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Abstract

In this paper, we investigate the right alternatiagebras of quaternion type. It
is proved that Bol algebras of quaternion type s&fi a rank equation of the form

x* =t(X)x+n(x)L=0 and by extension, the form
(xy)* — 2k xy + n(Xy) = Ois satisfied where, y are elements of the algebra

and the scalark, =1/2t(Xy) . In these algebras, the normf(X), is non-

constant but reduces to a constant (a positive reamber) if the underlying loop
elements are anti-commutative.
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1.0 Introduction

The study of non-associative algebras have galmedttention of various researchers and authonstbeeyears, particularly
those loop algebras whose underlying loops satigfyso called Bol-Moufang identities over somedfiél . For instance, it
is well known [1,2] that Cayley algebras satisfgauation of the form

x* —t(x)x+n(x)e=0

where the tracd(X) and the normn(X) , for any non-zero element, are real numbers.

An algebra satisfying this minimal (or rank) eqoatis said to be quadratic.
Our contribution in this paper is to complementhsatforts by investigating the rank equation foll Blgebras of quaternion

type.
2000hematics Subject Classification .20NO05.

2.0  Preliminaries
We first recall the following important definitionseaders interested in more detailed informattoougd consult Bruck [3],
Plugfelder [4] and Schafer [2].

Definition 0.1A loop L satisfying the property that for all X, Y, z in L, (Xy.2)y = X(yzy) is called a right Bol loop.

Equivalently, if for all X, Y,z in L, y(zyX) = (y.zy)Xthen L iscalled aleft Bol loop.
A right Bol loop ( or a left Bol loop) is calledBol loop since whatever properties hold for a riglot loop also hold for its
dual (left Bol loop). A loop satisfying both lefhd right Bol loop properties is called Moufang. dop identity (X, Y, Z)

say, is of Bol-Moufang type if 2 of its 3 variableccur once on either side of the equality, tivel thariable occurs twice on
each side and the order in which they appear dmdides is the same.

Definition 0.2 [2] Let L be a loop written multiplicatively and F an arbitrary field. If we define multiplication in the vector
space A of all formal sums of a finite number of elements in L with coefficients in F by the use of both distributive laws
and the definition of multiplication in L then the resulting loop algebra A(L) over F is a linear non-associative algebra

(associative if and only if L isa group).
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Definition 0.3 Let A(L) be a loop algebra over areal field F whose basis elements generate a non-abelian Bol loop L of
order N, where

|_:{<q >:e0:lq2:—lqej:ieje,,lsisn—]} (1)

then Ais said to be a Bol algebra of quaternion type. L is called a Bol loop of quaternion type ( simply Bol quaternion
loop). An element X of a loop L such that x> =-1,x* =1and Xy =xyx for all yin L is called a Bol quaternion
element [5].

Remark 0.1 The definition above show that Bol algebras of guaibn type are unital algebras of dimens@nr = 2
whose basis elements generate right alternativecooonmutative Bol loops of orde2’™ . Consequently, this includes the
Hurwitz algebrasR, C, H, and, O (viz. Real numbers, Complex numbers, Quaterniows @ctonions) as well as their
generalized extensions by Cayley-Dickson proceigs;algebras of the form(F ~1,-1) and F ;- 1-1-1) etc., where
F is any field [6].

Definition 0.4 An algebra Aover F issaid to be alternativeif for all X, yin A theidentities

X2y = X(xy) and y.x* = (X)X

known respectively as the Left and Right Alternative laws, hold in A. An algebraA is called Left (or, Right) Alternative
Algebra ifonly the Left (or the Right) alternative law holds in A. Analternative algebra A with unity is a division algebra if
every non-zero element of A isinvertible [2].

Definition 0.5 An algebra A over F issaid to be commutativeif Xy = yXx for all pairs of elements X, y in A. Otherwise,

A isnon-commutative. An algebra A over F issaid to be anti-commutative if and only if X* =0 for all X in A.

Definition 0.6 An involution of an algebra A isalinear map q — a of A satisfying

00, = 0, G and q =g @
for all g, g, qpin A.

