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Abstract

The object of this work is to concentrate on the,f{) functional derivatives after
using Taylor Series expansion to expand the foustage fourth-order explicit
Runge-Kutta method. Efforts will be made to varyettparameters with the aim of
getting a fourth order formula that can improve raks when implemented on initial-
value problems. Efforts will also be made to repeasthe derived equations and their
individual f(x,y) functional derivatives on Butchés rooted trees. This idea is
derivable from general graphs and combinatorics.
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1.0 Introduction

The essence of this paper is toconcentrate on(xtyg functional derivatives after using Taylor Barto expand an explicit
fourth- stage fourth- order Runge—Kutta method.#&ime is to derive a fourth-stage fourth — order Raskgtta formula that
can improve performance. It also involvesrepreseritie derived equations and their individual f{Xuynctional derivatives
on Butcher’s rooted trees. Scientific implementatiof the formula on initial-value problems in ordig differential
equations of the form:

yl = f(x,y),y(Xo) =yo, a < x < b, h given, with a view to finding out its consisteranyd accuracy, is also carried out.
Explicit Runge — kutta (ERK) formulas are among tidest and best — understood schemes in the ncatharalysis tool
kit. However, according to [1]; “despite the evadmis of a vast and comprehensive body of knowledig® algorithms
continue to be sources of active research”. Thetyiof ERK methods began almost a century agossitareferences are
[2],[3] and [4]. According to [5], “the Runge —Katimethods represent an important family of impkait explicit iterative
methods for approximation of ordinary differengguations in numerical analysis”.

Because of their elegance and simplicity, ERK mdshare usually among the first to be taught in@RE section of a
numerical methods course. Thankfully, good quafityoductory texts no longer dismiss “the Rungeutt& method” as a
fixed step size implementation of the classitotder ERK formula. However, significant advancetsen the state — of —
the — art which post — date the work of [6], evertlie fundamental area of deriving ERK formulasdtéo be ignored.
According to [7], another side effect of the simpbture of the ERK formula is that a generatiomarfi — experts have been
tempted to write their own “quick and dirty” coddsis widely acknowledged that “squeaky — cleanties require a great
deal of expertise and programming effort. A higkevel discussion of some of the issues involve&RK is found in [8].
Recent work on Runge-Kutta analysis can be fourjél inl3]. More recent works are in [14 - 16].

The work of Butcher in [17,18,19,20,21] revealedcinguccesses in the analysis of explicit Runge&ut¢thods and their
transformation to rooted tree diagrams. This wasabse the continuation of the process of TayloieSagives rise to very
complicated formulas. It was therefore, advantdgasse a graphical representation for a convemiralysis of the order of
a Runge — kutta method; hence, the basic treeytiveas introduced. A tree is a rooted graph whiaht@ms no circuits.
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The symbol T is used to represent the tree witly onk vertex. All rooted trees can be represensgaul’ and the operation
[ t1, ... L]

Hence, it is the differentials and equations detitreat are represented on trees so as to enabtampare the order condition
with their differentials for varying parameters.

References [22,23] pointed out that the Butcheugris the group of characters that had risen iedéently in their own
work on rooted trees analysis in Runge — kutta odtHor solving initial-value problems in ordinatifferential equations.
Recent works on rooted tree analysis are found4n 28].

Conclusively, despite the fact that good, reliakbeplicit Runge-Kutta formulas exist, there is stiked for their
transformation to rooted tree diagrams. TraditignaRunge — kutta methods are all explicit, althougcently, implicit
Runge — kutta methods, which have improved weakil#ta characteristics have been considered. Howevkee
transformation of implicit Runge-Kutta methods tmted tree diagrams can also be explored.

2.0 Methods of Derivation
i. From the general Runge-Kutta method, get a Fdtdhe-Fourth order method
ii. Obtain the Taylor series expansionkc;)zabout the pointx,, v,), i=2,3,4,
iii. Carry out substitution to ensure that all td?g are in terms of konly.
iv. Insert thek;/s in terms of konly intob,k; + byk, + bsks + bk,
V. Separate all f(y) functional derivatives with thaioefficients from all f(x,y) functional derivatigeand their

coefficients.
Vi. Discard all f(y) functional derivatives and theoefficients.
Vii. Equate the coefficients of all f(x,y) functionalroatives with the coefficients Taylor series exgiam involving

only f(x,y) functional derivatives of the form:

h h? n3
¢(x;y: h) = f + ;fx + ;(fxx + foxy + fxfy) + Z(fxxx + 3ffxxy + 3f2fxyy + 3fxfxy + Sffyfxy + 3ffxfyy +
fexfy + £ 1)
As a result, a set of linear/non-linear equationk lve generated. Represent those equations and f{key) functional
derivatives on Butcher’s rooted tree.
viii. Vary the set of equations to derive a new fourttgstfourth-order explicit Runge-Kutta formula.

