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Abstract

In This paper, a sixth stage sixth-order explicituRge-Kutta formula is derived
through a tactful application of Taylor series expaion techniques to generate its
parameters. The derived method is constructed frtme traditional Runge-Kutta’'s
formula which is capable of solving initial value rpblems (IVPs) in ordinary
differential equations (ODES).

The performance of the derived formula is tested toymerical computation of
some selected IVPs and the results compared favigrakell with other existing
Runge-Kutta Methods. The numerical results show ththe method is accurate and
effective and has very fast computing time.
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1.0 Introduction
Many methods have been proposed and used by diffatghors with the aim of providing accurate sohs to the various

types of differential equations, although many wéts methods already exist. Runge-Kutta method & afnsuch method.
This method has come of age [1]. It was discovéhet a sixth-order Runge-Kutta method possesshitigysof improving
results if the parameters are varied [2, 3, 4]JoEanalysis is considerably easier with linear irstkp method (LLM) than
the one-step method [5]. RKM is a class of one-$temulae derived for solving IVPs in ODEs [6]. Shirompted us to
work on the sixth stage sixth-order Runge-Kuttahmods that is capable of solving initial value pesht of the form [7, 8]

y'=fxy), y(X,) = Yo, asxs<b (1.1)
According to Agbeboh et al [9], the general R-stRgege-Kutta method is
Y = Yo =he(X,, ¥ h) (1.2)
R
AXes Yo ) =D C K, (1.3)
r=1
ki =f(xy) (1.4)
r-1
K, :f(x+ha,,y+h2b,sksj, r=23..,R (1.5)
s=1
r-1
a=)b, r=23..R (1.6)
=1

From the above, we arrive at a sixth stage sixttelomethod written as:
Yo = Yo =h(CK, + €K, +CK; +C,K, +Coks +Ceks)

where K = f(X,, y,) =1 (1.7a)
k, = f(x, +ahy, +a,hk) (1.7b)
ky = f(x, +ah Yy, +h(ak, +ak,)) (1.7¢)
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k, = (X, +agh, y, +h(ak, +ak, +ask;)) (1.7d)
ks = (X, +a,h, Yy, +h(a,k +ak, +a,k; +a,k,)) (1.7e)
ke = F(X, +ah, Y, +h(ayk, +ak, +agks +ak, +ayk)) (1.7)

R

Where XX, ¥,; h) = ZCr K, =ck;, +¢,k, + ¢k, +¢,k, +Ciks + gk
r=1

2.0  Steps For The Derivation of the Method

The following steps is taken for the derivationoof method, the parameter@j +Cj are to be determined from the system
of non-linear equations generated by the follovwsteps:

. Set& =83 =85 =&, =a,; =0
ii. Obtain the Taylor series expansion lf)jfs about the poin(xn' yn) for j=12..6 and discard everything

that has to do with the partial derivative of x.
iii. Insert the series expansion into (1.3)

iv. Compare the final expansion with the Taylor seeigsansion O#(Xn' Yns h).

3.0 Derivation of the Method

The function evaluation using Taylor series expamsibout the poin(xn ] yn) becomes

k. =f(X,,Y,) (3.12)
> 1 0 0

k, =) —(a,h—+a,hk,—)" f(x,y)

? ; 2 ox - oy (3.1b)

=3 L @hd v hak, +ak,) ) ()
o ox oy (3.1c)
°1 9 d.

ky = Z_(aGh_+ h(a,k, +agk, +ask;) —)" f(xy)
= r! 0x oy (3.1d)
=1 0 0.

ks = Z— (ah—+h(a,k, +a,k, +a,.k; +a,k,) =) f(xy)
= o oy (3.1€)
> 1 0 d .,

Ko = X ~(@ush ==+ h(@gk, +8,,K; + ks + 80k, + as0ks) 22)" f (%, Y)
= ox oy (3.10)

For the purpose of reducing complicated derivatiea will concentrate on the y function only,

Then Setting
8, =8, =85 =&, =5 =0 and discarding everything that has to do with deeivatives of x, we have the following
results:

k. =f(y,) =K,
2 h3 h4 5

h
k, =K, +ha,K, f, +?a22KffW +§aﬂ<ffyyy +Za;‘r<;‘fyyyy +Ea25K15f oy
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h? h® h*
ks = Kl + h(a4k1 +a5k2) fy + ?(a4k1 + a5k2)2 fyy +§(a4k1 + askz)3 fyyy +j(a4k1 + askz)4 fyyyy
+§(a4k1 + askz) fyyyyy

2 3
k, =k, +h(azk, +agk, +agk;) f, +h7(a7k1 +agk, +agky)* fy, + %(a7k1 +agk, +agk;)’ f,,

h* h°
+Z(a7k1 +agk, +a.k,)* LI +E(a7k1 +agk, +agk,)° f oy

h? h?
k5 = k1 + h(allkl + a12k2 + a13k3 + a14k4) fy + ?(allkl + a12k2 + a13k3 + 6‘14k4)2 fyy + g(ankl
3 h* 4 h®
+ aizkz + aiaks + a14k4) fyyy +X(a11k1 + a12k2 + a13k3 + a14k4) fyyyy +§(a11k1 + aizkz
+ak, +ak,)® f

h2
kG = kl + h(a16k1 + a17k2 + a18k3 + a19k4 + a20k5) fy + E(alekl + a17k2 + a18k3 + a19k4 + a20k5)2 fyy
h’ 3 h* 4
+ g(a’lﬁkl + a:I.7k2 + a18k3 + a:I.9k4 + a'20k5) fyyy +E(a16k1 + a:I.7k2 + a18k3 + a19k4 + a20k5) fyyyy

5
+ %(amkl tayk, +agky +agk, +a,ks)°
Expanding fully and substituting the variok?s, O j= 23456, we reduce thekj to k, for the purpose of linearity
and easy of computation and collecting like terms, and also, let
B=(a, +a;),D=(a; +a; +a,),E=(ay, +a, +ta; ta,)andF =(a, +a; +a;, +a, +a,) we have
k= F(y,) =T
k, = f +ha,ff, +h—22a22f2fyy +h§a23f3fyw +h7?a24f “f oy +%?a25f5f oy
3

h? h® h
k, = f +hBff, +h%a,a; ff,° +EBzf 2f,, +E(a§a5 +2a,a,a; +2a,a5)f*f f o B3ff

Yy

4 4
2.2 3 2 h 2, 2¢2¢ 2 3 2 2 3 3
+ —!(a2 a,a +a, a5)f°f, +Ea2 a;" fof°f, +§(a4 as +3a,3; +6a,a,a; +3a,a;)f°f f

h* h® h®
tr BYf4f  + u (a,'a, +4a,a,’a; +8a,a,”a,” +4a,a," +12a,8,a)f*f f, + Eagaszf f f2

5 5 h5

+%(a§a4a5 +aja’ +§a§afa5 +§a§a§) fef, £l +%(a§a4a52 +azad)fif f, g B°f°f,,,

h? h®
K, = f +hDff +h?(a,a, +Ba,) ff ? s D?f?f, +h’a,a.a, ff’ +h’ala,aa, f *f +7(a22a8
+aja, +a,a, +2a,a; +2Ba; +2a,a,a, +2a,a,a, +2Ba,a, +2Baga, +2a,a,3,) f ° f, f
4

h
+ 7 (a§a7a8 + a§a7a8 + Bza7a9 +2a,858,85 +28,358,8, + a52a7a9 + agag + afag + a52a8a9

h® h*
+ajaga, +4a,aa;)f°f?2 s Dff, +§(a§a8 +4B°%a, +3a,a’ +3a,a +3ala, +3a,a%a,
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+6a,a,a,a, +3a.a-3, +6a,a,a; +12a,a,a,a, + 6Ba,aZ + 3Ba’a, +3a,a’a, +6a,a’a, + 6Ba,a;
5

5
+3a,8,824) 31, + %(a§a4a7ag + % (28328, + 2a%a,a, + 6a,a%a, + 2a:a, + 28383,

2 2 2,2 3.2 3.2 2,2 2, 42 2,2 3
+6a;a,8,3, +6a,8,858, +38,858, + 28,85 + 8,8, +32,878; +6a,8,8; +9a,a;8, +23,8;3,