3.0 Main Result
In our investigation of this minimal equation fooBjuaternion algebras we recognize the underliongs as those of Bol
guaternion loops of order 8 and above since thasgs| generate the respective Bol quaternion algebweBurn [7], it was

shown that there are six non-associative Bol lafpsrder 8. Of these six, the first one nan®&d in [7] is the only one that
is of quaternion type. We shall nameBQ); in accordance with the nomenclature of its assiveiacounterpart ( the
quaternion grougl,) so that [5],

BQ, :{<i,j,k > ij = ji, jk =Kj,ik = —ki,i* = j? =k® = —1}

For loops of higher orders in this class, one naysalt Sharma and Solar[B] , Moorhous[9]or Naggy and Vojtechovsky
[10]

Theorem 0.1et A(L) be a Bol algebra of quaternion type defined over thereal field F, then for any ge A(L), (i) N(q) is

not a constant (ii) N(g) reducesto a positive real number if and only if Aisalternative or Char(F)=2
Proof: (i) Let A be finite dimensional of order, and let

L:{<q > =lel =-lee =zxeg l<i sn—]}.
Then, for any q in A, the norm

— n-1 n-1 n-1 n-1
N(@) =aa=(a,+2 ae)@ - ae)=) a’ -2 aaee @)
i=1 i=1 i=0

I<i<l
where €, e; are commuting elements for some ij. Sie; =€, (say),k # 0, N(q)

is not a constant.
(ii) Consider that from (3)
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n-1 n-1 n-1
N(@=>a*-2> aaee => a (4)
i=0 1<i<l i=0

provided 22:;1, aaee =0 e if z]:tj a,a;(2ee;) =0ie. if z]n;] a,a,(ee +ee;) =0 . For non-zero
a;a; this implies
g€ =-6€=-¢¢ forali,j, 1#] (5)
(sinceg € commute). Thus, (4) holds er =-¢6¢ for all i Z | in (3). This is the case when L is Moufang and so
holds true for alternativA(L) . For non-alternativé\(L) , (4) holds only when F is of characteristic 2.

To prove the converse, one must recognize thataltérnative once the underlying lodp is alternative. That is, if

g'e =e(ee) and ee’ = (e,8)e
holds true inL . By definition, if €€, = €, then
—e =6(g) =e g and e;(-1) = (te)g =18

. . . n-1 - .
Thus the formqej is anti-symmetric i, and so ZZ:JSM aa;6e = 0. Similarly,if charF = 2for any A then (4)

n-1 -,

holds, and stN(q)) = Zi:oai :
Remark 0.2From the theorem, one obtains, for N = 4
3
N(g) =D a’ —aa,(ee, +8,6) —aa;(ee, +e6) — a,a,(e,6; +ee,)

i=0
so that by consequently applying the appropriate multiplication rule for the underlying loop the right result is obtained. For

instance, by considering the Bol quaternion algebra with the underlying group Qg one easily obtains N (Q) = Zi 0 ai2 ,a

positive real number. This is the case for alternative Cayley algebras, and is the usual result in literature. Same is obtained,
of course, for the Bol quaternion algebra with the underlying Moufang loop M46Qs.
On the other hand, the Bol quarternion algebra with the underlying loop B(Qs) has

3
N(q) = zi: o a® +2a,a,e, —2a,a,e,, which is not a constant. Ditto for the Bol quaternion algebras of order 8 with

underlying loop L , where L is of the non-associative non-Moufang type in the Moorhous collection [9]
Theorem 0.2Let A be a loop algebra generated by a Bol qoatarloop L over the real field F, then, every eéging in A
satisfies:

q° —2a,0+N(q) =0 (6)

where2a, =q+( andN(q) = 4.3

Proof: Let A be finite dimensional, of order nddet

L :{<q >e =1€ = -lee =teg l<i< n—]}
Then

n-1 n-1 n-1
qQ°=(a+Y ae)’=a;+(D ae)*+2a,> aeg
i=1 i=1 i=1

n-1 n-1 n-1
=ag-y a’+2a,y ag+2) aaee 7)
i=1 i=1

ij=1
where i < j andge; commute. Now,

n-1 n-1
2a,0 = 28,(a, + Y a,6) =238," +23,> a8

i=1 i=1
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N(@=q.0= Za -ZZaaee 8)

i,j=1
Substituting these into (6) proves the theorem.