3.0 Derivation of The Fourth — Order Fourth Stage ERK Method
According to Lambert (1991), the general R — Stagage — Kutta method is:

Yn+1 = Yn + ho (Xn, Y, h)
¢ (Xn, Y, h) = X7 1 b ky
ki =f(xy)

k, = f(x + he,,y + h Y5l aks), 7 = 2,3, ... R )
The formula is defined by the number of stage$e,nodek:, ]* the internal weightéars]r‘lfsszu=2 and the external
weightgb, ] _,.
From the above scheme, the fourth stage fourtlderanethod is:
Yn+1 = Yn T h(biky + byky + bsks + byk,)
ky=f (xn' Yn)
ky = f (Xp+ 2 Y0 + hazikq)

ks = f (xp+ c3h, ¥, + h(aziky + aszks))
ky = f (et cah, yn + h(ag by + az}2k2 + ay3k3)) 3)
Using Taylor’s series expansion floys, we have:

r=1’

Y kl = f (xn'Yn)
k, = Zﬁ(czha"‘ ham’ﬁ@) f G yn)
-1 d .
ks = ZE(CshE'F h(as ks + aszkz)a) f Geny ya)
r=0
k, = Zfzo%(c4h£+ h(agiky + agky; + agsks) ;_y)rf(xn'y“) @
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Hence, we have:
ky=f

1 2
ky=f+ (Czhfx + ha21k1fy) + E(Cthx + ha21k1fy)

1 3 1 4 s
+ ;(czhfx + hay kif,)” + E(czhfx + hay kif,) + 0(h%)
1 2
ks=f+ (C3hfx + h(aszik; + aszk;) fy) + §(C3hfx + h(az ik, + aszk;) fy)
1 3 1 4 s
+ §(C3hfx + h(asiky + ask;) fy) + E(%hfx + h(aziky + asgk;) fy) + 0(h”)
1 2
ky=f+ (C4hfx + h(agky + ask; + agzks) fy) + 5(C4hfx + h(agik, + apk, + agsks) fy)

1
_(C4hfx + h(agks + apk, + asks) f)?

+ — (C4hfx + h(agiky + aszk, + ausks) fy) + 0(h°) %)
Expandmg fully and substituting the varioyssk i = 2, 3, 4 into their various positions inres of k only and collecting like

terms, in terms of f(x, y) functional derivativesly, and discarding everything that has to do \{§h functional derivatives,
we have:

ky=f
2 3

k2 = f + hczfx + ?C%fxx + hZCZaZIffxy ?Cgfxxx +
3 3" 4 )

§C2a21ffxxy

4 4

?Cﬁ%aZlffxxxy 2121 %7 a%lfzfxxyy 31 C2a21f fxyyy + 0 (hs)
ks = f+ hesfy .

h
C3fxx + h?c3(as; + a32)ffxy + h? C2a32fxfy C3fxxx
3 3

h
+ 505((131 + a3)f frxy + o0
+ h3cya3,(as; + az)ffufyy + WPazias,(c; + c)ffyfey +

4 4 4
+ h3C2C3a32fxfxy 41 C3fxxxx 3| o1 €2 a32fxxxfy 21
4

+ §a21a32(cz2 + Cg)ffyfxxy
h4 4
2, —C3035C5 fuxfry + T Sazy(azy + az)ffexfyy +

h4 4

2, Cza21f fxyy 41 Cgfxxxx +

—c3(a3; + 2az,a3, + asz)f fayy
3

21 57 C2 a32fyfxx

C3 C2 a32fxfxxy

30 —103,(2¢2a31 + 3¢2a51 + 6¢3a31)f2fy fryy

5‘121“32(252‘131 + 20,03, + 3021 [P fryfyy + h¥czaz,0000 ffi5 + Eagzczzfxzfyy
4
+h*ad,azCof fufyfyy + o0 =7C3C203,(6a31 + 2a32)f ffayy
4 4
+ Z, c2a32(a31 + 2a3,a3; + a32)f fxfyyy 31 Cg(a31 + a32)ffxxxy
4 4
%53 (@31 + 2a31a3; + a3) [ * frxyy + 3 —c3(a3; + 3a3,a3, + 3a3,a3; + a3,) 3 fryyy + 0 (h®)