+ agag + a';;a'7a‘9 + 2a2a4a‘§a9 + 2a2a$a9 + agaSaQ + 4a2a5a7a8a9 +3a2a72a8a9
+ azajasag + a22a4a8a9 + a§a7a8a9 + agas + agagz + 2a2a4a7a<§ + 2a2a72a§ + BS) f° fy fyi
+h—4a2a72a8 fof f +h—5(z;122a72a92 +2a,a,a,B)f*f°f + h (2ala,a, +2aja,a,
2 W .|
+6a,a;a, +2a;8, +2a,8,3, + 6a,a,8,3, +6a,a;8,3, +3a;8;a, + 23,8, +a,a,
+3a;a78, +6a,a,a; + 93,878, +2a,8;8, +a;8; +12a;a,a; +18a,8;a, +8aja;

2 h4 4¢4 h5 4 4
yfyyy+XD f 1‘Wyy+ﬁ(a2a8+a4a9

1
+ 23~za4a£;a92 + azzae3 +§(a2a7ag + ZagaBz)) fof
3 2,52 3 4 3 2,52 2 3
+4a,a,a, +4a,asa, +4a,a5a, + a3, +4a,a;a, +12a,a;a; +12ajaa, +12a,a,a;
+4aja,B+12a’a B + 24a,a’a,B +12a,a B + 4aja,B +12a°a’B + 48a,a,a; B + 4a,a,
h5
4 3 4 4 5¢5
+éza4a9 +12a,a;B+4aa)f " f f +§D LI SV,
h 2 2 2,2 2,2 2 2 2 2
+ ?(a2a5a13 + 2a'ZaS al3 + a2 a12 + aS a13 + a'2 a'Sa'l4 +B a9a14 + a'2a'8 al4 + 2Ba9 a14
2 2 2,2 2 2 2 2 2
+2a,a.a,; +a,aa; + Da, + 2a,a.a,, + 2Baa, + 2a,a5a;, + 2a,a4a;, + 28,844y,
+ 28,8848, +28,858),8; +28,8,2),8,, + 2Ba a,,a,, + 42,8,8,,8,3 +2a,3,8,,8;,

2 3
Ks = f +hEff, +h?(a,a, + Ba,, + Day,) ff ? +% E*f?f, +h’(Ba,a, +Baga,) ff +%(a§a12

+ Bza:LS + D2a14 + 2a‘28".l.22 + 28a123 + 2Da:l.24 + 2a‘7a‘8a124 + 2a7a'9a11 + 2a‘4a5a13 + 4a8a9a14
+ 2a2a:I.1a'.I.2 + 28a11a13 + 2Da:l.la'.l.4 + 2Ba:I.Za:I.S +4a2a12a13 + 2a7a12a14 + 2a‘28".l.1 + 2Ba:l.la'.l.S
3
+2Day,a,, + 2Ba,,a,; + 2Da,a,, + 2Da,a,, + +2Baja,) f 2 f f + % E°f°f,,
+h'a aaqay, ff, 4a,aa,a, + 4Basa,a, +2Da,a,a,, + 4Bagaa, + 2DBaa,) f 217 f
h4

+§(a§ + B3a13 + D3a14 + 3a2a132 + 3Ba133 + 3a7a134 + 3a8a134 + 383a13

+3a’a.a,, +3a7a.ay, + 33,858, +3a,a5a, +3aja.a, +3a5a5a,, +3a,a,a,, +3Baja,

+3Daja,, +6a,a,,a;, + 6Ba,,aj; + 6Daya;, +3Baja,; +6a,a5a,; +3Day,a,, +6a,a5a,

+6Bay,a; +3a,a,,a;, + 6Da,a;, +3a,a,,a;, +3Daja,, + 6Baja,, + 6Da,a;;, +3Ba,.a;,
+6aga,,a;, +6a,a,,a;, +3Baa;, + 6a.aa.a,, +6a,a,a,,a,, +6Ba,a,,a,, +6a,a,,a,,a,
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+ 3Ba13a124 + 6a7a8a9a14 + 6a2a11a12a13 + 68a11a12a13 + 6a2a11a12a14 + 6Da11a12a14 + 68a11a13a14
h4
+6Day,a,,a,, +6a,a,,a,;a,, +6Ba,a,;a, ++6Dajaa,) f*f f - (aja;, +B®aj; + D’a;,

+aja,a,, + B’aj,a, + D%a,a,, +ajaa,, +2a,aa;, + 28,8435, + 2843, + 28,358,
+ 2a7a8a11a14 + 2a7a9a11a14 + 2a8a9a11a14 + 2a4a5a12a13 + 2a7a8a12a14 + 2a7a9a12a14 +

h4
+288080,8, + 287858, + 28,8588, * 28:8:80,8, + 28,858,8,,) °F,, + 2o BN O,

h5 2 2,2 2 3 3 2
+ E (a2 a4a5813 + a2 a5 al3 + a2 a7allal4 + ZB a'9a14 + a7 a'9al4 + a2 a11312 + 2a‘4a7a8a9
+a’ +aja; +a’ala, +aja.a,a, +2a.2,3:2,3, +a.a.3,3; +2a,3,a
7a11a12 272 2 5a8 35 6a8 3a4 5 6a8 45 6a8 245
+2a.a,a, +2a’a, +a,a.3, +a,a:3, +a,a,a, +a,a> +2a,3,a.a, +2a,3.a, +2a,3’a.a,
3,52 2 2 2 3 3 2
+aja; +2a,a,a.a.a, +a,a; +a,a;a,a, +2a,a,a, +a,a, +a,a, +aa, +2a,aa,a;

h5
+ 28.28.28.72 + a?e: + 33-32.a4 + 38.38.2 + ai) f ° fy fyi + E (8.28.28.5313 + azagais + a23-43-72 + azaflam

+ 878,88, + 8,858, + (8, + B)D +a,a, +aja; + 2aja,,a;, +2a,8,8,,8;, + 242,343y,

+ D2 + 4Da4a7 + 2a72 + 4a7a8 + 5a7a9 + 2a2a:l.1a12a124 + a4a1228124 + a5a122a124 + D2 + 4Da2

+8,8,,8058, + 8,8,,858, + 8,8, +2a; + B +a;B® +a,a,ana, + Baja, +a;

+ 2a2a'7a11a:|.24 + 28a8a9a124 + D2 + 2a2a'4a’.l.2ail.2f’> + 2a2a7a9a’.l.23 + a’.l.2ail.2f’>Bz + 28a2a122a13 + 2a2a7a9a123
4

h
+a,a,,B” + 2Ba,ana,, +aja),a;, +a,a;,B” +aaa, + Bajya, +3D%)ff2f + E(aéaéalg

+ a‘l4(a22a§ + 2a2a8 + Bag + 2a8 (a2a4a5 + aZaé) + a'.l.3a'l4(a2a8 + aQBz) + a12a'.l.4 (agaB + Ba2a9 )

h® h®
+a;,D(a,a, +a,B)f?f’f + E(aiagag +3ajag) f4f f + E(a;‘au +4(a,a’a,,
+aga,,B +aja,D +3a,a%a), +3a5a,a,5(a, + B) +3aj,a,a,(a, + D) +3aja,,a,, + BD
+6aza4a5a,,((a, + B) + (D) +3a,a5a,;(2a, + B) +3a,a;8; +3aza;a,,(2a, + D +3a,,a,;a7, (2D
+ B + 3a8a9a124 + (ZD) + a2) + 3a11a123a14(D (ZB)) + 3a121a124D + 3a121a1238 + 3a122a13a14 (2a2 + a4
+2a, +a, +a,) +3a,,8,,3, (2D + (a, + B) +3a,a’,(a, + D) +3a,,aa,,(D) + (a, +2B))
+3a.a4a5,(a, + 2B) +3a,,a;,D +3a,,a);B + a,a5;3(a, + 3B +a,,ay,(a, +3D) +a;,a,(3a, + B)
+ 331228123(8.2 + B) + afZa14 (3a2 + D) + 3a:l.23ai24(a4 + 2a7 + a8 +a9) + af3a14(D(3B)) + a13af4 (3D)

