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Abstract

This article presents two-step and three-step imiplblock methods for direct
solution of second order stiff differential equatis. Techniques of collocation and
interpolation were used to generate the methods.e@ the orthogonal polynomials
precisely Chebyshev polynomial was used as a bfasistion in the development of
the methods and were implemented in block mode. Ifsia of the methods recovered
reveals that they are zero stable, consistent andvergent. The stability domain of
the block methods were derived and sketch out. Peeformances of the methods
were tested on three numerical examples. The resuhow that the methods
compared creditably well with those of existing redtls.

Keywords: Interpolation, Collocation Approximation, ChebysHeolynomial, Orthogonal Polynomial, Linear
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1.0 Introduction
Consider second-order ordinary differential equatiODES) of the form:
y'=ft(xy.y)y@=n,. y @)=n, 1)

where f satisfied Lipstichz condition that guaraatghe existence and the uniqueness of the solofi¢h). Equations of
these types occur mostly in the modeling of rdal dituations in areas like physical, chemicalldgaal and even social
sciences. However, the analytical solution of soifhe equations is not easily obtainable in reale hence, the need for a
numerical approximation. Earlier attempts in litera employed the technique of reduction of secomter ODEs to the
system of first order differential equations whitds been found to be unsuitable due to some dfaisbacks [1, 2].
Moreover, the Chebyshev polynomials and Rationakybkhev (RC) tau functions respectively were usil @ollocation
approximation to develop algorithms for higher ardéferential equations in [3]. Also, an improvedlf-starting implicit
hybrid method, was presented in [4]. In [5] contina formulation of a class of accurate implicit LiMMith Chebyshev
basis function in a collocation technique for tr@uson of first order ordinary differential equatis were proposed.
Furthermore, Kayode and Adeyeye [6] worked on téapdwo point hybrid methods for general secondepmatrdinary
differential equations using Chebyshev polynommlbasis function. The continuous multistep methdelgeloped in [7]
were with Chebyshev polynomial as basis functioll. authors mentioned above implemented their warkpredictor-
corrector mode. A class of collocation methodsdeneral second order ordinary differential equatiaas proposed in [8]
and Chebyshev interpolation, an interactive toas leen considered in [9].

Therefore, this article proposes two-step and tstep LMMs by collocation approximation which wile implemented in
block mode adopting Chebyshev polynomial as théskfasction for solution of general second ordedioary differential
equations. The implementation strategy makes igpetation be competitive and especially its impligpe formulas can be
used in solving stiff ODEs effectively. The statyildomain of the block methods is also sketched.

2.0 Preliminaries

In this section, we give an introduction to the BYyshev polynomials and their basic properties [$8¢and [11] for more

details). This is needed in order to understanddlaionship between the applied polynomials. Thebyshev polynomials
of the first and second kind are denoted hgx)rand U(x) respectively. A Chebyshev polynomial of firsh# can be

represented as a linear combination of two Chehbypb/nomials of second kind,
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1
Ta(X) = E(UH(X) —U, (X))
and the derivative of the first kind can be writeen
T.(X)=nU, _,(x),n=1, 2,..
Chebyshev polynomials of first kind are denoted’hwand the first several polynomials are listed below
T,(X)=LT,(X)=xT,(x)= 2 - 1T, &k )= 4> - X
T,(X) =4x* - 3X,
A Chebyshev polynomial can be found using the evitwo polynomials by the recursive formula
T..(X)=2xT (X)-T._,(X),for n=21

The leading coefficient of thé, is2"" forn21. These polynomials are orthogonal with respedhto weight function
1 ontheinterval [-1,1].

1-x

0,i#]j,
T, (%) o
j = 7T|:J:0

M2 '
BN =0

T, denotes the Chebyshev polynomial of degree n.sitieroot n. The node can be calculated by

X :co{ﬂjn,for i=1,2,...n
n

A function can be approximated by an nth degreeyrmuohial p(x) expressed in terms off, T, ...T,
P, (X) =C,To(X) +CT(X) +...+ C T, (x),

n+1

C, ——Zf(xk)T (%), i=01

and x ,k =1,...n+ lare zeros ofl ,, since
T,(X) =cos(j arccox

T,(x) =cos(j arccos, ¥ {SM j

Let f(x) be continuous function defined on the imt [-1,1], that is to be approximated by a polyial P,. One can
measure how good the approximation is of f(x) g/uhiform norm,
|f —P||—max f x)-P).

