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Abstract

This short note simply furnishes the puritanical fieition of the partial
derivative, and offers two clarifications on thiséinition.
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1.0 Introduction
Our language and notations shall be pretty standarfbund for example in [2, 3, 4, 7, 8]. Bywe shall mean theeal
numbers and byN the natural numbers 1, 2, ......., fnON and n= 2, by R" we shall mean th€artesian space

RxRx...xR, (n factors).R" with the Euclidean norm || ||[8, p.206] is called tHeuclidean n-space [7, 2.19, p. 51]. i, I, ...,
I, are intervals ifR, the Cartesian product
[1X Ix ..x1, (ORM) ..B)

is called arinterval in R" ; an interval 4) in which thesides I, I, ..., I, are finite intervals irR is called acell[8, First
paragraph p.52] with,, k=1, 2, ...,n, called thekth side of the cell. Anopen interval /open cell is one with all its sides open

intervals ofR.

Leta= (ay, &, ..., a,) O R". By theEuclidean normof a, |||, is meant\/{:\l2 + a§ +..... + aﬁ [8, p- 206] and ifr O R, r >

0, by aball of radiusr centered on a, B(a, r), is meant the se{J R" : |k —al| < r}[2, 3.3, p.49] referred to in [4, Definition

59.1, p. 211] as anneighbourhood of a. If O # AO R"anda O A, ais called arinterior point of A[9, Definition 59.2,
p.211][2, Definition 3.5, p.49] if there exists> 0 such thatB(a, r) O A.

If >0 anda R, byNs(a) shall be meant the open interva |5, a + d) called thed-neighbourhood of a. N5'(a) =(a-
0, a+ d) —{a}, is called thedeleted &-neighbourhood of a.

2.0 Sequential Characterization of Limit
Let O #A0OR andx, 0 R (not necessarily belonging &) be a point of accumulation & The numbet. is called thdimit

of the real functionf : A - R at X, provided whenever given> 0 there exists &€) >0 such  that
xOAand 0< X —x|<0(€) = |f(X) —L|<¢ . )
And we write lim f(x) =L.

X=X

Letd # A0 R andx, O R be a point of accumulation & LetL O R andf : A — R. Then,L = lim f(X) - for every
X=X

sequence(X, ), in A — {x,} converging tox,, the sequencéf (Xn)):’:1 converges ta. ///
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THEOREM 1 (i) Let0 #BO A O R and supposg,[J R is a point of accumulation &, and thatf : A - R has limitL at
Xo- Then, the restriction

flIB:B-> R,x—f(xX),xOB
of f to B also has limit_ atx,.

(i) Let O £ A0 R and supposg, is a point of accumulation & If f : A - R has limit atx,, thenx, is still a point of
accumulation ofA — {x,} and the restrictionf * : A — {x,} —

R, f*(xX) = f(X),x OA—{xy}, of f toA—{xy}, also has limit ak,, and
lim f7(x) = lim f(x).
X - Xy X=X,

Proof (i) is immediate fromg) above while (ii) follows from (i). ///
The converse of THEOREM 1 is false as one showilyeag simple examples. That idim (f | B)(X) exists does not
X=X

necessarily imply thatim f (X) exists. For an instance,
X%

Example 2 Consider the function
f:R - R
0, if xisrational
X = P .
1, if xisirrational
Let Q be the rationals. By the Density Theorems of Eldiangy Real Analysis, 5 is a point of accumulatidriQ Clearly,
Iim5 (f|Q)(x) exists, sincef |Q is the constant function
X—
Ko: Q - R, x~ 0 forall xOQ,
and we know thatir‘r; Ko(X) exists and = 0. Buﬂ,ir‘r; f (X) does not exist.
X— X

We furnish here a converse of THEOREM 1.

