ereicr 5 -2 |'| (1—,8, )
j=0
n _ m 1-5j k
Finally , for functions given by (16) , we hale (f10.0fm)(z)=z-w+| T] 1 (z-w)
(r+d) (kn+k+,6’j -2)
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4.0  Convolution Properties For Functions In The Class §w,,n).
We shall derive the convolution of functions in tassS’(w,4,n).
THEOREM 4.1

If D"f,(2) €S (,4,0) ( = 1,2,...,m) then Dn(f1 [ Dfm)(Z) 0 S%(w, B,1) where
m

(p+pn-n-1) _rll(l—ﬂj )
J:

- 1 m m
Wnmp™ L +d)K L [ p(p+pn-n+Bj-2)+ [T (1-5;)
=1 j=1
the result is sharp for the functio§z) given by

Ne. (e (oe 1-5j _ k-1
D7} (9)=(z w){wn,m[k(k+kn—n+,8j —2)](Z «) (44)

Proof ForD"fj(2) €S(w,8,n), (j=1,2) then we have the inequality
: \/l//n,m[k(kakn‘n"’ﬁl‘Z]él/n,m[k(k+kn‘n+,32‘2](r+d)k_lak %2
! <
(-A)1-B2) (45)

which implies thatdD" (10 2)(2)0SC (w,d,n)
Following the method of proof in Theorem (3.1) , gt

o=1-

(43)

k=p

k(k+kn—-n-1) ﬁ @-5;)
j=1

2 -
K 1 @Bj)*nml N kkrkn-n+p) -2)(r+d)*
=1 =1
The right-hand side of (4.5) takes its minimunk atp because it is an increasing
function of k> p This shows that

D" (f10f2)(2)0S¢ (w,8,n) where

0<1-

. k= (p,p+l..) (4.6)

2
(p+pn-n-1) _Hl(l-ﬂj )
J:

2 -1, 2 K—i
M @8 ¢nmp M [ p(p+pn-n+p; -2)](r +d)
j=1 j=1

o=1-

Observe that when= 0 we get the same result as equation (27) of [1].
SupposeD"(f [1..0f )(z)U S’ (w,y,n)

Where
m
p+pn-n-1) [ (-5j)
y=1- =
m m-1, M k-1
_I'Il(l-ﬁj )*¥n.mp [_I‘Ilp( p+pn-n+g8j-2)(r+d)
j= j=
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n C
Finally, we haveD ( fl 0.0 fm+1)(z) 0s (w’a’n)7 where

m+1
(p+pn-n-1) 1 (-Fj)
a=1- 1=
m+1 m m+1 k-1
_|_|1(1‘,3j JHnmp [ n p(p+pn-n+Bj =2)(r +d)
1= 1=

5.0 Conclusion

It is easy to observe that in all cases considardhis work,we used Ruscheweyh derivative of ontléo generalize the
results of cofficient and convolution problems ilwoga class of analytic functions with fixed panHaving shown that
whenn = 0 we obtained the same results as in [1],thiskvetearly demonstrated that Ruscheweyh derivasve useful
tool in generalization of some properties of fuoos.

6.0  Acknowledgements

| must express my gratitudes to my Supervisor P&of. Oladipo , Department Of Mathematics Ladokeimddla
University Of Technology Ogbomosho Oyo State , \isisted not to appear as an author in this wotkaso for his
kind criticisms explanations and provision of research materialghvhssisted in no small measure in the writing of
this work. | am also highly indebted to Prof. \l.ASor for assisting in the presentation of thawkv. Wishing all of
you fruitful Research life .

7.0 References

[1] A. T. Oladipo ,Coefficient Inequalities and Convolution Properties &ntaih New Classes
of Analytic and Univalent functions in the unit Disk. Far East Jou@®faMathematical
Sciences (FIMS) Vol. 62 , Number 2 ,2012 pp 219-232.

[2] Emelike Ukeje & J. Nnadi . Convolution Properties Of a Class oflyinaFunctions
International Journal Of Mathematics & Analysis (IJMA) ,Vol. 4, No 1,(2012) pp 71-78.

[3] Mugur Acu & Shigeyoshi Owa, On a Subclass of n-starlike fonsti International Journal
Of Mathematics & Mathematical Sciences 2005 :17(2005) 2841-2846.

[4] Sultan Aytas & H. Oziem Guney . On The Fekete-Szego like itieggé@r Meromorphic
Functions With Fixed Residue. International Journal Of Physican&es, Vol. 8(17)
pp750753.

Journal of the Nigerian Association of Mathematic&hysics Volume 34, (March, 2016), 5 - 12
11



Generalization of Coefficient... Ukeje J of NAMP

(5] A. T. Oladipo .Coefficient Estimate For Some Families Of Amal{gnivalent Functions
Associated Withg — Analogue Of Dziok-Srivastava Operator. Analele Universitatii Oradea
Fasc Matematica,Tom XXX (2015) , Issue No. 1, 141-153.

Journal of the Nigerian Association of Mathematic&hysics Volume 34, (March, 2016), 5 - 12
12