—1<x<l
The paper is organized as follows: sectiois bf an introductory nature. The mathematical falation was described in
section 2. Stability analysis of the new methods wW&cussed in section 3. In sectiorsdme numerical experiments and
results showing the relevance of the new methoelsliacussed. Finally, in sectiongame conclusions are drawn.

3.0 Mathematical Formulation
Assuming an approximate solution to (1) by takinghe t partial sum of Chebyshev polynomia

m+n-1

y(x) = > aT(X),X, < X< X, (2)
where X rc:f(;)m be used only after certain transformatione 3écond derivative of (2) gives

y"(X) = mi_l a T (x) )
Substitutir;;)(B) into (1) gives

mi_larTr"(x): F(X,y(X),y'(X)), X, £ X< X, 4

r=0
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whereT (x) is the Chebyshev polynomial of degreevalid in X, < X< X, and a,’s are real unknown parameters to be

determined and where m, n are the collocation and interpoladioits respectively. Equation (2) and (4) will be adopted f
the derivation of the proposed schemes and m, n are theat@lo and interpolation points respectively. Equation (2) and
(4) will be adopted for the derivation of the proposed saeis the sum number of collocation and interpolation oirite
well-known Chebyshev polynomials are defined on the intergal]l

2.1 Derivation of the Continuous Coefficient Implicit Methods

In this section, the continuous formulation of the genéarahr multistep methogi(x) of degreer =m+n-1,m>0,n> 0,
is obtained. Equation (2) and (4) were adopted for the dexivaf the proposed schemes. In order to be able to use the
polynomial in the[ X, X, ] O[—1,1] some necessary transformation were made. Two cases were ehsideistep and

three-step methods.
CASE 1: Two-Step Implicit Method
Let m+n—1= 4 inequation (2) and (4) give the following partial sums

o[ 54

(o) AR 2 e

+ [S(X;‘X"T—SZ(X;X”]S+ 4({’(;"*]2— 1{";"%} ﬂa‘l E
Fony)= a2 15 |- afegr o0 15f 1 o ¢

Collocating (6) at the grid points, = x,+;i =0, 1, 2 and interpolating (5) at the grid points= x,.,;, | =0,1 yields the
following system of equations expressedds= B.

1 -1 1 -1 1) 4q Y,

1 0 -1 O 1] a Vi

0 0 4 -24 80| a|=| f, (i

0 0 4 0 -16|a f

0 0 4 24 80)a, f

Solving (7) using Gaussian elimination method, we olethithe parametets s and substituting into equation (5) yields the
continuous scheme of the form:

{55 e 5 e
Z{{J l{x—hxnjz_ Ehf(h]“] .
_g_;[{x-hxn} {x;xn):(x-hxnj“] oo
ST ) °

Evaluating (8) at the point = X

n+l

n+2

i = 2, we recovered Numerov’s formula (see [12], pp 255) ofdhe f

n+i?

2
yn+2 - 2yn+1 + yn :%( fn +10fn+1+ fn+2) (9
Discrete scheme (9) is consistent, zero-stable and of gpedgrwith the absolute errorG= __1 The first derivative of
240
(8) was found and evaluated at poikts X = X__; ,1 =0, 1, 2, we obtained the following derivatives schemes.
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. h?
hyn :_yn+yn+1_z_(7fn+6fn+l_ 1:n+2) 0]'
2
hyln+1 = _yn + yn+1 +%(3fn +10fn+1_ fn+ 2) (1]
. h?
hyn+2 = _yn + yn+1+£( fn + 26fn+1+ 9fn+2) 0]-

Combining (9) and (10) to form block and solving bingsmatrix inversion method yields:

B o P ) L G )

7 1 1
O 2al(t 3 o
+ h2 ) [ ;—lj +h2 4 (fnﬂj (1:
0 = n _ 0 n+2
Writing (13) explicitly, we have
2
yn+1 = yn + yn +h_(7fn + 61:n+1 - fn+2) (14)
24
. h?
Yoeo =Y Tt 2yn +§(2fn + 41:n+1) (1E
The block method is of ord¢y = (3, 3)T with the error constantp@:(i EJT, the derivative schemes are:
45" 45
yln+1 = yn + yn +g(5fn + 2fn+1 + fn+2) (1
yln+2 = 2yn +1_hz(15fn + 16fn+1 + 1]fn+2) (17)

Equations (14)-(17) are then applied as simultaneous intedoatl).
CASE 2: The Three-steps Implicit Method
Let m+n—1= 5in the partial sums af2) and(3) gives. Collocating the partial sums of (4) at all the gridnts,

x = xn+i, 1=1, 2, 3 and interpolating the partial sums of (2) at its¢ fivo grid pointsc = x,,,;, | =0, 1.These yield the
following system of equations expressedids= B

1 -1 1 -1 1 -1
p 17 28 17 24
3 9 27 8l 243|(a Y,

0 o 16 32 320 -800|4 | |y

9 3 9 9 |4 ;

16 -32 -64 3040 =" (1€
0 0 A 3 fn+1

9 9 27 243 f

16 32 -64 —304q| % | | 'm
00 = = — ——lla) f

9 9 27 243 3
o o 16 32 320 800

9 3 9 9

Solving (18) and substituting the parametés mto the partial sums of (2) yields the continuousesch

Journal of the Nigerian Association of Mathematic&hysics Volume 32, (November, 2015), 133 — 142

136



Block Multistep Methods with... Olabode and Odeniyan-Fakuade J of NAMP
W{l—(x;x”jjyﬁ(x;x“jynﬂ
hz( X=X X = X 2 X=Xp
-— 97( nj—lﬂ( ”j+11{ ]
360 h h h
- oo R *“J fx SIE
120 h h h
i BT o “J 5
120 h h h

as

S

The discrete scheme of (19) is obtained

Yo =2y, +3Y ., +%1(4fn + 426, + 24, ,+ & ..) (2

The order of the (20) ip =4, with the error constantpgzi. Evaluating (19) at the points=X_,,,i =1,2, we
obtained the following discrete schemes. 1930

YVius = =2Y, +3Y,., + 22 (4f + 42 .+ 24, ,+ X ) (2

Yoo =Y, + 2yn+l+%( f,+10f ..+ f.,,) (22

Differentiating and evaluating (19) at the grid podt5 X =X_,;,i =0,1,2, i, we obtained the following derivative
schemes.

2

MY = ~Yn * Yrag —:60 (97fn FLL4E - 3 ot & 3) (23
f h2

MY g = =Y * Yoy * (38fn +17H - 36, o+ o, (24)
. h2

hY 42 =~Yn * ¥Ynu +£)(23fn +366f, 1+ 159, 0~ 8,y 3) 25)
. h2

hy = Yn+ yn+1+%(38fn + 201+ 444, o+ 127, (26)

In block form, we have

1 0 0\y,.) (0 0 Ay, 00 Ay,
0 10|y.,|=[0 0 1y.,|+thl 0 0 2y,
O 0 1 yn+3 O 0 yn 0 O ynl

00 I 19 13 1
360 |/ ¢ 60 120 &

n-1 n+l

sejo o Bl |eme]22 -2 2| @

45 ¢ 15 15 45

n n+3
00 ¥ 27 21 3
40 10 40 20

Writing (27) explicitly
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. h?
Y1 = Y + A +ﬁ)(97fn + 1141:n+1 - 3qn+2 + 8n+3) (28
2
yn+3 = yn +3yn +%(39fn + 108n+l + zwn+2 + 6n+3) (2g
. h?
yn+2 = yn + 2yn +4_5(28fn + 66fn+l - 6fn+2 + z:n+3) (3c
. _...h
Yo = Yn +§(9fn +19fn+l - 5fn+2 + fn+3) (3
Yo = Yo +2( fo+af+f,) (32)
.. .h .
yn+3 - yn +§(3fn + 9fn+1+ 9fn+2 + 31:n+3) (3

.