A CONVERSE (Sunday Oluyemi[6, Theorem B p.108]) Suppose O0#zBOAOR, f:A 5 RandxOR a
point  of accumulation of B. If there existsd”> 0 such thaB O

Ns'j (%)nA, then if lim (f | B)(X) exists so doedim f(x),and lim f(x) = lim(f |B)(X).
X=X, X=X X=X X=X,

DAHEAHHD
XO\\_Ijé* \\IJ \\IJ Fig. 1

Xo Xo + OF
Proof Lete > 0. By hypothesis, there exisige) > 0 such that
x0 Ny (anB = |(fB)(X) —L| <& ..0)
whereL = lim (f | B)(X) . Letd(g) = min {&'(¢), 5.
Then, v
BO N (x)nA O Ny (x)nA L)
and
Ny 0a) O Ny (%) - 42)
and so byA&) and QA),
x0 Ny (A = x 0 Ny, (x)nB ...@00)

(0) and (J0O) now give
x 0 Ny (o)A = [f(x) —L| <€
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and solim f (X) exists andlim f(x) = lim (f |B)(X)./m
X=X X=X, X=X,

A careful application of the Sequential Charactgran of Limit furnishes another proof. ///
COROLLARY Supposé O R is anintervalx, Olandf : | - R. Suppose the restriction ko— {x.} of f,

fIl —{X}: 1 ={x} - R, x = f(x) forall xOI —{x},
has limitL atx,. Then, f has limitL atx,.
Proof Immediate. ///

Letl be an interval oR anda [ I. Clearly,ais a point of accumulation éf {a}. The real functionf :1 - R is said to be
differentiable at a if the function

f(x)-f(a)
x-a
has limit ata [2, 3]. If so, lim f*?(x) is called thederivative of f at a and denoted'(a). That is,
X-a

f**: 1-{a} - R, x— xO1—{a}

lim f*3%x) = f'(a).
X-a
We shall use /// to signify the end or absence mrioaf.

3.0 A Characterization of Differenti-Ability
Before stating the characterization of differenitigb of this section, we give some language andations found in its
statement.

So, letl be an interval and O I. Then, clearly, a moment’s thought shows that

(i) there exists an interva}, such that

(i) 00 Jy, and

(i) K : Jy _ 1, h— a+h, hOJy is a bijection see Figure 1.

Ja h(>0) a a left end point of
l
I 0 \Ll(
a a+h
Ja h(<0) h(>0) a an interior point of

<

K

/ I | i
ath a a+h
Ja h(<0) aa-right endpoint of

I ®

! ' 0
\l,K Fig. 1
| .

a+h

Letf :1 — R, and define the function
fxda . 3, {0} - R,
f(a+h)-f(a)
h

h
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Now to the characterization.
The Characterization[7] Letl be anintervaland 0 1. A functionf :1 - R is defifferentiable ad = the function
f*d 3 -{0} - R,
_ fath)-i(a) )
h

h

has limit at O.

f(a+h)- f(a)
h

If (*) holds, thenlhim2 f * % (h) usually writtenlhirr?J equald '(a). ///

4.0 The Partial Derivative
This section furnishes thwo clarifications advertised in the abstract.

| Puritanical Definition of the Partial Derivative The derivativef '(a) of the real functionf : 1 - R, 0 #1 OR, is defined
only at pointsa of a domain which is an interval [3, Definition 6.1.1, p.158][2, Definition 5.1, 304]

just as solutions of ordinary differential equatoare sought over intervals & and not over arbitrary subsets ®f
Precisely, from Section Z, is differentiable at a provideim f *3(x) exists where
X-a

f*2:]1—{a} - R,
-1
X—a
And, we define
f'(@) = lim *x) (%)

This informs why, for the definition of, say, tfiest partial derivative, D;f(a), ataof f:A - R,O02A0R", n=2, a=

(a1, &, -.. ,a,) 0 Ato make sense, there is the need for the existerafean interval I, say, ofR such  thata; O I; and
I x{ax}x { az}x...x{ a,} O A. Then, following (*) we define

fPLo0y o R X = (X @, ....,an), xO 1y

and
fpl*al
hi—{a} - R,
PR - f™(@)  f(X2,mm8) = f(@2,m2,)
T x-g X-2,

And, then, define
Dif(a) = lim f P (x)
X— a8y

Similarly, to define Rf(a) there is the need to have an intedyah R such thata, 001, and fa}xlx{asx...x{a.} O A.
And then define

fP o, o R x = f(ay x ag, .....,a.), xO 1y
and
fpzaz
th—{a} - R,
fP2(x) - fP2(a,) _f(@X8, ) f(a,a,,....a)
- X-a, X-a,

And, then, define the second partial derivatDef(a), of f ata, by
D,f(a) = lim f P%(x)
X8y
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The requirements for and the definitiondxff(a), ..., D, f(a), are now clear. These are the puritanical dédimst

If a0 Ais interior, then IMMEDIATE 1(i) of [5] providesraopen interval = IxIxX....x |,, say, indeed, an open cell,
such that

a= (al, ay, ,an) Ol = Iixbhx...xl, OA.

