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Abstract

This paper discusses balls in partialb-metric spacéet (X, p)be a partial b-
metric space in the sense of Mustafa et-al. for tfamilyA of all p,-open balls in
(X,pp)-This paper proves that there are x,gyB € A such that B'¢ B for all B’ € A,
where B and B’ are with centres x and y, respeciyvd his result shows thah is not a
base of any topology on X, which shows that a prsiion and claim on partial b-
metric spaces are not true.
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1.0 Introduction
Partial b-metric spaces and cone metric spacesyguertant generalizations of metric spaces, whigrenintroduced and
investigated by Shukla in [1] and Huang-Zhang i [@spectively.
Recently, Mustafat al. introduced a new concept of partial b-metric bydifigng partial b-metric in the sense of [1] in
order to guarantee that each partial b-megggican induce a b-metric [3]. Furthermore, they ptbthe following proposition.
Proposition1.]3] Let (X,p) be a partial b-metric space in the sense of Br each x/7X and&> 0, the p —open ball with
center x and radius is

Bps(X, &) = {y /X 1 p(Xy) < p(X.X) +}.

Then for each B (x,£) and each y1 By, (X, £), there isd> 0 such that B, (y, )0 By (X, &).
Thus, from Proposition 1.1, the following claim sematurally [3].
Claim 1.2:[3]Let (X,p) be a partial b-metric space, in the sense of [3].
PutA = {By (x.£): xUXand&> 0}, i.e. Ais the family of all popen Balls. Thenis a base of some topology on X.
It is also worthy nothing that proposition 1.1 adim 1.2 were cited in [4].
Equality 1.3 {y O X: d(x,y) <<&} = {y O X: d(x,y) <&}.
In this paper, we discuss Proposition 1.1, Clai@y &and Equality 1.3. For Proposition 1.1 and Cldird, we construct a
partial b-metric spaceX(p,) in the sense of [3], and show that there geopen ballB,, (x,£) and Y1 By, (X, €) such that B,
(y, 90 By (x, & for all &0, and hencé is not a base of any topology Bnwhich shows that Proposition 1.1 (including
its proof) and Claim 1.2 are not true. For Equality, we establish some relations between ballstlagid closures in cone
metric spaces by <, arg] and we give an example to show that Equalityid it true. However, it must be emphasized that
these corrections do not affect the rest of thelteq [3,5].
Throughout this pape¥, R,andR* denote the set of all natural numbers, the seadllofeal numbers and the set of all
nonnegative real numbers, respectively. For anetuBsof a space )f, denotes the closure of F in X. For undefined
notations and terminology, one can refer to [3,5].

2.0  R-Open Balls in Partial B-Metric Spaces

The following partial b-metric spaces introducedShukla in[1].

Definition 2.1 [1] Let X be a non-empty set. A mapping:X x X - R*is called a partial b-metric with coefficier#sl and
(x, py) is called a partial b-metric space with coeffitg= 1 if the following are satisfied for all x, y, &, X:
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1) X =Y = pp(X,X) = m(Y,Y) = p(Xy)
(2) Pu(X,Y) = po(Y,X)

3) Pu(X,X) < Po(X,Y)

(4) Pu(X,Y) < s(m(X,2) + p(z,Y)) — p(z,2).

Remark 2.2:1f s =1 in Definition 2.1, the(X, p,) is a partial metric space which was introducedaythews (for example,
see [3]). Further, putyd: X x X —R* :by dyg (X,y)= 2m(X,y) — B(X,X) —p(y,y)or all x, y7 X, thend,, is a metric on X and
(X,d,) is a metric space.

However, if s >1, then we cannot guarantee that pactial b-metric can induce a b-metric by thelmodtin Remark 2.2. So
Mustafaet al.gave the following partial b-metrig, jpy modifying Definition 2.1 (4) and proved thaeth, induces a b-metric
by the method in Remark 2.2.

Definition 2.3  [3] Let X be a non-empty set. A mapping K x X —Rtis called a partial b-metric with coefficiertsl
and (x, p) is called a partial b-metric space with coeffita> 1 if the following are satisfied for all, y, z,/7X:

(1) x=y = pxX) = py.y) = px.y)

(@) Po(X,y) = P(Y,X)

@) Po(X,X) < Pu(X,Y)

4) Po(X.y) < s(p(x.2) + p(z.y)) — B(z,2) +12—S(pb(x,><) + (YY)

Remark 2.4If x,y,zsatisfy Definition 2.3(1), (2) (3) and are diffatefrom each other, then it is easy to check tha, z
Definition 2.3(4) holds.