5

+B+z;12af2+a1“3B+af4D)f“fyfwyy+EE5f5fyyyyy
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2

Kg = +Fif, +h?(a,a;, + Bay, + Day, + Ea) 1) + 7 F2 121, +h* (@2, + 22,2

h3
+ Bayay, + a,a,,8,, + Ba,a,, + Da,ay,) ff) + E(aéan +B?a,, + D%, + E*a,, + 23,3,

+ ZBa128 + 2Da129 + 2Ea220 + 4a4a5a18 + 2a7a8a19 + 2a7a9a19 + 2a8a9a19 + 2a11a12a20
+ 2a11a13a20 + 2a11a14a20 + 2a12a13a20 + 2a12a14a20 + 2a13a14a20 2a8a9a19 + 2alla12a20

+ 2a11a13a20 + 2a11a14a20 + 2a12a13a20 + 2a12a14a20 + 2a13a14a20 + 2a2a16a17 + 2a4a16a18
+ 2Da16a19 + 2Ea16a20 + 2Ba17a18 + 2a2a17a18 + 2Da17a19 + 2a2a17a19 + 2Ea17a20
+ 2a2a17a20 + 2Da18a19 + 2Ba18a19 + 2Ea1.8a20 + 2Ba1.8a20 + 2Ea19a20 + 2Da19a20) f ? fy fyy

3
+ E F : f : fyyy + h4(a2a5a9a19 + a2a'5€lil.3a'20 + a2a'8a14a'20 + Ba9a14a20) ﬁy4 + 2Ba:l.2a§0

+2Day,a;, + 2a,,8,,85, + 28,8385, + 2E8,,85, + 28,8858 +28,8,8,8, + 288,243
+ 28a7a9a19 + 2a5a8a9a19 + Za 2a8a9a19 + 4a4a5a13a20 + 2a7a8a‘14a20 + 2a7a9ail.4a20 +

2a8a9a14a20 + 2a2a11a12a20 + 2Ba11a13a20 + 2Da11a14a20 + 28a12a13a20 + 2a2a12a13a20
+ 2Da12al4a20 + 2a2a12al4a20 + 2Da13al4a20 + ZBa'13a'l4a20 + 2a 2a5a16a18 + 2a2a8a16a19
+ ZBa'9a16a'19 + +2a4a12a16a20 + 2Ba‘l3a16a20 + 2Dal4a16a20 + 2a'2a4a'17a'18 + 4a 2a8a17a19
+ ZBa'9a17a19 + 4a2a5a17a18 + 4a'2a7a'l7a'19 + 4a2a'12al7a'20 + ZBal?:a17a20 + 2Da‘l4a'l7a'20
+ 2a'Zail.la‘il.7a'20 + 4a2a13a11a20 + 2a2a14a17a20 + 2a'2a'8ail.8a'.l.9 + 2a4a9a'.l.6a19 + 4a5a9a18a19
+ 2Da‘4ail.8a'.l.9 + 2a5a7a18a19 + 2a'5a8ail.8a'20 + 2a'2a'5a'.l.8ail.9 + 2a'2ail.2a‘il.8a'20 + 2a4a13a18a20
+ 4a'5a'.l.3ail.8a'20 + 2Da:l.4ail.8a'20 + ZBaﬂ.la:LBaZO + 2a'4ail.2a‘il.8a'20 + 2a4a13a18a20 + 2Ba:l.4ail.8a'20
+ 2a5a12a18a20 + 2a2a'5ail.8a20 + 2a2a12a19a20 + 28a13a19a20 + 4Ea7a19a20 + 2a14a19a20

h4

+2Ea5a,48,, + 2Ea4a,3,, + 22,358,935, + 2839319320) f? 1Eyz fyy +§ (agau + 83318

+ D73 a19 + 4aCI:.%la'ZO + aCI?3a'20 + aCI?4a'20 + 332337 + 3Ba€l?8 + 3Da'.l:.%9 + 3Ea‘§0 + 3Bsa18 + 3Da‘7a8ail.9
h* D3

+ 387848, + 385898y, + 385858y, + +987,8,58,, + =1 (a7a,, + Ba, + At 48718y,
+ aCI:.%3a'20 + aCI:.%4a'20 + 3a2a'.l:.4}7 + 3Ba:l::}B + 3Dafg + 3Ea§0 + 3a§a5a18 + 3a‘4a52ail.8 + 3a72a8ail.9
+3a7a.a,, + 3,858, + 3,858, + 385808, + 38,808y, +12a718,,8,, +12a7,8,,8,,

+ 6aj.21a14a‘20 + 9a122a'.l.3a‘20 + 9a122a14a20 + Saf3al4a20 + 3a:I.3a:l.24a'20 + 3a2a:I.26a’.l.7 + 383‘1263‘18

+ 3a7a126a19 + 3a9a126a19 + 3Ealzﬁa'ZO + +6a2a16a127 + 12a5a16a128 + 6Dal6a129 + 6Eal(ia'go

+ 3a5a127a18 + 6a2a127a19 + 6a7a127a19 + 3a‘8a127a19 + 6a23127a20 + 6allail.27a20 + 6alzail.27a'20

+ 3a2a17a128 + GBa17a128 + 3a2a17a129 + 6a7a17a129 + 6a8a17a129 + 3a2a17a50 + 6Ea17a220

+ 3Da128a19 + 6Ba128a19 + 6Ba128a20 + 3Ealzsa'ZO + 3Ba18a129 + 6a7a18a1293Ba127a18
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+ 6Da18a129 + 3Ba‘:I.Ba'220 + 6Ea18a220 + 6Da'.l.29a20 + 3Ea'.|.29a20 + 3a7ail.9a'220 + 3a8a19a50
+ 3a‘9a19a'220 + 6Ea19a'220 + 6a7a8a'9a19 + 63—11&123133-20 + 6alla'12a14a'20 + 6alla'13a14a20

+ 6a‘12a'l3a14a‘20 + 12a' ?‘16a'l7a18 + 6Ba‘lf)a'l7ail.8 + 6Da‘lﬁa'l7ail.9 + 6a‘ 2a16a17a20 + 68a‘16a18a'19
+ 6Da‘16a'18a'19 + 6EalGa'l7a'20 + 6a4a16a18a20 + 6Ea‘16a18a‘20 + 6al4a'16a19a‘20 + 6DalGa'.l.9a20

+ 6Ea16a19a20 + 6a @l?alBalg + 6a ﬁl?alBalg + 6Dal7a18a19 + 6Ba17a18a20 + 6a 2a17a18a20
+6Ea,,8,58,, + 6Eay;a,48,, + 6Da;,8,48,, +68,8,,8,48,, + 6Ea 48, + 6Dy 58,48,

4
+6Baga,,a,,) f 2 f, f,, + % (azal;, + B®aj; +ajaf, + E*aj, +aja,a,; + B?a,a,

+Dayea, + E*a8,, + B*a,,a,, + 858,85 + 878,80 + 858,,8, + 28588y
+ 88,8, + E*8,8,, + 838,,8,, + D*a,48, + 28,8585, + +B’a,a,, + E*a58,
+ Bzaﬂ.BaZO + 2Da8a129 + E2a19a20 + D2a19a20 + 2alla12a§O + 2alla'.l.3a§O + 2alla14a220
+ 2a12a13a50 + 2a12a14a50 + 2a13a18a50 + 2a 4a 5a16a18 + 2a 7a8a16a19 + 2a8a9a16a19

+ 2a‘lla12316a'20 + 2a‘lla'13a:I.6a'20 + 2a'12a'13a16a20 + 2a‘12a‘l4a16a20 + 2a‘l(§'l4a16a20

+ 2a 4a 5a17a'.l.8 + 2a7a8a17a20 + 2a7a9al7a19 + 2a8a9a17a19 + 2alla12a17a20

+ 2allal3a'.l.7a20 + 2a11314a17a20 + 2a12a13a17a20 + 2alZalAa:IJaZO + 231@14317a20

