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Abstract

This work study the rate of progression of HepaditB to Primary Liver Cancer,
the effect of therapeutic treatment on the HBV aritie role of vaccination of
pregnant woman as a passive immunity for the unbarhild. The equilibria states of
both the disease free and the endemic were caladatPositivity of solution of the
model was analysed and the effective reproductionmier was computed. The
analysis of the reproduction number at the DFE irgdite a substantial decrease in the
number of secondary infection rate as a result aigsively acquired immunity of the
infant and the therapeutic treatment now availakie HBV. However, the study show
that the rate of progression to Primary Liver Canc@PLC) will be on the increase if
the treatment is not affordable to all HBV patients
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1.0 Introduction

Hepatitis B was adjudge to be the most common selfiiwer infection in the world nowadays [1]. Thend Hepatitis was
coined from two words: Greek word ‘Hepar’ (root wohepat) which means ‘liver’ and the Latin words‘itthat mean
‘inflammation’ [10]. Even though it is a vaccinegwentable disease, up to 400million people havedibease worldwide
with the largest population of patient in Asian oties. Modes of transmission include vertical sraission (Mother-child),
unprotected sex with a carrier, direct contact Withod of an infected person, misuse of anaestlesiaChronic Hepatitis B
is the cause of a whooping eighty percent (80%# adsprimary liver cancer in the world and secomliydo tobacco in
causing the most cancer deaths in the world [1th@lgh, scientists have discover up to five mapesyof hepatitis virus,
hepatitis B is said to be the deadliest which dao gesult to another deadly disease known as Cance

Mathematical modelling denotes a representatioisqife affecting mankind in a Mathematical languéggh the use of
expression known as equations) so that Mathematitalsis can be performed in other to gain insightthe cause, effect
and making a solid foundation on which a solutian be established.

The study of infectious diseases was simplifiedtiy use of Mathematical models to understand thwamhycs of its
epidemics, to identify potential public health inentions, and to assess their impact on the ptpnlat large [2].

This work study the progression rate of Chronic &tijs B into Primary Liver Cancer using the contpwntal model
MSELLI,R, where M denotes the compartment with passivetjiged immunity from birth as a result of mothezirig
vaccinated during pregnancy, S denote the compattok the susceptible individuals, E denote theerdy infected
individuals with Hepatitis B but no clinical sympts, k| denote the infected and infectious individualslenote the Primary
liver cancer compartment while R denote the Remalasks.

2.0  Model Formulation

The model divides the entire human population sikccompartments which are

M-S-E-I; -I,—R. Movement into the compartment M is as a resuthildren born with partial immunity due to vaceigiven

to their mother during pregnancy. The compartmeduces by natural death ratg &nd by the expiration of the vaccine at
the rated (either due to time frame or due to constant adniéth the HB Virus). Susceptible compartment @ases due to
influx of people from recruitment at rate k and ieapon of immunity of the vaccine from compartméntwhile S reduces
by natural death rate and contact with an infestidapatitis B patient at the reie
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Similarly, the population dynamic of the Exposedss| (E) grows with the incidence rate of infecfi& and decreases by
natural death rateu] and progression rat&){o infectious hepatitis B. Thg klass increase as a result of recruitment of
infected individuals into the population at theerat and also due to influx from the exposed compartmemecreases by
natural deathy(), death due to the diseas&) recovery rated;) and progression to Primary Liver cancer at thedraThe
only means of entry intg, compartment in this model #sand the exit are natural death, death as a respitimary liver
cancerw,, and recovery rate, . The removed class (R) increases through recaateyt,;) of I, class and recovery rate,)

of I, class and decreases by natural death rate.

3.0  Model Assumptions

1. Recruitment into the population can either be Busceptible compartment or infected HBV compartment

2. The assumption is that more people are recruitedsnsceptible compartment more than the infectedpartment
such thak > x andk + x = 1.

That primary liver cancer compartmenry) (s a result of chronic Hepatitis B left untregtbénce does not cause the
epidemic of HBV in the population.

We assume that latently infected individuals carratsmit the disease.

We assume two forms of death, natural death thairedo all compartments and death due to the sksea

It was assumed that only partial immunity is auagsato children born from a vaccinated mother.