ky = f ++heyfy + h?(csar + C3a43)fxfy
h2 h3

! Cfox +h%cy(ag + ag, + a43)ffxy + 2 (C22a42 + C§a43)fxxfy +h? (c4az104, +
C3031A43% C3A32043) f fryfy + h3cza32a43fxfy2+ h3(CyC4045+ C3€4a43) fafxy
+h3cy 35 a43fy 7+ W3 (C2C40u0+ €3€4043) frfry + h3(C2001a4; + 1031043 +
C4Q32043)f fy fryt h3(Ca041 Qa2+ C3Q41 043+ C3042043F 204543+ C205, +
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h3 h3 h3
C3a23)ffxfyy + ;Cz%fxxx +; (Cias +ciag+ C:%a43)ffxxy+ ;%(azzu + 2a41a4, +
h4
2041043 + aﬁz + 2a4,a,3 + azzx3)f2fxyy +; (C§a42 +

3 4 2 2 2 2 2
€3 A43) frxxfy + o (3¢5 az1a42+C3031A43+3C5A3,a43 +3C5021A4, +3C5A31a43 +

4
2 h 2 2 2
3¢5 a32Q43)f fraxyfy *+ B (C2a3142% 2¢3031A32043 + C3A31A43+C3A3,043 +
2

204021041 QupF 2C4031A41043F 2C4035041 Qg3 24051 Qp+ 204031047043 +

2 2 \F2
204037047043 + 204051042043+ 2C4A31a53+ 204032053) [ “ f fryy +
Rt 2 2 4 2
3 (c3 a32a43)fxxfy +h¥(C2021A32043F C3021A32A43+F C4a21a32a4-3)ffxyfy +
h* 2
;(2C2a31a32a43 + 20,503,043 + 2050350410431 20203745043 + 2020314203 +

2 2 2 2
20503047A43 T 203051 04A43% 2C;051Q%; +C2A35053 T C3031A43F 3035053 +

2 2 4
C3Q31a53t C3a32a43)ffxfyfyy +h*(cyc3a3,a43 + C2C4a32a43)fxfyfxy +
ht 2 2 4
o (c5Calup + €5C4a43) frxfryt N (C2€4021Q0, + €3C4031A43 + €3C4A32043)
4
2 b 2 2 2

s+ o (C4Q51 A4+ C4A31 Qa3+ 2C4A31A35043+F C4A52043 + 203071041047 +

20303104143 2C3a32341a43+ 203031042043% 203035042043+ fza21az%2+ C3a31aﬁ3 +
C303,033) fzfxyfyy + %(25203‘142‘143*' caZ,+ c§a23)fx2fyy + % (cycay, +
C3C2a43)fxfxxy + h4(C2C4a41a424+ C3C4041043 + C2C4a22 + €3C4042043) +
€2€C40a2043+ C3€4053)f frfayyt % (C2€31Quz + €3€51 Qa3+ 2020415, + 203041 Capy3 +
205041042043+ C3C52043 + 2C5C55 03 + 203041053 + 20347053 + CoQ4pA53+ C2C3H+
C3a23)f2fxfyyy + ’;_Tcszxxxx-'- h3_‘!L (C2a4-1 + C2a42 + C4?:a4-3)ffxxxy + %Cf (azle +

h4-
2 2 N f2 3 2 2
2041Q47 + 2041043+ Qi+ 2045043+ A43) [ frayyt ;C4(a41 + 3ai1a4; + 3041043 +

h4
2 2 2 3 3\ £3 2
3a41a5,F 6a41 Q443+ 305,043+ 304,033 + a3, + a33) f fxyyy"'ﬁ (2c5a41a4, +