Lemma 0.1Let A be a Bol quaternion algebra over a fi€ldthen the trace t(x) is linear and the Norm N$xquadractic.
Proof: Follows from (8) and the definition of t(x)
Theorem 0.3Let A be an algebra generated by a Bol loop L &vethere

:{<ei > e =1e"=-lee =teqg l<is< n—]}
Then, for all g, g,in A, the following equation is satisfied:

(q1q2)2 - 2K 0,0, + N(quz) =0 )

n-1 n-1
Proof: We follow similar steps as above. Icgt = @, +Za1q ,andg, =b,+ ij €, . Then,

n-1 n-1 n-1 n-1
qlqz:(ao+zae><bo+zb.a>:aobo+b02aa+aoij +Zab,
i i i=1 j=1 i,j=1
n-1 n-1

=aJb, Za1b +> > abse, i # ] (10)

k=1i,j=0
where €€; = €. Consequently,

n-1 n-1
(0,9,)% = (agh, Zab +>.2.abe)’
k=1i,j=0
n-1 n-1 n-1 n-1
= (agh, - Zab) +(Q. D abje)? +2(ag, - Zab)(Z Y abe)
k=1i,j=0 k=1i,j=0
n-1 n-1
=(agh,)’ +(Zab) —ZaoboZab.ﬂZZabq)
k=1i,j=0
n-1 n-1 n-: n-1 n-1
+2a0,), > abg - ZZab.Z Y abe
k=11i,j=0 i=1 k=11i,j=0
n-. n-1 n-1
= (agh,)? +(Z&b) - 23 boZab. +>. (D abe)’ +
i= k=1 i,j=0
n-1 n-1 n-1 n-1 n-1 n-1
2>, 2 abe)(> > abe)+2ah,> > abe -
k=1i,j=0 k=1i,j=0 k=Li,j=0
n-1 n-1
Z(Zab)(Z Y.abe) (12)
k=1i,j=0
Now, sinced,d, # Owe have2K, = g,q, + G,0, where
n-1 n-1
G0, = 8o, — Zab+2 Y. abe, (12)
k=1i#j=0

So thatK, = a,b, — Za1.bi Therefore
i=1
n-1 n-1

2K (0,0, = 2(a,0b,)* —4a,b, Za1b +2a,b0, > Dabe +

k=1i#j=0
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n-1 n-1
Z(Ze\b)z —(ZZab)(Z Y.abe,)
k=1i#j=0 (13)
n-1 n-1 n-1 n-1
NG90 =| - San + 3 Stan }{b -Stan -5 San }
k=1i,j=0 k=1i,j=0
which on multiplying out gives
n-1 n-1
N(a,0,) = (agh, Zab) - Y abe)? (14)
k—1|¢1—0
n-1 n-1
= (agh,)’? +(Z',81b)2 —2a,b, Z&b -3 Y abe)?
k=1i#j=0

On substltutlng these values into the rank equd®), we obtain the required result.

Corollary 0.1 Let A be a loop algebra generated by the Bop Id8Qs over the real field F, and |e[ﬂ,el,e2,%} be a
basis for A, whereg, =1, then

0] every element qin A satisfies the rank eque(6), and

(ii) for all g;,0, U A, the rank equation (9) is satisfied.
3

Proof: (i) From (8), we have, for n=4AN(q) = Z a’ +2a,a.e —2a,a,e, and since
i=0

3
qz =a% - zaiz +2a,(a,e +a,e, +a,6,) +2a,a,6; —2a,a,6
i=1
3 3
2a,0=2a,(a, +Y.a6) =2a; +2a,y ae
i=1 i=1

Then substituting these into (6), yields the result
(i) By obtaining the expressions, as above(dny,)?2, 2kyq19,, N(q1g,)and substituting into (9) we obtain the result.
Corollary 0.2 Let A be the loop algebra generated by a Bol goate loop of order 16 over the real field F, amhet

{{e,},O <i<7e¢ = ].}be a basis for A, then
0] every element g in A satisfies the rank equat{éy and

(i) for all elements g o in A, the rank equation (9) is satisfied.
Proof: The proof follows as for corollary (0.1) by tagin=8 instead of n= 4

4.0 Conclusion
In this paper, itis established that Bol Algebod quaternion type satisfy the rank equatfotx)x+ n(x)1 =0 and hence
are quadratic.
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