As a known fact, Proposition 1.1 and Claim 1.2rattrue if(X, p,) is a partial b-metric space in the sense of Didimi2.1
([6]). So itis it is important to check whetheropBosition 1.1 and Claim 1.2 are truéXf, p,) is a partial b-metric space in the
sense of Definition 2.3 The following example shawat the result of the check is negative, whiches from [6]. In the
following, all partial b-metric spaces are in tlemse of Definition 2.3.

3.0  Results and Discussion

Example 3.1 Let X =[u, v, w] and pug pXx X —R* as follows:

0] Py (U,u) =p (W,w)=1and p(v,v) =0.5

(i) Py (U,W) =, (w,u) = 1.5.

(i) po(vw)=p (wyv) =1.

(iv)  p@UVv)=p(v,u)=3

Let By, (u€) be described in Proposition. Then the followirmgdh

(1) py is a partial b-metric with coefficient s = 3.

(2) W O By, (u,1) and for ang> 0, By,(w,e)0 By (u,1)

Proof (1) it is not difficult to check that,gatisfies Definition 2.3(1), (2), (3). In order ¢heck that psatisfies Definition
2.3(4), we only need to consider the following thoases by Remark 2.4
(1) X=U Y=V, Z=wW:

Py (u,v) = 3.

3 (Ro(U,W) +PH(W.V) - (W W)) +=(Po(u,U) + pu(v.v)) =3.

S0 p(U,V) = 3(A(UW) + B(W.V) — BWW) + (pu(u,U) + (V. V).
2 X=U Yy=W,Z=V:
Py(u,w) = 1.5.

3 ((ULV) (VW) - BVV)) +(Po(u,U) + (W, W)) =8.5.

SO M(UW)S 3(Po(U,V) + B(V,W) = BVLV) + (Pu(U,U) + R(W,W)).
) X=V,Yy=W,zZ=U:
Py (v,w) =1,

3 (Ro(v,U) +Pu(uW) - B(UU)) +S(Pu(vV) + W w)) =9.

S0 B(V,W)S 3(pe(v,u) + Pu(UW) — BU,U) +== (o(V,V) + p(W,W)).
Thus p is a partial b-metric with coefficient s = 3
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) Since p(u,w) =1.5<1+1=yu,u) + 1 wl By, (u,1). In addition, for ang> 0, p, (W, v) = 1 < 1 4£ = py(w,w) =€,
sovl By, (W, €). On the other handfu,v) = 3« 2 = 1+1 = p(u,u) + 1, so \OBpy, (u,1). This shows thatdg (w,g)0Bgy (U,
1).

Remark 3.2 Example 3.1shows that Proposition 1.1 and Claim 1.2 aremgt if (X, p,) is a partial b-metric space.
However, we have the following.

Proposition 3.3 [7]Let (X, p) be a partial b-metric space amibe described in Claim 1.2. Thénis a subbase for some
topology on X. We denote the topologyhy

It is well known that the spad&X.7;;,) is To but does not need to e [7]. The following proposition give a sufficient and
necessary such théX, 7,,) is aT;-space.

Proposition 3.4_et (X,p) be a partial b-metric space in the sense of Digdim 2.3. Thenthe following are equivalent:

(1) (X, Tpp)is a Ty-space.

(2) pu(x,y) > max {p(x,x), p(Y,y)} for each pair of distinct points x,[y X

Proof (1) = (2): Let(X,Jpp) be aT;- space. If x, yiIX andk # y, then there is a neighborhood U of x such yfidtl. Sincé\ is
a subbase of (4;;,) from Proposition 2.7, there age, ¢,, ..., &> 0 such thatiyd N {Bp, (X,8) : | =1, 2, ..., k}, and hence
there is §/7{1,2,...,k} such that ¥IBpy, (X,&0)-SOPu(X,Y) ZPu(X,X) +&0>Pu(X,X). In the same wayp,(x,y) > p(Y,Y). So pX,Y)
> max {p(x,x), B(Y.Y)}

(2= (1): Letx,yd X and xZvy. if p(X,y) > max {p(x,x), p(y,y)}- Then gx,y) > p,(X,X). Pute = py(x,y)- p(x,X)> 0,then
Pu(X,Y) - p(X,X)+€, and soy 7 Bpy, (X, €). In the same way, thereds> 0 such that 1 Bp(y,£). Consequently(X,Tp,) is a
T;-space.

4.0 Conclusion
Let (X,p,) be a partial b-metric space in the sense of [3].tke familyA of all p,- open balls inX,p,), this paper proves that
there arex,y,/7B /A such that BT B for all B'UA, where B and B’ are with centres x and y, respebti This result shows

thatA is not a base of any topology on X, which shoved {B], Proposition 4 and the claim following [3}ch Proposition 4
are not true.
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