205041043 + 20545043+ 505, + c5a53)f fixfyy. + 0(R). (6)
Putting thek;,s (f(x, y) functional derivatives only) intg, ., = y, + h(b;k; + b,k, + bsk; + b,k,) whereg(x,y, h) =
b ki + bk, + bsk; + bk, and equating coefficients with the Taylor seriggamsion, we have the equations below:

b+ b+ b;+ b, =1 @)
byc, + bycs + byc,=Y> (8)
b,c? + byc? + byci =1/3 9)
byc2a31 + bscs(azy + asp) + baca(ayy + Auz + ag3) = é (10)
bscyas3; + by(cra4; + C3a43) Z% (11)
byc3 + byci + buc =+ (12)
byc3az1 + b3ci(asy + asy) + baci(asy + asp + as3) Zi (13)
byc2031 + b3cs (@31 + 202103, + a3p) + bucs(afy + 204104, +
(a%1 + 20414, + 2041043 + afp + 2041043 + af3) Z% (14)
b3cya32(a31 + A32) +Da(C2042(Aa1 + Az + Ag3) +C3a43(Ag1 + Agp + a43)) = 1/8 (15)
b3cyia35(c; + €3) + ba(c2a21a42 + €3043(a51 + y3) +€4a21a4;
+ Cay3(az; + as,) = % (16)
bsciaz, + by(cias, + ciays) = é 17)
b3cyC3a3y + ba(C2C404s + C3C4043) = % (18)
byCra3,043 = i (19)

Below is Table 1 Showing the above thirteen equati@quations 7 to 19), their f(x,y)functional datives and rooted trees:
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Hence, setc=0,¢=1,6=1/4,6=%

(8) becomes b, + 3b; + 4b, =2

(9) becomes8b, + 27b; + 48b, = 16

(12) become$, + 27b; + 48b, = 16

Solving (7), (20), (21) and (22), we have:

b, = 1/18, b= 4/9, b=4/9, b=1/18

From (10), we havea,, + 6(as; + as;) + (@1 + Gup + a43) = 6
From (11), we have: 8, + a4, + 3a,; = 12

From (13), we haver,; + 9(as; + asp) +2(ay; + a4 + a43) =9
From (14), we haveta3;, + 12(as; + az;)? + 2(as; + agp + a43)> =9

Ujagbe, Esekhaigbe and Akhanolu J of NAMP

(20)
(21)
(22)

(23)
(24)
(25)
(26)

From (15), we haveBa,; (as; + asz) + aup(Auq + Qg + Ay3) +3a45(A41 + sy + ay3) =9

From (16), we have: 32,a;,+ 5a,,a4,+ 7a,3(az, + az,) =15

From (17), we have:, + a,,+ 9a,; = 24

From (18), we have:dy, + a,,+ 3a,; =9

From (19), we haveis,a,;= 3

Solving (24), (29) and (30), we have:

Qaz; = 2' a4 = —6,

Let A=ay,,, B = a3z + as,,

Hence, (23) becomes: 2A+6B +D =6
(25) becomes: A+ 9B +2D =9
(26) becomes: 4A+ 128 + 2D = 9
(27) becomes: 12B =9
(28) becomes: 18A + 14B = 15

From (35) B=%

Hence, (32) becomes: 2A + D = 3/2

(33) becomes: A + 2D =9/4

(34) becomes: 4A+ 20° = 9/4

From (36), A=Y

Putting A into (38), (39) and (40), we get:

a43 = 2,

D = a41+ a42+ a4,3

3

D=1, A:a21=§, B=a;z + a32=%,a31= —z. azz =2,
AISO, D :a41 + a42 + a43 = 1, but a42 = _6, a43 = 2, a41 = 5,
The parameters put together are:

—0. 6= =3 c=1b=Lb=%p=tp =2
C]_—O,Cg—4 %_41 G 1!h 18’b2 91b3 9ab4 9

1 3 3 _ _ _
z1 =7 Q31 = —7, 32 =7, Qa1 = 5 a4 =—6, a3 =2,

Putting (43) into (3), the fourth order method hees:

(27)
(28)
(29)
(30)
(31)

(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)

(42)

(43)

h
Yn+1 =Yn T 18 (ki + 8k, + 8ks + ku)
kl = f(xn'Yn)
h h
k2 = f(xn + Z'Yn + Zkl)

3h h
ks = fGon+ on+ 3 (“3ki + 6ky))

ky,= f(x, + h,y, + h (5k; — 6k, + 2k3)) (44)
The Butcher’s tableau for the parameters in (44) is
0
1/4 1/4
3/4| -3/4 3/2
1 5 -6 2
1/18  4/9 4/9 1/18
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4.0 Implementation of the Formulas and Results
The formula is implemented on the initial — valueldems below with the aid of FORTRAN programmiagduage:
My =-y yO=10Sx<1 ylo) =5