The order of the block method (28)-(30)pis(4, 4, 4)T, with the error constantpczz(_iy_i’__gg .Equations
480 30 16

(28)-(33) are then applied as simultaneous integratoetmitial value problems (1).

4.0 Stability Analysis

To investigate the stability properties of methods foviagl the initial value problem (1), the three-step blockhoet(27)
was normalized for easy analysis [13]. The first charadtepstynomial is of the form:

0(1) = detP A° - AY]
10 0] [0 0

=detf 4|0 1 0O-| 0 O
0 0 1 (0 O
A 0O
=det 0 A O
0 0 A

p(A)=2*(A-1) =0
= A=A,=0A,=1,

This satisfies the condition for method (27) to be zerablst Hence the block method is zero stable. The block method is

also consistent, as it has the order p greater than 1. Hencertliergence of the method is asserted as in the theorem 3.1
below.

Theorem 3.1:([14])
The necessary and sufficient conditions for a linear meytist be convergent are that it be consistent and zero-stable

4.1 Region of Absolute Stability of the method
The Locus method is used to determine the region of absdhitditg (13) and (27). The boundary locus method

h(6) = o(r)_ol)

- a(r) - a_(eiH)
where p(r) ando(r) are the first and second characteristics polynomial respectively as:
r =€’ =cosf+i sird
Using a Matlab program, the absolute stability region of ey methods is plotted below. Below are the graphical
representations of stability domain of the block methods.
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Region of absolute stability of two step method

Reglz)

Figure 1: Stability domain of block method (1

Region of absolute stability of three step method
8 T T T T T T

Reglz)

Figure 2: Stability domain of block method (2

5.0 Numerical Experiments and Results

In this section, the new methods were implementdlack method and applied on three problems. Tisolate error:
computed are compared with those obtained in [4l] [8h which are implemented in predic-corrector mode. The resu
for the problems & shown in tables 1, 2 , 3 and 4. We also congideoalinear and real life problem

Problem 1:

Consider a non linear second order prob

y'=x(y2.y(0)=1y '(0)=% h= 0025

Exact solution:yy) = 141 Iog[ 2+ xj
2 2-X

Problem 2
Consider second order problem of [4]

y'=2y-y' ¥(0)=0,y'(0)= Lh= 0.1
. e —e
Exact solution:y(X) = 3

Problem 3:
Consider a nonlinear second order problem o
y"-3y'= 8", y(0)=1 y'(0)= Lh= 0.005
Exact solution:y(X) = —4e** + 3* + 2
Problem 4 A solid cylinder partially submerged in water iy weight density 62.51b3, with its axis vertical, oscillates
and down within a period of 0.6 sec. Witts 62.5Ib/f* and m=2/32, we have
y"" +1000mr?y = 0,y(0) = 0,y'(0) = 1
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_ @sin(lO\/lony)

Exact = o0 " Letr=0.1871t.

Table 1: The y-exact , y-approximate and error in poblem 1 using two-step method
X y-exact solution y-computed for k=2 Error in k=2
0.1 1.050041729 1.050041729 6.64e-11
0.2 1.100335348 1.100335347 5.50e-10
0.3 1.151140436 1.151140434 1.93e-09
0.4 1.202732554 1.202732549 4.81e-09
0.5 1.255412812 1.255412802 1.00e-08
0.6 1.309519604 1.309519585 1.87e-08
0.7 1.365443754 1.365443721 3.28e-08
0.8 1.42364893 1.423648875 5.49e-08
0.9 1.484700279 1.484700189 8.94e-08