We assume an even interaction in the populatioh sliat everyone has a chance of interacting wighitifected
individuals

8. All parameters are assumed non-negative
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Fig. 1: Flow diagram showing transmission rate of Hepaftito Primary Liver Cancer
The model equations

‘;—”:=B—(#+5)M

2 =k + 6M — BSL — S

& = BSL— (u+ ©F (1.0)
%zxnll+eE—(19+;1+a)1+01)11

%21911_(#4'0)2"‘02)12

dR

Z = 0—111 + 0—212 - H.R

Table 1: Parameters, Interpretation, value and soure

Symbol Interpretation Values Source
) Recruitment rate 29 [3]
x Probability of recruiting infected individuals [0,4] Hypothetical
k Probability of recruiting susceptible individuals .80 [4]
B Birth with partial immunity 0.2 [3]
B Effective contact rate (0, 1] [5]
u Natural mortality rate 0.2 [5]
) Rate of losing partial immunity 0.1 [4]
€ Transmission rate of exposed class to infected clas 0.016 [4]
9 Rate of transmission of chronic hepatitis B intorary liver cancer 0.4 [4]
01 Recovery rate of hepatitis B due to treatment 0.5 3] [
0y Recovery rate of Primary Liver Cancer due to tregitim (0,0.3] Hypothetical
w1 Hepatitis B induced death 0.47 [6]
W, Primary Liver cancer induced death 0.30 Hypothetical
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4.0  Existence of the Disease Free Equilibrium of the Model
The system of equations (1.0) has a unique didessequilibrium given as:
{s% B, M%1.°% 1%, R%

At equilibrium, let

dM dS dE dI, dI, dR

dr dt dt dt  dt  dt
Then the system of equation becomes

B—(u+86M=0 (1.1)
kmr+6M — pSL—uS =0 (1.2)
BSI, —(u+€)E=0 (1.3)
xtli +€E— @ +u+w,+0)l; =0 1.4
I, —(u+w, +0,)l, =0 (1.5)
oy + 0,1, —uR =0 (1.6)

At disease free, we assume the absence of Hepatiiisis, hencd,; = 0.
From equation (1.1),

o B

(u+96)

Using (1.4),
xtli +€E— @ +u+w +0)l; =0
But I, = 0 implies that
eE=0
E°=0
Sincee is assumed to be a positive parameter.
Using equation (1.5), we havg = 0 sincel; = 0
Similarly, from equation (1.6R° = 0, sincel, =1, =0
From equation (1.2)

uS =km +6M
SO ! km+6 5
=—|km
2 (n+9)
0 0 _ B i B
Hence, {M, <, E% 1% 1,2, R} = {—(M+ 5 [kn +os 5)] , 0,0,0,0}

5.0 Positivity Solution of the Model
Given the initial value set to be {M(0), S(0), E(0)O0), ,(0), R(0)> 0}. Then the solution set {M(t), S(t), E(t)(), I(t),
R(1)} of the system of equation (1.0) is positive &ll t > 0.

Proof

From the first equation
M _ B—-—(u+6M
dM

2 twtoHM =8
The integrating factor ig*8)t

%{M x eUH) = B 4 o1+t

M(t) = ) + ce~+d

Using the initial condition that, t=0 implies M(f¥0), then
M(t) = +|mo) - ] e~(roxt

(u+96) (u+96)
Which is greater than zero at any time t > 0.
Similarly,

ds

Ezkn+5M—ﬁ511—uS

ds
7 2 k= (BLO) + WS
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as
E'ﬁ‘ BLE®) +W)S = kn
t
Integrating factor; I.F =+ Alrdu
t
St) = f km (e””fotBIl(“)d“) dv + ce~(#t+l BrGoaw
0

Which is positive for any time t.
From the third equation

dE
T = PASh—(u+t ek

aE o u+oF
=" wte

dE
5 > —(u+e)dt

E(t) = E(0)e~ @+t >
From the next equation

dl
d—t1=xn11+eE—(19+u+w1+01)11
dl

EZ - +u+w +o—xm)ly

1_2 —(¥+p+w +o, —xmdt
1

L(t) = I, (0)e~@tutertoi—xmt >
From the fifth equation;

E = 1911 - (Il + (1)2 + 0—2)12
ar > —(u+ w, +0y)l,
2 (Ut wp + o)t
2
L(t) = ,(0)e~WFeito)t > ¢
Lastly,
dR
E = 0—111 + 0—212 - IlR
dR > LR
ac -
dR > —yudt
72 H

R(t) = R(0)e ™ >0
Hence, the solution set {M(t), S(t), E(t)(1), Ix(t), R(t)} of the model system is positive for alt 0

6.0 The Endemic Equilibrium point of the Model

There exist a uniqgue endemic equilibrium for thetegn of the equation (1.0) in the presence of Higp8t virus infection.
Recall the system of equations (1.1 — 1.6) and &king the substitution:
y1=W+8),y,=u+e),ys=0+pu+w +01),y, =+ w; +07)

The system then becomes:

B—yM=0 1.7)
kr+6M —pSLL—uS =0 (1.8)
BSIL, —y,E =0 (1.9)
xrly + €E—y3l; =0 (2.0)
9, —y,I, =0 (2.1)
oy + 0,1, —uR =0 (2.2)
The endemic equilibrium after computation are gigen

B B

i (u+9)
s= (xm—y3)y, (mr—@+p+w;+01))(p+e)

B Be - Be
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E= krBey, + xmuy,y, + BBSe — 1y y,ys