+ 2a7a8a18a19 + 2a4a9a18a19 + 2a8aQalSa19 + 2a4a5a18a19 + 2a11alZa18a20

+ 2a‘lla'l3a:I.8a'20 + 2a‘11a'14a18a20 + 2a12a'13a18a'20 + 2a'12a'l4a18a'20 + 2a‘1ﬁl4318a20

+ 2a‘lla12319a'20 + 2a‘lla'13a:I.9a'20 + 2a‘lla'l4a:I.9a'20 + 2a‘12a13a:I.9a'20 + 2a'12a'l4a19a'20

h4
+ 23.1@.143193.20 + 2a7a8319a20 + 2a7a9a19a20 + 2a8a9a19a20) f : fyi/ + z F ¢ f ! fyyyy

h5
+5F ML
Putting theK ., (=1, 2, 3, 4, 5, 6) intdy,,,; = Y, = he(X,,Y,;h) and collecting like terms, we have that
= hg(x, Y, =h(G +e+ 6 +C,+ 6 +6)f +he|((c,a, + 6B +c,D +CE +CoF)ff, |

+h2|((C.a,85 + C, (2,8, + Bag) + Cq (@58, + 83382, D + Cg (8,8, + B +a,,D +ay,E) ff 2

h3

+E[((Cza§ +C,B? +C,D? +C,E? +C,F21 21 |
4
3 3 3 3 3 3

+§[((c2a2 +C,B?+C,DG,E? +C,F?) £ °f, +)|

h4 (C4 (a2a5a9 + C:5 (a2a5a13 + a2a8a14 + Ba9a14) + C6 (a2a5a'18 + a2a8a19 + Ba9a19 + a2a12a20

+ Baya,, + Da,a,,) fff +

+ h* [(Cs (aja, +2a,a,a; +2a,a7) + C,(aja, + B®a, +2Ba; +2a,a,a, + 2a2a7a8J

2 | +2a,a,8, +2Baga, +2a,aa,) + C,G+CH) f*f f
5

h
+E(C3(a22a52) +CgJ+CK)f2f? fw)
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5 Cs (aias + 3a42a5 + 6a2a4a52 + 3a2a53) +C, (agas + Bgag + 3a§a4a9 + 3a5a§a9 + 3a2a§
ot 3a,a’ +3aja, +3a,a’a, +6a,a,a,a, +3a.a’a, ++6a,a,a,a, + 6a,a,a’ +6a,a,a,a,
+6Ba,a, +3Ba;a, +3a,a;a, +6a,a,a, +6Basa; +3a,a5a;+) + C;L+CM)F3f f
5
2 [(Ca2 +C,B* +C,(D* +C,E* +C,F*f*f )]

+h¥|(c,(%aam,) f 217
+ hsl.(cs (a2:842,,) + Cq(a@:58y5 + ;8581585 + 8,858,8y + Bagay,ay) ff y4 )J

— | +3a,a’a,a, +a,a; a8a9 +a’ aaga9 +a’a,aza, +aa; +aa; +2a,a,a,a’ +2a,a’a;

C,aa’ +C,(a’a,a,a, +a’a, +aja,a, +2a,a,a’a, +2a,a5a, +a a,a, +4a,a.a,3,a,
+(a, +a;)* +C.,N)f? f,

C J(a;a7a; +2a a7agB) +Cs(ajacay; +ay,(ajag + 28,8, +a,B +2a5(a,a,35 +a,a5) +
a13a14(a a, +a,B%) +a,a,(aja, + Ba,a;) +a;,D(a,a, +a,B)f *f f +

h6 CS(BaZZaé) + C4 (a§a7a9 + 3a'Zaja7a9 + 6a'2a4a'72a'9 + 6a2a§a9 + a§a7a82 + 4a2a72a8a9

+ o +2a,a,2,858, + 2aza4a~azag + 6aza7a§ag + Zazzaazag + 4aza7asa§ + a4a8a§ + a7a8a§
' 1
+2a,a,a,a; +aa + §(a2a7a§ +2a5B*) +C,P)f*f2f

N[ o 3 3 .2
+E C,(aja,a, +aja’ +2aaa +2aa)+C4Q)f fy
0 |[Cola, e, +4a8. %8 +8a,8,%a5" + da,a’ +12a.8,8) + C R+

alleTet

.
+h€[(c a,’ +C,BS +C,D° + C,ES + CF°15f |
The Taylor series expansion g (y derivatives only) is shown below

2 3
Yout = Yo =X, ;1) = hf+h—ff +h—(ff F 2t )+—(4f £, + 2+ 13F, )+

5
%(11f2fy2fw+ F3F2+TE3F f, + ff4+ f4fyyyy)+a(38f3fyfy§+32f3fy2fyw+

5 2¢3 5 4 4
4ff, f,, + £°f,,  +26f2f3f + ff°+15f%f f  +7f%f f )
.Then equating coefficient with Taylor series exgian above , we have:
= (C,+C,+C,+C, +C,+C,) =1
(3.2)

—C,a, +C,B+C,D+C,E+C,F==
(3.3)
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1
= C3a2a5 + C4a288 + C4aQB + C5a2a12 + CSa:LSB + C5a14D + C6a2817 + CGa:I.SB + C6a19D + C6aZOE = 6

(3.4)

= C,a; +C,B*+C,D* +C,E* +C,F? :31

(3.5)
= C,a+C,B*+C,D*+C,E*+C,F® = 1
4 (3.6)
= C,(a,352,) +Cs(aa5ay; + 2,243, + Bagay,) +Co(aasa5 +@,248 + Bagay,
1
+a,3,,8,, + Ba;a,, + Da,a,) =—
24 (3.7)

= (C,(a’a, +2a,a,B) +C,(a’a, + B*a, +2BaZ +2a,a.a, +2a,a,a, +2a,a,a,
+2Baga, +2a,3,3,) + C;(aja,, + B*a, +aja,, +3a;a,, +2a,a;, + 2Baj; + 2Da;,
+ 2a‘7a8a124 + 2a‘7a8a14 + 2a 7a9a14 + 2a‘4a5a13 + 2a8a'9a14 + 2a‘2a11a12 + ZBallaiS

+ ZBaCLZaiB + 2a2a12a13 + 2Da12a14 + 2a9a12a14 + 2a2a12a14 + 2a7a13a14 + 2a8a13a14)
+ CG (agaﬂ.? + Bza18 + D2a19 + E2a‘20 + +2a2a127 + 28a128 + 2Da129 + 2Ea220 + 4a4a'5a18
+ 2a‘7a8a19 + 2a‘7a9a19 + 2a8a'9a19 + 2Ea12a'20 + 2a12a13a20 + 2a12a14a20 + 2a13a14a20
+ 2a2a16a’l7 + 2a4a16a18 + 2Da16a19 + 2Ea16a20 + ZBaCL?aCLS + 2a2a17a18 + 2Da17a’.l.9

+ 2a‘2a17a19 + 2Ea17a'20 + 2a2a17a'20 + 2Da18a19 + 28a18a19 + 2Ea18a20 + 2Ba‘18a'20

1
+2Day,a,, + 2Ea,4a,, +2Da,a,,) =~
3 (3.8)

= C,(a,"a,8, +a,°al) +C,(aja,a, +aja,a, +4B%a,a, +aja; +aja; +aiag,

+ a'22a'8a'9 + 4a4a5a§) + C5 (a22a122 + Bza123 + D2a124 + a22alla'12 + Bza'lla13 + D2a11a14
+agaay, + 28259y, + 28,258y, + 28248y, + 22 Ad,a; + 23 A@,,8, + 28 A@,8,

+ 2a8a9a11a14 + 2a 4a 5a12a13 + 2a7a8a12a14 + 2a7a9a12a14 + 2a8a9a12a14 + 2a7a8al3a14

+ 2a7a9a13a14 + 2a8a9a13a14 + 2a4a5a13a14) + C6 (a22a127 + Bzal28 + a72ail.29 + E2a220 + a22a16ail.7
+ Bza16a18 + D2al6a19 + Bza16a18 + D2a‘l6a19 + E2a16a20 + Bzal7a18 + a'22a'17afl.8 + D2al7a19
+ a'22ail.7a19 + E2a17a20 + asai7a20 + D2a18a19 + 2a4a5a128 + Bza18a19 + E2a18a20