1 1.549306144 1.549306001 1.44e-07

Table 2 : Accuracy comparison of two-step method ah[4] for problem?2

X y-exact solution] y-computed for k=2  Error in k=2 Ermof4]
0.1 0.095480055 0.95478889 1.17e-06 9.77e-06
0.2 0.183694237 0.183671111 2.31e-05 1.83e-05
0.3 0.267015724 0.26707862 6.29e-05 6.51e-05
0.4 0.347498578 0.347672668 1.74e-04 1.02e-04
0.5 0.426947277 0.427253455 3.06e-04

0.6 0.506974863 0.507431469 4.57e-04

0.7 0.589051915 0.589676093 6.24e-04

0.8 0.674548137 0.675356932 8.09e-04

0.9 0.764768074 0.765779322 1.01e-03

1 0.860982182 0.86224398 1.26e-03

In tables 2, the maximum absolute error of the new twoaiaegpared favourably with those of [4] for problems 2.

Table 3 : The y-exact, y-computed and error in thre-step method for problem 1.

X y-exact solution y-computed for k=3 Error in k=3
0.1 1.050041729 1.050041729 6.55e-11
0.2 1.100335348 1.100335347 5.50e-10
0.3 1.151140436 1.151140434 1.93e-09
0.4 1.202732554 1.202732549 4.80e-09
0.5 1.255412812 1.255412802 1.00e-08
0.6 1.309519604 1.309519585 1.87e-08
0.7 1.365443754 1.365443722 3.27e-08
0.8 1.42364893 1.423648875 5.48e-08
0.9 1.484700279 1.482742666 8.80e-08
1 1.549306144 1.549306001 1.44e-07
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Table 4: Accuracy comparison of three-step methodral [8] for problem 3

Olabode and Odeniyan-Fakuade

X y-exact yapproximate| Error in k=3 | Error in [8]

0.005 1.005138526 | 1.00513852p  1.14E-11 3.15900E(-07
0.01 1.010558242 | 1.01055824]1  3.70E-10 1.27090E(-06)
0.015 1.016265444( 1.01626544]  2.82E-09 8.65540F(-06
0.02 1.022266543 | 1.022266498  5.01E-08 2.59148E(-(5)
0.025 1.028568067 | 1.028567958  1.14E-07 3.395058E(-0
0.03 1.035176665 | 1.035176469  1.96E-07 5.990417kE(05
0.035 1.042099106 | 1.042098809%  2.97E-07 8.884838E(-0
0.04 1.049342284 1.0493418613 4.16E-07

In tables 4, the maximum absolute error of the new thmeisthigher and more accurate than those of [8] for prot8ems

Table 5: y-exact, y-computed and error in problem 4

J of NAMP

X y-exact y-computed Error in k=2
0.1 0.082670103 0.08267004 6.27E-08
0.2 0.08253607 0.082535942 1.28E-07
0.3 -0.000267849 -0.000267853 3.70E-09
0.4 -0.082803485 -0.082803233 2.51E-07
0.5 -0.082401386 -0.082401067 3.19E-07
0.6 0.000535696 0.000535701 5.42E-09
0.7 0.082936214 0.082935773 4.40E-07
0.8 0.082266053 0.082265542 5.11E-07
0.9 -0.000803539 -0.000803546 7.40E-09
1 -0.083068289 -0.083067659 6.30E-07

A graph of Exact and Computed solutions
T T T T T

Y axis
o

\ / \’L
Y / )
\ }!’

/ |
/ \

.

L L L L L L . L .
0 100 200 300 400 500 600 700 800 900
Xaxis

1000

Figure 3: Graph of y-exact and y-computed of problem 4.

6.0  Conclusion

The newly derived collocation approximation with Chebyshevshfasctions approach to self-starting implicit LMMs for
stiff and non stiff equations were implemented in bloaddm The block methods have the advantages of being sefhegtar
are uniformly of the same order of accuracy and do not neetiorsd having good accuracy as shown on numerical results
of tables 1, 2, 3, 4 and 5. The block method is recommermtageheral purposed use. Finally, the stability domain ef th
block methods of two-step and three-step method were presefiiggre 1 and 2. Maple and Matlab software package were
employed to generate the schemes and results.
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