Bey1y>
_ knpe(u+6) +xmu(u+6)(u +€) + BBSe —u(u+8)(u+e)(® + pu+ w; + 1)

Be(u+8)(u+e)

_ knBey, + xmuy,y, + BBSe — uy,y,ys

By1y2(ys — xm)
_knPe(u+6) + xnu(u+6)(u +€) + BBSe —u(u+6)(u+e)(¥ + pu+ w; +01)

Blu+8)(u+e)((@+pu+w +0y) —xm)
E (kﬂﬁeyl + xmpy,y, + BBSe — uylyzys)

B Va By1y2(ys — xm)
) knBe(u+6) +xmu(u+6)(u+¢€)+BBoe —uu+6)u+e)@+u+w, + 01)>

_(ﬂ+w2+02)< Blu+8)(u+e) (¥ +u+w +0;) —xm)
R= (knBey, + xmuy,y, + BBSe — uy,y,y3) (00, + 01Ys)

BY1Y2 (Y3 — XUy
_ (knpe(u+ 8) + xmu(u + 8)(u + €) + BBSe — u(u + 8)(u + €)y3)(Jo, + 01(u + w, + 03))

pBu+ 6+ e)(ys —xm)(u + w, + 03)

1

I

7.0  Reproduction Number of the Model (R)

The number of secondary infection generated byrtieduction of an infectious individual into a pdation of susceptible
group [7]

Leti = 1,2,3 represent the compartment with the diseases

Let f; be the rate of appearance of new infection in arnpent

V;be the transfer rate of individuals into and outhef infected compartment

x,be the disease free equilibrium state, that i, {8, E, 1.%, I,°, R%} = { 1

ssi (1+8) u
(%)
0
(u+ €e)E

Vi=l @O +u+w, +0)l, —xnl, — €E
(ﬂ + (1)2 + 0'2)12 - 19[1
We obtain a non-negative matrix F and a non-singuktrix V such that;

[kn +6 (Mf 6)] , 0,0,0,0}

F = Z—gand/ = Z—: wherei, j = 1,2,3(the infected compartment EJb)
Hence,

[0 BS° 0
F=fo o Ol

0 0 O
And

[(u + €) 0 0
V=| —e @O +pu+w +o0,—xn) 0

0 -9 U+ w, +0,)

The effective reproduction number is define assihectral radius (the largest eigenvalue) of thelpcoof matrix F and V,
that is,

Ro = p(F + V™)
1
(u+e) 0 0
-1 _ _ € - r 0
v - e —— L ——— |
_ €9 _ 9 1
l (ute)(xm—I9—-p—w1-01)(U+wz+02) (xr—9-p—w1-01)(Utwz+032) (u+w2+0'2)J
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! 0 0
0 BSO 0 ([l+€) )
F * V_l = 0 0 0 E3 - c e — 0
| (u+e)(xm—9-p-w,—0y) (x1—9-p-w,-0,) |
0 0 0 _ ) _ 9 1
l (u+e)(xm—9-p—w1-01)(U+wz+032) (xr—9-p-w1-01)(U+wz+032) (u+w2+0'2)J
epS?® BS° 0
=| wra)xm -9 —p-—w;—0;) (-9 —p—w—o0y)
0 0 0
. 0 - . . O 0
The eigenvalues of the above matrix is given as:
eBs®
w+e)@@+p+ w, + 0, —xm)
0
0
Hence,
efs?

=(/x+e)(19+u+w1+al—x7r)
Where,9 + u+ w, + 0y > xm

8.0  Local Stability of the Disease Free Equilibrium

Theorem 1:

The disease free equilibrium of the model is lgcallymptotically stable iR, < 1
Proof:

We shall prove the above theorem using the Vanatimatrix approach.

Recall the system of equations (1.0) governingnbeel, let

fi=B—(u+6M

fs = BSL — (u+€)E (2.3)
fa=xnli+eE—- O +p+w, +0)

fs =9 — (u+ w, +03)l,

fe = 014 +.‘7212 _I{R ) o

The Jacobian matrix of the system of equations) @?8ve is given as:

[—(u+9) 0 0 0 0 0]
5 —(u+pl) 0 -BS 0 0
J= 0 Bl -(u+¢) £S 0 0
0 0 £ -(u+d+o0, +w —xm) 0 0
0 0 0 d -u+o,+w,) O

|0 0 0 o, o, — 4 |

Usi_ng the disease free equilibrium state®{i&, E°, 1,°, I,°, R} = {(#is),%[kn (#f&_],o,o,o,o}

—(u+9) 0 0 0 0 0
o -u 0 -BS° 0 0
1= 0 0 —-(u+te) BS° 0 0
0 0 £ -(w+d+o, +w —xm) 0 0
0 0 0 J -u+to,+tw,) O

0 0 0 g, o, wd

| — AIl =0 gives
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