+ Bza18a20 + 2a7a8a129 + 2a7a9a129 + 2a8a9a129 + E2a18a19 + D2a19a20 + 2a11312a220

+ 2allai3a§0 + 2alla14a220 + 2a12313a§0 + 2a12a14a50 + 2a13a18a220 + 2a4a5a16a18

+ 2a7a8a16319 + 2a8a9316a19 + 2a11a12a16a20 + 2alla13a16a20 + 2a12a13316a20

+ 2a12a14a'16a20 + 2a13a14a16a‘20 + 2a4a5a'.l.7atl.8 + 2a7a8a'.l.7a20 + 2a7a9a17a19

+ 2a8a9a'.|.7a19 + 2allaiI.Za'.I.7a20 + 2a11a13a'.l.7a20 + 2alla':I.4a'.I.7a20 + 2a12a13a'.l.7a'20

+ 2a’.|.2a14a17a20 + 2a1@14a17a20 + 2a7a8a18a'.|.9 + 2a‘ 4a9a18a19 + 2a8a9a18a19

+ 2a4a5a18a19 + 2a11a12a18a20 + 2alla13318a20 + 2alla14318a20 + 2a12a13a18a20

+ 2312al4a18a20 + 2a13a14318a20 + 2a11alZa19a20 + 2alla13319a20 + 2a11a14a19a20

+ 23128'13&19&20 + 2a12ai4a19a20 + 2alﬁl4a19a20 + 2a7a8a19a20 + 2a7a9319a20

1
+28434248y) = 60
(3.9)
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= C,a," +C,B*+C,D* +C,E* +C,F* _1
5 (3.10)
1
= Cs(aa5a48y,) + Co(a 25809 + 85858, +a,858,,8, + Bagay,a,) = 12C
(3.11)
= C,(a;a7a; +2a,2,8,B) + Cy(a;a5ay; + &y, (a78; +2a,8; + a,B + 2a5(a,2,a,
13
+8,85) * a1;2,(8,8, + 8,B°) + aay (2;8, + Baa) +auD + (@an +a,B)= o (312,
:>C2a25 +CsB5 +C4D5 +c:5|55 +CeF5 :i
6 (3.13)
1
By settingC1 =C,=C;=C, =G, =G, :E- .10
a, B D E F_1
L+ —+—==
From (2,3),wehave6 6 6 6 6 2
a; B® D? E? F?_1
2+ +— ==
From (2.5),wehave® 6 6 6 6 3
8B, D B F_1
From (2.6), we have :6 6 6 6 6 4
= a2+B+D+E+F:3
a;+B>+D*+E*+F?=2
a§+B3+D3+E3+F3:g
(3.15)

Hence equation (2.15) borders on undeterminedfaoent, therefore to solve the equations we firsdues that best solve
the equations since the equations are linear,rgtiacind cubic. choosing the best values that s$mist the equations first
we consider (1.6) for these values and then (h@)these values are:

a2:B:D:E:1 and F=1 (3.16)
2

%+&+%+%+%+&+%+%+@:l

a
From (2.4), we have:—= + =
12 12 12 12 12 12 12 12 12 12 6

Hence: @;+ag+tayta,ta +ta,ta, tagtay,+ta,,=2 3.17)
1
From (2.7), we have: a;a, +a5a;5 + @gdy, + Ay, T AsQyg T gy T gy +81,8p + 158y, 8,85 :E
(3.18)
Since (2.17) and (2.18) cannot be solve simultasigowe resolve them as follows:
a=ta=tag-t-t -ttt .1, _1,-1,:.1
27 TS T 8138 g 4’311 3 1 &p 81313 4’a14 4’a17 g’
1 1 1
a18—§'319 —Z'azo —Z

. 1
Wwith ¢, =C, =C; =C, =Cy =Cq :E
These results lead us to our sixth stage sixthrdRdmge-Kutta method below
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h
yn+l - yn :E(kl +k2 +k3 +k4 +k5 +k6)

Where
k,=f(y,)
B h
k2 - f(yn +§k1)
h
=, 40 )
Ky = (3, + 2+, +2K,)
ks = f(y, +g(_k1 +K, +2k; +2k,))
ke = (Y, +g(2k1 +k, +k; + 2k, +2Kk))
B=(a, +a;),
D=(a, +a, +a,),

E=(a, +a, +a;*a,)and
F=(ay + 8y, +ay, tay, +ay)

aa, +a%a; +agay +ara, + 338, + 28,8, +

2a,80; + 2a.3; + 2a.a5; + 2a, + 2aa), + 2 A2, + 28,58, + 28248, + 28 s+
= 2aqga,, +2a0, @), + 288, 8, + 288, 8, + 2888, + 4afy A, t 2a8),a,t28,3,,8,; +

2858,,8)5 + 28,8,,8, 3 + 28,8,,8,, + 2858,,8, + 4848,,80 4 T 28,88, + 28,88, T 2858, 13,
H=

ajay; +8jay, + Aty + ardy, + 83ay + 858y + B8, + A8k *+ Bugllg + BBy + 28,80 +

2a4a128 + 2a‘5a128 + 2a7a129 + 2a5a129 + 2a9a129 + 2a11a220 + 2a12a220 + 2al3a220 + 2a‘l4a220 + 2a‘4a5a18 +

2a4a'5a18 + 2a7a8a19 + 2a‘7a9a19 + 2a8a9a19 + 2a1?12320 + 2a1@13320 + 2al@l4a20 + 2alﬁ13a20 +

2a12a14a20 + 2a1@l4a20 + 2a‘ Zatl.6a17 + 2a4816a18 + 2a‘ 7816a19 + 2a8316a19 + 2a9a16a19 + ZalplGaZO

+ 28, 24800 + 28,81 g + 28, Py + 28,21 B + 288, Ayg + 28 A, B + 282, B0 + 28,8, g

+ 2a9al7a19 + 2a ﬁl?a:lﬁ + 2alp17a20 + 2alﬁ17a20 + 2a13al7a20 + 2a1Aal7a20 + 2a2al7a20 + 2a7a18a19

+ 2a8alSa19 + ZaGa‘lga:I.Q + 2a4a18a19 + 2a5a18a19 + 2a‘l@18a20 + 2a1ﬁ18‘a20 + 2a1@18a20 + 2a‘1@18‘a20

+ 2a4a‘18a20 + 2a5a‘18a20 + 2a1_|.alga20 + 2a1ﬁ19a20 + 2a1919a20 + 2a1@19a20 + 2a7a‘19a20 + 2a‘8al'9a‘20

+ 28868,
a0, + 28,8; 85 + a7, + 82ay; = 4858, + 8,858, + AR, + 2,858, + 8,808,
+ 2a5a‘§ai4 + a4a§a14 + 2a2aSa1.23 + a4a5a123 + a72a124 + agalzzl + agalzzl + 28.2&88124 + 2a4a9a124 + 2a5a9a124
+2a.2400, + 28855, + 28, + 28253, + 28 A8y, + 28 220, + 28 2 A0, + 282 A0y, +
28228, + 28288, + 28 APB, T 28 AP B t 28 AR Ay, + 28 AR Ay, 28 AR B,
4a APy Bys + 28 A2y By T A8 AR Ry, + 28 APy + 28 AP Ry, + 28 AR R, + 28 AP Byt
28 APy Ry + 28 APy, A AR A, 28 AR R, T 23 AA R, T 22 ARR, +2A 22, +
2a@ap, +2a AR,
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K= agasais + azza217 + 2aza§als + a22 gy t+ aj gyt aiagaig +

+ a§a9a’.l.9 + 2a2a§ a:I.9 + 2a4a§a’.l.9 + 3a4a§ a19 + 2a5a§a’.l.9 + a22a’.l.2a20 + afafS + a'4$a13a'20 + a‘S2 a:I.3a'20 + a'72 a:I.4a'20

+ a'E?a'1.4a'20 + a'923'148‘20 + 28‘2a122a20 + 2a4a123a20 + 28‘5a123a20 + 2a'7a124a20 + 2a11af4a20 + 2a9a124a20 + ag al28 + a'723'1.29
+ 2a2a5a128 + 2a4a5a128 + agalzg + agalzg + a:I.Zla'220 + a:I.ZZa'ZZO + a:I.23a220 + a:I.24a'220 + 28‘ 2a8a129 + 2a4a9a129 + 4a5a9a129