(i) yi=y, y(0=10<x<1, y(x,)=e"
(iii) yi=1+y% y(0)=10<x<1, y(x,) =tan(x, + ”/4),}1 =0.1

TABLE 2 TABLE OF RESULTS
PROBLEM 1
XN YN TSOL ERROR

.1D+00 0.9048375000000D+00 0.9048374180360D:8106404044369D-07
.2D+00 0.8187309014063D+00 0.8187307530780D:4283282683346D-06
.3D+00 0.7408184220012D+00 0.7408182206817D-2W13194597694D-06
.4D+00 0.6703202889175D+00 0.6703200460356D:2%428818514089D-06
.5D+00 0.6065309344234D+00 0.6065306597126D#1037107467060D-06
.6D+00 0.5488119343763D+00 0.5488116360940DUB2822888686D-06
.7D+00 0.4965856186712D+00 0.4965853037914D:81018798197183D-06
.8D+00 0.4493292897344D+00 0.4493289641172D:8%56172068089D-06
.9D+00 0.4065699912001D+00 0.4065696597406D:8814594766990D-06
.1D+01 0.3678797744125D+00 0.3678794411714D:3882410563051D-06
PROBLEM 2
XN YN TSOL ERROR
.1D+00 0.1105170833333D+01 0.1105170918076M+8474231405486D-07
.2D+00 0.1221402570851D+01 0.1221402758160M+0873094752636D-06
.3D+00 0.1349858497063D+01 0.1349858807576M+B105134649406D-06
4D+00 0.1491824240081D+01 0.1491824697641mMt8375605843105D-06
.5D+00 0.1648720638597D+01 0.1648721270700Mt6321032899326D-06
.6D+00 0.1822117962092D+01 0.1822118800391mM8382985758892D-06
.7D+00 0.2013751626597D+01 0.2013752707470MtDA80873699877D-05
.8D+00 0.2225539563292D+01 0.2225540928492Mt0D365200152481D-05
.9D+00 0.2459601413780D+01 0.2459603111157mMDE97376878607D-05
.AD+01 0.2718279744135D+01 0.2718281828459M+PA84323879270D-05
PROBLEM 3
XN YN TSOL ERROR

.1D+00 0.1223051005569D+01 0.1223048880450D:2115119075158D-05
.2D+00 0.1508502732390D+01 0.1508497647121D51B5268468541D-05
.3D+00 0.1895771003842D+01 0.1895765122854D:9880987590245D-05
4D+00 0.2464942965339D+01 0.2464962756723mMtD379138375674D-04
.5D+00 0.3407951033347D+01 0.3408223442336mMtP124089890727D-03
.6D+00 0.5328707710968D+01 0.5331855223459mMt8147512490389D-02
.7D+00 0.1159500710295D+02 0.1168137380031mM8@36669735614D-01
.8D+00 0.2841447010395D+03 -.6847966834558D+3826243693850D+03
.9D+00 0.8635045424394D+20 -.8687629546482D+8H35045424394D+20
.1D+01 0.1640237043432+300 -.4588037824984D#mKU0237043432+300

5.0  Conclusion

After our implementation, it shows from the tabt#fsnumerical results that the method compared fealdy well. It also
revealed the fact that when the f(x,y) functionaetidatives are considered alone it can generaterauia that can improve
performance on results. As a result, this will makéess stressful in deriving a formula because tfY) functional
derivatives were discarded for simplicity sake. [Eabalso revealed how the equations and theividdal f(x,y) functional
derivatives were represented on Butcher’s roo®ektrSincg;_, b; = 1, this shows that the formula is consistent.
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APPENDIX
FORTRAN PROGRAM THAT GENERATED THE RESULTS
PROBLEM 1
CPRO
C FOURTH ORDER FOURTH STAGE RUNGE KUTTA MEHDD
C OUR PROBLEM IS :Y'=-Y, Y(0)=1
C THEORETICAL SOLUTION:Y(XN)= 1/EXP(XN)
1 DOUBLE PRECISION XN,YN,H,ONE, TWO,EIGHT,EIT,FIV,THRE
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DOUBLE PRECISION TSOL,ERROR,K1,K2,K&,SIX,FOUR
OPEN(6,FILE='RUNG2.0UT')
H=0.1D0
YN=1.0D0
XN=0.1D0
TWO=2.0D0
EIGHT=18.0D0
EIT=8.0D0
THREE=3.0D0
FIV=5.0D0
FOUR=4.0D0
SIX=6.0D0
ONE=1.0D0
WRITE(6,101)

