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Abstract

Comparison of more than two population means based on 
independent random samples is common in research often found 
in Medicine, Agriculture and Social sciences. Most of the earlier 
works that have addressed the problem of testing equality of 
means assume homogeneity of variances across the groups being 
compared. However, when the variances are unequal, the pooled 
sample variance overestimates the appropriate variance and the 
test statistic become conservative. This is the well known Behrens 
– Fisher problem.  There is therefore the need to seek for an 
alternative sample mean variance better than the pooled variance.  
The harmonic mean of variances was found to be better and 
therefore it being proposed as an alternative to the pooled sample 
variance when there is heterogeneity of variances. The interest of 
this research work is to develop a suitable test procedure based on 
the harmonic mean of variance to address heterogeneity of 
variance. We are proposing an hypothesis testing technique for 
testing ordered alternatives under heterogeneous variance for 
testing g ordered mean when one of this mean is being considered  
a control (standard) with the objective of a  proposal of a test 
statistic for testing equality of means against directional 
alternative in the presence of heterogeneity of variance. In this 
study, the use of harmonic mean of sample variance is 
demonstrated with a practical application.  The result shows that 
the proposed t – test statistic is found to be appropriate for the 
data set obtained from the specific example considered in 
demonstrating this  test procedure.

Keywords: Ordered alternative, t – test statistic, variances heterogeneity, harmonic mean of 
variances, a control

1.0    Introduction
Application of directional alternative hypothesis testing may also be found in industry. Industry is one of the 
factors that contribute to the economy growth of the nation especially in Nigeria. One of the factors we want 
to look into in Nigeria is Coca – Cola bottling company. Coca – Cola drink is one of the oldest drink before 
other product is being  produce by company, such product include Can Coca – Cola, Can - Fanta, Limca, 
Sprite, Schweppes , etc.  In this work, we want to look at Can Coca – Cola products by comparing a set of 
mean sales, where they are expected to appear in a particular order, but specifically the situation when one 

of them (the mean sale) serves as a control (standard) for other. In particular, if  represents the mean of 
population i, 
i = 1,…, g, the problem is to test the hypothesis 

1



 vs  

Where  is the control mean from the gth  population. By the term control, we mean that all 

other g-1 means are compared against  In other words,  serves as the basis of comparison against the 

other    .
Comparing more than two population means, based on independent random samples is a common 
occurrence in the fields of research. Several authors have provided adequate literature in this area via the 
use of Analysis of variance (ANOVA). [1 – 4]. 
However, in many experimental situations, one of the g treatments is a control and the analyst may be 
interested in comparing each of the other g – 1 treatment means with the control. Thus, there are only g – 1 
comparisons to be made [4]. A procedure for making these comparisons was developed by Dunnett [5], 
which is a modification of the usual t – test.
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The test problem similar to the above could also be found in other disciplines such as Engineering and 
Technology, Economics, Politics and Humanities.  A test procedure to investigate such cases is proposed in 
this paper. The test procedure to handle the control, which is the minimum, can be handled by the negation 

of the strict inequality. That is,  would be the minimum in the hypothesis set above. Many authors have 
worked in this area[1, 6 – 14].

2.0 Methodology
In this section we are interested in developing a suitable test procedure to test the hypothesis testing g 
ordered mean when one this mean is being considered as a control (standard).

Let    where i = 1, 2, …, g   and  j =1, 2, …, ni  ..............................................
(2.1)

The hypothesis testing to be consider for this test procedure is 

 vs  
……………………………..

(2.2)

Where   being the control.  Also consider a combination of any of the ,  i = 1, 2, …, g-

1 and  and define

…………………………………………………………………………...………
(2.3)

Then   if and only if 
Therefore, the hypothesis of (2.2) now becomes

   against ………………………………….
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(2.4)

The unbiased estimate of  is

                       

Therefore,    ………………………………………………………………..
(2.5)

where, 

                         

                        

            ……………………………………………………………..
(2.6)

where   for at least one  
The test statistic for the hypotheses set in equation (2.2) is therefore

……………………………………………………………………………………...
(2.7)

Where,

…………………………………………………………………………….
(2.8)

and

……………………………………………………………………….….
(2.9)

where  is the appropriate normalization from order statistic . The null hypothesis is then rejected if
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                                  …………………………………………………..…
(2.10)

where   is the regular t- distribution with r degrees of freedom is given by 
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…………………………………………………………………………
(2.11)

because  has approximately the - distribution with the degree of freedom r to be determined from r 

= 22.096 + 0.266(n-g) -  0.000029  and explain it very well [7]. If the alternative hypothesis H1 in 

equation (2.11) is reversed.

Then

………………………………………………………………………..
(2.12)

3.0 Data Analysis 
Practical situations where this test procedure is applicable are presented in this section. The data of Coca –
cola and other brands was found in Coca – cola bottling company Plc, Ilorin, Kwara State.

3.1 Data Presentation and Analysis 
The data used in this work considered sales of five types of Can Coca- Cola. The data is a
secondary data, collected from Coca – Cola bottling company Plc, in Kwara State, covering the
period of four quarters of the year 2014 (January to December).       
Table 3.1: Quarterly Sales of five different can Coca – Cola, in bottling company Plc in Kwara State, in the 

year 2014.
Type of can Coca-cola First quarter(Q 1) Second quarter(Q2) Third quarter(Q 3) Four quarter(Q 4)
Coca- cola (control)(a) 7,814 10,904 11,616 12,032
Coca- cola zero(b) 01 293 1,441 236
Fanta orange (c) 4,155 4,846 4,202 5,719
Schweppes ok (d) 2,172 1,929 1,723 2,367
Sprite (e) 1,690 1,413 1,139 1,689

We first verified the equality of the variances between these quarterly sales. We adopted Leven’s test. The 
result is shown in table 3.2. Our result indicated P – value of 0.034.  Thus the 
Variances are not equal. Hence, the regular ANOVA procedure cannot be used for the analysis. 
Table 3.2: Levene test for equality of variances

Levene Statistic df1 df2 P – value

Response 3.473 4 15 0.034
Computations
From the data set on sales of cans coca – cola for four quarters in one year (2014), the following
summary statistics were obtained:

Coca cola (control):       

Coca – cola zero:                 

Fanta Orange:                      

Schweppes ok:                  
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Sprite:                                 
Then consider the following differences;
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max 

with  ni = 4, g = 5,  ; ; 

Now p- value =  

                                                                        =  0.0001 < 0.05

r = 22.096 + 0.266(n –g) – 0.000029(n-g)2

  = 26.453
This led to rejection of H0 and concludes that the effect of the control on the sales of can coca- cola on the 
sales other products of coca – cola is higher as expected.

4.0 Conclusion
It has been established in this work that testing against ordered treatment means where one of the treatment 
is a control has practical application in many area of life. We can observed from the coca- cola bottle 
company that the convention product of can coca – cola still have highest sales compare with other product 
as we expected.
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