+ 2a7a8a’l29 + 2a7a9a’l29 + 2a2a12a§0 + 2a8a9a129 + 2a4a12a§0 + 2a5a13a50 + 2a7a14a§0 + 4a8a14a§0 + 4a9a14a220
+28,,8,,85 + 28,8585, + 28,,8,,850 + 28,885 + 28,,8,,850 + 28,,8,,85, +28,8,858, + 28,8,8,8

+ 2a 2a7a8a’.l.9 + 2a 4a7a9a’.l.9 + 2a 5a7a9a’.l.9 + 2a 5a8a9a’.l.9 + 2a 2a8a9a19 + 2a4a5a’l3a20 + 2a4a5a13a20 + 2a 7a8a14a20
+ 2a7a9a14a20 + 2a8a9a14a20 + 2a2a11a12a20 + 2a4a11a13a20 + 2a5a11a13a20 + 2a7a11a14a20 + 2a8a11a14a20

+ 2a9a11a14a20 + 2a4a12a13a20 + 2a5a12a13a20 + 2a'2a2L2a2L3a‘20 + 2a7a12a14a20 + 2a8a12a14a20 + 2a9a12a14a20

+ 2a2a12a14a20 + 2a7a’l3al4a20 + 2a8a13al4a20 + 2a9a’.l.3a’l4a20 + 2a4a13a’l4a20 + 2a5al3a18a20 + 2a2a5a16a18

+ 2a2a8a16 a19 + 2a4a9a16a19 + 2a5a9a16a19 + 2a4a12a16a20 + 2a4a13a16a20 + 2a5a13a16a20 + 2a2a14a16a20

+ 2a8a14a’.|.6a20 + 2a9a14a16a20 + 2a 2a4a17a18 + 4a 2a8a17a’.l.9 + 2a4a9a17a19 + 2a5a9a’l7a19 + 4a 2a5a17a18

+ 2a2a7a17a19 + 28‘ 2a7a17a19 + 4a2a12a17a20 + 2a4a13a17a20 + 2a5a13a17a20 + 2a'7a'l4a'l7a20 + 2a8a14a17a20

+ 28‘98‘148‘21.83'20 + 2a'2a11a17a'20 + 4a2a13a11a20 + 2a2a14a17a20 + 2a2a8a18a19 + 2a4a9a16a19 + 4a5a9a18a19

+ 2a4a7a18a19 + 2a4a8a18a19 + 2a4a9a18a19 + 2a5a7a18a19 + 2a5a8a18a20 + 2a2a5a18a19 + 2a2a12a18a20

+ 2a4a13a18a20 + 4a5a13a18a20 + 2a7a14a18a20 + 2a8a14a18a20 + 28‘9a1.1a18a20 + 2a'4a1.1a'18a20 + 2a4a12a18a20

+ 2a4a13a18a20 + 2a4a’l4a’18a20 + 2a5a’lla18a20 + 2a5a12a18a20 + 2a5a’l4a18a20 + 2a 2a5a18a20 + 2a2a12a19a20

+ 2a4a13a19a20 + 2a5a13a19a20 + 4a7a14a19a20 + 2a8a14a19a20 + 2a7a‘lla19a20 + 2a7a12a19a20 + 2a7a13a19a20

+ 2a8a11a19a20 + 2a8a12a19a20 + 2a8a13a19a20 + 2a8a14a19a20 + 2a9a’lla’19a20 + 2a9a12a19a20 + 2a9a13a19a20
+ 2a9a14a19a20 + 2a 2a8a19a20 + 2a 4a9a19a20 + 2a 5a9a19a20

L=
ag + aja'la + aga'la + a$a14 + 8.:8.14 + asam + 38.28132 + 38.461133 + 38.461133 + 38.761134 + 3a8a134 + 38.58.5813

+3a,858,, + 307848, + 387858y, + 33,858, + 38,858y, + 335848, + 38858y, + 32,858y, + 32,8118
+3a5a;8,; +3a,80,8,, + 38,818y, +38435,8,, +6a,8y,a;, +6a,a,,a5; +6a5a,,a;; +6asa;,a;, +6a.a,,8;,

+ 6a Qallal24 + 3a4a‘122a13 + 3a5a122a13 + 6a2a122a13 + 3a7a122a14 + 3a8a122a14 + 3a9a122a14 + 6a2a122a14 + 6a4a12a123
+6a.a,,a’ +3a,3,,a +6a.a,,a’, +6a,a,,a’, +6a,a,,a’, +3a,a,a’, +3a,a5a,, +33,a5a,, +33,a5a,,
+6a,a53a,, +6asan;a;; +6a,a,,a5, + 6252,y +6843,,8y, +3a,8:8y; +3258,,8y, +68,2,8,8,, +62,8,,8,,8;
+6a,a,,8,,8,; +6aa,,a,,a; +6a,a,,a,a, +6a,a,,a,a, +6a,a,,a,a,, +6a,a,,a,,a,, +6a,a,a,,a,
+6aa,,a,,a, +6a.a,a,a,, +6a,a,,a,,3,, +6a,a;,a,a, +6a,a,a,a, +6a,a,a,a,+6aa,a,d,

+ 6a7a12a13a14 + 6a8a'12a13a'14 + 6a9a'12a'13a'14
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M=

aja,; +aja, +asa, +aja,

+ aga’lg + 4a§a19 + 4afla20 + a’133a20 + a’134a'20 + 3a'Za'f7 + 3a4afS + 3a5a38 + 3a7a1?9 + 3a8a39 + 3a'Qan + 3a'11a':230
+38,,85 + 38,585, + 38,85, +3; 8,8, + 38,858, +3878,a,, +3a; 858, + 38,858, +38,858,, +3858,3,
+ 3a‘Sa'Q2 a19 + 6a'121a:I.2a20 + 6a121al3a20 + 3a121a14a20 + 9a122a13a20 + 9a122a14a20 + 3a123a14a20 + 3a13a124a20

+ 33-23126317 + 33-43126318 + 3353126318 + 3a7a126a19 + 33-93126319 + 3a113'126a20 + 3a123126a20 + 63133-2163-20 + 631431263-20
+ 6a'Za'16a':l.27 + 6a5a'16a':l.2[-3 + 6a5a16a128 + 6a7a16a129 + 6a8a16a129 + 6a9a16a129 + 6a'11a16a§0 + 6a12a16a220 + 6a13a16a§0
+ 6a14a':I.6a'§0 + 3a'4a':I.27a':I.8 + 6a2a127a18 + 3a5ail.27a18 + 6aZail.27a19 + 3a7a':I.27a':I.9 + 3a8a127a19 + 3a7ail.27a19 + 6a2a127a20
+ 3alla':I.27a'20 + 3a“12a':I.27a'20 + 3a“12a’127a'20 + 3a“14a’127a'20 + 3a2a17a128 + 6a4a17a128 + 6aSa’l7ajl.28 + 3a‘2a’l7a’129 + 6a7a':I.7a':I.29
+ 6a8a17a129 + 3a'Za':I.7 a220 + 6alla':I.7 a220 + 6a12a17 a220 + 6a13a17 a220 + 6al4a17 a220 + 3a7a128a19 + 3a8a’128a’19

+ 3a9a128a19 + 6a4a128a19 + 6a5a128a19 + 6a4ajl.28a'20 + 6a5a128a20 + 3a'lla':I.ZSa'ZO + 3a“12a2|.28a'20 + 3a13a128a20 + 3a“14a2|.28a'20
+ 3a4a18a129 + 9a5a18a129 + 6a7a18a129 + 6a8a18a129 + 6a11a18a129 + 3a4a'18a'220 + 3a5a18a220 + 6a9a18a129 + 6a12a18a220
+ 6a13a18a220 + 6a‘14a'18a'220 + 6a7a:I.29a'20 + 9a8a129a20 + 9a9a129a20 + 3a11a1.29a20 + 3a'.l.2a129a20 + +3a'.l.3a129a20 + 3a14a129a20
+38,8,083, + 358,585 + 38,8085 + 68,8485 + 68,8485, + 68,8108 + 68,8085, + 68 AgAgd,