3 K1=-YN
K2=-(YN+ONE/FOUR*(H*K1))
K3=-(YN+H/FOUR*(-THREE*K1+SIX*K2))
K4=-(YN+H*(FIV*K1-SIX*K2+TWO*K3))
YN=YN+H/EIGHT*(K1+EIT*K2+EIT*K3+K4)
TSOL=ONE/EXP(XN)
ERROR=TSOL-YN
WRITE(6,100)XN,YN,TSOL,ERROR
XN=XN+H

25  IF(XN.LE.ONE) GOTO 3

26 100 FORMAT(D6.1,1X,3(3X,D19.13))

27 101 FORMAT(2X,'XN',13X,'YN',16X, TSOL6X, ERROR')

NNNNNRPRPRRRRERERRRE R
RONRPOOOMNOURWNROO®NDORWN

28 END
PROBLEM 2
C PRO

C FOURTH ORDER FOURTH STAGE RUNGE KUTTA MEDD
C OUR PROBLEM IS :Y'=Y, Y(0)=1
C THEORETICAL SOLUTION:Y(XN)=EXP(XN)
DOUBLE PRECISION XN,YN,H,ONE, THREBNO,EIGHT,EIT,FOUR
DOUBLE PRECISION TSOL,ERROR,K1,K2,K&,FIVE,SIX
OPEN(6,FILE='RUNG2.0UT')
H=0.1D0
YN=1.0D0
XN=0.1D0
TWO=2.0D0
THREE=3.0D0
FOUR=4.0D0
SIX=6.0D0
ONE=1.0D0
EIT=8.0D0
EIGHT=18.0D0
FIVE=5.0D0
WRITE(6,101)
3 K1=YN
K2=YN+ONE/FOUR*(H*K1)
K3=YN+H/FOUR*(-THREE*K1+SIX*K2)
K4=YN+H*(FIVE*K1-SIX*K2+ TWO*K3)
YN=YN+H/EIGHT*K1+EIT*K2+EIT*K3+K4)
TSOL=EXP(XN)
ERROR=TSOL-YN
WRITE(6,100)XN,YN,TSOL,ERROR
XN=XN+H
IF(XN.LE.ONE) GOTO 3

NNNNNNRPRPRPRRPRPRPRPRPRRPRRPER
OEWONPOOONOUDRMWNROORINOOR~WN R
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26 100 FORMAT(D6.1,1X,3(3X,D19.13))
27 101 FORMAT(2X,XN',13X,'YN',16X, TSOLX, ERROR')
28  END

PROBLEM 3
CPRO
C FOURTH ORDER FOURTH STAGE RUNGE KUTTA MEDD
C OUR PROBLEM IS :Y'=1+Y*2, Y(0)=1
C THEORETICAL SOLUTION:Y(XN)=TAN(XN+P1/4)
DOUBLE PRECISION XN,YN,H,ONE, TWO,EWT ,PI, THREE, EIT
DOUBLE PRECISION TSOL,ERROR,K1,K2,K&,SIX,FOUR,FIV
OPEN(6,FILE='RUNG2.0UT')
H=0.1D0
YN=1.0D0
ONE=1.0D0
FOUR=4.0D0
XN=0.1D0
TWO=2.0D0
10  EIGHT=18.0D0
11 EIT=8.0D0
12 THREE=3.0D0
13 FIV=5.0D0
14 SIX=6.0D0
15  PI=FOUR*DATAN(ONE)
16  WRITE(6,101)
17 3 K1=ONE+YN*YN
18  K2=ONE+(YN+(H/FOUR)*K1)*TWO
19  K3=ONE+(YN+(H/FOUR)*(-THREE*K1+SIX*R))*TWO
20  K4=ONE+(YN+H*(FIV*K1-SIX*K2+TWO*K3)}*TWO
21 YN=YN+H/EIGHT*(K1+EIT*K2+EIT*K3+K4)
22 TSOL=TAN(XN+(PI/FOUR))
23 ERROR=TSOL-YN
24 WRITE(6,100)XN,YN,TSOL,ERROR
25  XN=XN+H
26 IF(XN.LE.ONE) GOTO 3
27 100 FORMAT(D6.1,1X,3(3X,D19.13))
28 101 FORMAT(2X,XN',13X,"YN',16X, TSOLGX,'ERROR)
29  END

O©CoO~NOOOUTA,WNE
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