+ 6a'11a:I.2a13a'20 + 6a11a'12a14a20 + 6a11a'13a'14a20 + 6a12a13a14a20 + 6a2a16a17a18 + 6a'4a'16a'17a'18 + 6a5a16a17a18
+60,8,68, ;835 +62,8,58,89 + 68585885 + 68488855 +68,8,68;85, + 68,8588 + 68586858

+ 6a7a16a18a19 + 6a8a16a18a19 + 6a9a16a18a19 + 6a11a'16a'17a'20 + 6a12a16a17a20 + 6a13a16a17a20 + 6a':I.4a16a'17a20

+ 6a4a16a18a20 + 6allalﬁa':I.Sa'ZO + 6a12a16a18a20 + 6a13a16a18a20 + 6a14a16a18a20 + 6a14a16a19a20 + 6a7a16a19a20
+ 6a8a16a19a20 + 6a9a16 a19a20 + 6a11a16a19 a20 + 6a12a16a19a20 + 6a13a16 a19a20 + 6a14a16a19 a20 + 6aGa':I.7 a18a19

+ 6a2a17a18a19 + 6a7a17a18a19 + 6a8a17a18a19 + 6a9a17a18a19 + 6a4al7a'il.8a'20 + 6a5a17a18a20 + 6a2a17a18a20

+ 6alla':I.7a18a20 + 6a12a17a18a20 + 6a13a17a18a20 + 6a14a17a18a20 + 6a11a17a19a'20 + 6a12a17a19a20 + 6a13a17a19a20
+ 6a14a17a19a20 + 6a7a17a19a20 + 6a8a17a19a20 + 6a9a17a19a20 + 6a2a17a19a20 + 6a11a18a19a20 + 6a12a18a19a20

+ 6a13a18a19a20 + 6a14a18a19a20 + 6a7a18a19a20 + 6a8a18a19a20 + 6a9a18a19a20 + 6a4a18a19a20 + +6a5a18a19a20

N=

2 2,2 2 2 2 3 2 2
a2 a4a5a13 + a2 a5 a13 + a2 a'7a'1la'14 + a'4 a5a9a14 + 2a4a5 a9a14 + a'7 a'ga'l4 + a2 a'lla'lZ + 2a4a7a8a‘9 + a7 a'lla'lZ
+ agazz + a22a'52a'8 + a§ a5a6a8 + 2a3a4a5a6a8 + aia5a6a8 + 2a2a4a5 + 2a3a4a6 + zai a6 + a2a5a6 + a3a5a6
+a,a.a, +a,a +2a,a,a.a, +2a,a.a, +2a,a’a.a, +aa; +2a,a,a.a,a, +a,a’ +a,a aa, +2a,a,a,

+a,a’ +aa, +aja, +2a,a,a,a’ +2a,a;a’ +a; +3a’a, +3a,a’ +a,
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2 3 2 3 2 2
a2a4 a5a13 + a2a5 a13 + a2a4a7 + a2a11a14 + aCl.la'4a'12a14 + a'7a11a12ail.4 + (a2 + a4 + a'5)(a'7 + aB + ag)
+ a4a9 + aZZaS + 2a22a11a124 + 2a2a4a12a124 + 2a 2a7a9a'.l.24 + (a‘7 + a‘8 + a9)2 + 4a4a5 + 4a4a'8 + 4a4a9
2 2 2 42 2 42 2
+ 2a7 + 4a7a8 + 5a7a9 + 2a2a11a12a14 + a4a12a14 + a5a12a14 + (a7 + a8 + a9) + 4a2a5 + 5a2a8 + 4a2a9

P = +a,8,,a53,, +a,a,a5,a, +3,3,a,a, + 287 +(a, +a;)’ +aj(a, +a;)* +a,a,,a5a,, +a,a5,a,

+ a5a132a14 + ag + 2a‘2a7a11a124 + 2a 4a'8a9a124 + 2a‘5a8a9a124 + (a'7 + a8 + a9)2 + 2a‘2a‘4a12a123
+ 2a 2a7a9a123 + a12a123 (a4 + a5)2 + 2a2a4a122a13 + 2a2a5a122a13 + a§a122a13 + a11a123 (a4 + a5) ? + a2a11a14
+a,8,,8y, + ady,a, +3(a; +a; +2)°

2a;a,8, +28,a,8, + 68,878, + 28,8, + 2,8,8, + 62,8,8,8, + 6a,8;8,9, + 33,88, + 22,8,
+aja; +3a;8,8; +6a,a,8; +9a,a79, +2a,8,8, +a;a, +12a;a,8; +18a,a78; +8aja
+6a;a,a,3, + 688,853, +8a;8,3, +128,a78,3, +6a,3;8, +3a;a58, + 68,858, +3a,a,3;
+3a;a,a; +6a,a,8,8; +3a78,9; +3a,85 + a8, +2a,8,8; +a;a,

2,8, + 8,8, +4aja,8, +4a,a7a, +4a,8,8, + 878, +48,8,8; +128,a78; +12878:8,(a; + @,

+ag) + 12a2a7a§ + 4a73a9 (a, +ag) + 12a72a<§(a4 tag)+ 24a7a§a9 (2a; +a, tag) + 123-7893 (a,

+a5) +4aga, (38, + @, +as) +12a585 (a, + a, +a5) + 242,849, (8, + 28, +23,) + 42,8, + 4,8,

+4a,83(a, +3a, +33,) + 42,2

a,8y, + Aa,ana;, + aa,(a, +as) +anay,(a, +a, +ay) +3a,a5,a,, + 3a7,3,,8,,(8, + 4,

+a5) +387,8,,8,,(8, + 8, +8; +8,) +3a3,.8, +(a, +3;)(a, +a, +ay) +6aaaa,((a, +a,

+a,) +(a, +a, +a,)) +3a,a’a,,(2a, +a, +a;) +3a,3,a> +3a,a%a,(2a, +(a, +a, +a,)

+3a,8,:85, (28, +a, +a,) +(a, +as) +38,8,8,,(2(a, +a, +a,)+a,)+3a,a5a,((@

+a, +a,)(28, +2a,)) + 385, (a; +a; +a,) +3aa5(a, +a;) +3a5a,a, (28, +a, +2a,

+a, +8y) +38,2,87, (2@, +a; +a,) +(a, +a, +a,)) +3a3a5,(a, +a, +a; +a,) +3a,,8%5a,

+(a, +a, +a,) + (a, +2a, +2a,)) + 3a,3,a5(a, + 2a, +2a,) + 33,2, (a, +a, +a,) +3a,,a%(a,

+ag) +a,a5(a, +3a, +38;) +a,85,(a, + 38, +3a, +3a;) +aa,;(3a, +a, +a;) +3a5a°(a,

+a, +a)+ana, (3, +a, +a +ag) +3a5a5(a, +2a, +a; +a,) +ana,((a; +a; +a,)3a,

+385)) + a8, (3, +38; +3a,) +(a, +a;) +a,a;, +a(a, +ag) +ay(a, +a; +a)

4.0  Numerical Computation, Results and Implementation
For the purpose of testing the performance of ewivdd method, the following IVPs are selectedifigplementation

1. y=-y, Yyg=1, 0sx<1

Whose theoretical solution is? y(x) - e *

2. Y=Y, Yp =1, 0=sx<1

Whose theoretical solution is? y(x) - e*

3 Yy =1+y® y, =1 0s<xs<l

Whose theoretical solution is? y(x) = tan(x + %)
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4.1

Tables of Results

Agbeboh, Akhanolu and Esekhaigbe J of NAMP

Table 1: Test for Error Level on Problem 1 with theDerived Formulae

XN
TSOL
JAE+00
0.9048E+00
.2E+00
0.8187E+00
.3E+00
0.7408E+00
A4E+00
0.6703E+00
BE+00
0.6065E+00
.6E+00
0.5488E+00
.7E+00
0.4966E+00
SE+00
0.4493E+00
.9E+00
0.4066E+00
JA1E+01
0.3679E+00

K1
ERROR
-.1000E+01
0.2370E-07
-.9048E+00
0.4288E-07
-.8187E+00
0.5820E-07
-.7408E+00
0.7022E-07
-.6703E+00
0.7942E-07
-.6065E+00
0.8623E-07
-.5488E+00
0.9103E-07
-.4966E+00
0.9414E-07
-.4493E+00
0.9582E-07
-.4066E+00
0.9634E-07

K2

-.9500E+00

-.8596E+00

- 7778E+00

-.7038E+00

-.6368E+00

-.5762E+00

-.5214E+00

-.4718E+00

-.4269E+00

-.3862E+00

K3

- 35430

-.86600

-. /=880

-. 1400

-. @360

- =00

- 2200

-.H?40

-.42%30

-.3B600

K4

-.9518E+00

-.8613E+00

-.7793E+00

-.7051E+00

-.6380E+00

-.5773E+00

-.5224E+00

-4727E+00

-4277E+00

-.3870E+00

Table 2: Test for Error Level on Problem 2 with theDerived Formulae

.1E+00
0.1105E+01
.2E+00
0.1221E+01
.3E+00
0.1350E+01
4E+00
0.1492E+01
.5E+00
0.1649E+01
.6E+00
0.1822E+01
.7E+00
0.2014E+01
.8E+00
0.2226E+01
.9E+00
0.2460E+01
1E+01
0.2718E+01

0.1000E+01
0.2582E-07
0.1105E+01
0.5708E-07
0.1221E+01
0.9462E-07
0.1350E+01
0.1394E-06
0.1492E+01
0.1926E-06
0.1649E+01
0.2554E-06
0.1822E+01
0.3294E-06
0.2014E+01
0.4160E-06
0.2226E+01
0.5172E-06
0.2460E+01
0.6351E-06

0.1050E+01

0.1160E+01

0.1282E+01

0.1417E+01

0.1566E+01

0.1731E+01

0.1913E+01

0.2114E+01

0.2337E+01

0.2583E+01

0.1051E+01

0.1162E+01

0.1284E+01

0.1419E+01

0.1568E+01

0.1733E+01

0.1916E+01

0.2117E+01

0.2340E+01

0.2586E+01

0.1052E+01

0.1163E+01

0.1285E+01

0.1420E+01

0.1569E+01

0.1734E+01

0.1917E+01

0.2118E+01

0.2341E+01

0.2587E+01

K5

-.9530E+00

-.8624E+00

-.7803E+00

-.7060E+00

-.6388E+00

-.5781E+00

-.5230E+00

-.4733E+00

-.4282E+00

-.3875E+00

0.1053E+01

0.1164E+01

0.1286E+01

0.1422E+01

0.1571E+01

0.1736E+01

0.1919E+01

0.2121E+01

0.2344E+01

0.2590E+01

K6

YN

-.9036E+000.9048E+00

-.8176E+000.8187E+00

-.7398E+000.7408E+00

-.6694E+000.6703E+00

-.6057E+000.6065E+00

-.5481E+000.5488E+00

-.4959E+000.4966E+00

-.4487E+000.4493E+00

-.4060E+000.4066E+00

-.3674E+000.3679E+00

0.1104E+01

0.1220E+01

0.1348E+01

0.1490E+01

0.1647E+01

0.1820E+01

0.2011E+01

0.2223E+01

0.2457E+01

0.2715E+01

0.1105E+01

0.1221E+01

0.1350E+01

0.1492E+01

0.1649E+01

0.1822E+01

0.2014E+01

0.2226E+01

0.2460E+01

0.2718E+01
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Agbeboh, Akhanolu and Esekhaigbe J of NAMP

Table 3: Test for Error Level on Problem 3 with the Derived Formulae

XN K1 K2 K3 K4 K5 K6 YN
TSOL ERROR

.1E+00 0.2000E+01  0.2210E+01 O.F2aPl  0.2228E+01  0.2241E+01  0.2481E+0D.1223E+01
0.1223E+01 0.2113E-04

2E+00 0.2496E+01  0.2817E+01 0.PBIR  0.2851E+01 0.2875E+01  0.3248E+0D.1508E+01
0.1508E+01 0.7008E-04

.3E+00 0.3275E+01  0.3796E+01 0.BB4  0.3866E+01  0.3916E+01  0.4536E+0D.1896E+01
0.1896E+01 0.1951E-03

4E+00 0.4593E+01  0.5517E+01 O.%B1B.  0.5676E+01 0.5793E+01  0.6935E+0D.2464E+01
0.2465E+01 0.5673E-03

5E+00 0.7073E+01  0.8941E+01 O0.®22@7  0.9380E+01 0.9717E+01  0.1219E+02.3406E+01
0.3408E+01  0.1992E-02

.6E+00 0.1260E+02  0.1729E+02 O0.BBI®  0.1895E+02  0.2031E+02  0.2749E+02.5321E+01
0.5332E+01 0.1064E-01

.7TE+00 0.2932E+02  0.4706E+02 O0.B3X®  0.5888E+02 0.7068E+02  0.1122E+03®.1151E+02
0.1168E+02 0.1691E+00

.8E+00 0.1335E+03 0.3318E+03 O0.E368 0.9465E+03 0.2609E+04  0.1314E+0B8.3064E+03 -
.6848E+02  0.3749E+03

.9E+00 0.9388E+05 0.2501E+08 O.F4P 0.9708E+20 0.5891E+37 0.2169E+70.3614E+69 -
.8688E+01  0.3614E+69

1E+01 0.1306+138 0.4267+272 O.B401 O0.1#IOE+01 0.1#I0OE+01 0.1#IOE+010.1#I0E+01 -
4588E+01  0.1#IOE+01

5.0 Conclusion

Finally, it has been established from our tablesestilts above that the work carried out is at higlue and will go a long
way in reducing the rigor in the solution of IVAs ©DEs. We are encouraged by the research domeaby reputable
researchers in this area. This discovery made byassnow shown that no area of research is everusid depending on
the area of interest.

6.0
[1]

(2]

References

Agbeboh G.U. and Ehiemuam M. “Modified Kutta’s Argbm”, Journal of the Nigerian Association of
Mathematical Physics. Vol. 28, No 1, pp 103-11410

Agbeboh G.U. “On the Stability Analgsbf a Geometric 4 Order RK Formula” (Mathematical Theory and
Modelling ISSN 2224-5804(paper) ISSN 2225-0522¢wejliVol. 3, No 1,The international Institute fori&Guwe,
Technology and Edu, (IISTE) (2013)

Agbeboh G.U. “Comparison of some ongpshtegrators for solving singular IVPs”, Ph.D $ise AAU. (2006)
Agbeboh G.U. and Ehiemuan M. “A New omexfth Kutta Method for solving IVPs in ODESs”. NiggrAnnals
Natural Sciences, Vol. 12, pp 001-011. (2012).

Okuonghae R.I and M.N.O. Ikhile, “A camtous Formulation of A()-Stable second Derivative linear multi-step
methods for stiff IVPs in ODEs”. Journal of Algdnhs And Computational Technology. Vol. 6, No. 1, 8-99.
Otunta F.O. and Nwanchukwu G.C. “Rationaleestep integrator for IVPs in ODEs". Nigeria Jalrrof
Mathematical Physics and Applications, 16, pp 188;12003)

Butcher J.C. and Hojjati G. "Second idetives methods with Runge-Kutta stability, Nunati@lgorithms”, pp
415-429. (2005).

Butcher J.C. “Numerical Methods for ODE3¥ohn Wiley and sons Publication. New York. (203

Agbeboh G.U, Ukpebor C. and Esekhaigh&dm the coefficient analysis of a modified sifage fourth order RK
formula for solving IVPs” International journal dfumerica Mathematics vol. 5, No 2, pp 202-219 (3010
Faranak R. and Fudziah I. “RKM with reddaeumber of function evaluation” Australian Journ&Basic Applied
Sciences, 6(3), pp 97-105, (2012)

[3]
[4]

[5]
[6]
[7]

[8]
9]

[10]

Journal of the Nigerian Association of Mathematic&hysics Volume 32, (November, 2015), 153 — 168
168