And then,D, f(a), D,f(a), .... ,D,f(a), are all simultaneously definable since the resjuent that the domains, 15, ...., I, of

fPL £P2 . f™ respectively, be intervals & are now simultane- ously met. And the OBCT ofligfe comes up with the

first of the advertised clarifications -the need and existence of an interval |, say, in R, on which f P is defined, witha, [

I, a= (@, ay, ..., a&)-

Il The Directional Derivative Route Ironically, many a good author, if not all, dotrenploy the puritanical definition of
the partial derivative ih to define the partial derivative. The need for #mel existence of the interval k = 1, 2, ...,n, are

not known to the literature. The route to the literature’s definition of tharfial derivative has always been through the
directional derivative, defining thekth partial derivative as the directional derivative in the directionttod kth fundamental
vectore, = (0, O,

.., 1, ... 0)[The 1 is in th&th position]. Our task here in this section is how that the definition of the partial derivative
arrived at through this route is equivalent to theitanical definition inl. So, we first give a brief description of the

directional derivative. The reader is assumed tfabgliar with the rudiments o€alculusin R" , as found, for example, in
[9].

ConsiderR", n = 2. The elements;= (1, 0, ..., 0),&,=(0, 1,0, ...,0), ....e. = (0, 0, ..., 0, 1), of R" are called the
fundamental vectorsof R". 8= (0, O, ..., 0)J R"is called thezero vector of R". Clearly,g # 6 forall k=1, 2, ...,n.

LetOZA0R", nON, n=2,anda= (ay, a, ..., a, 0 Ainterior toA. By the IMMEDIATE 1(i) of [5] there exists a first
open interval = I, x 1,x .... x1,, say, abouaand | O A [abouta meansa = (@i, a, ..., &, Ol x1>x .... x1,]. Supposel,

= (X, Y1), 2= X ¥2), -oos [n= (X, Vo), Wherexs, Y1, X, Va2, «.os %, Ya O R, X< Y1, X< Y, ..., X < Y, and so,

Xi<ayu< Y, X<&@< Yz ..., Xy < @n<Yn

Let

d=min{ai—X, Yi—a, =X, Y= .-, 8n—Xn, Yn—an}

>0.

Supposeu = (Uy, U, ...,U,) OR", u# 6, and so [ii ||> 0. Therefore, ift 0 R and
o/2

[t] < —
[[ul]

we shall have

d
X< =2 < A - [thull < ac — [t

{ak + tu,
<

} < act [t
a, —tu,

IN

)
a + |t]|pll<ac+ 5 < Ve

k=1, 2,...n. Let—— =¢. We have thus shown that

llull

THEOREM Supposél # A0 R", aan interior point ofA, u [ R", u # ® and so |ju || > 0. Then, there
existsa finite open intervdl abouta, and are > 0 such that
[t|< e = a+tu Ol OA
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Let O#A 0O R", n=22,062ulR", f : A - R, andaO A an interior point ofA. By the preceding THEOREM, there
exists a finite open intervaland ane > 0 such that

[t|]< e = a+tuOIOA

Hence,

—e<t< e = a+tudl OA

Hence, in particular,

tON, (0) = a+tu 01 0 A

Therefore, the function

f N, (0) - R
1
t »—»;(f(a+tu)—f(a))

with domain the deletegineighbourhood of 0 iR, NE' (0), is well-defined. Of course, 0 is a point otamulation of NE'

0). If Iing f PU(t) exists it is called thdirectional derivative of f at ainthedirection of u, and denote®,f (a).
t-

LetdO #AOR" nON,n>2, alA an interior point ofA, and f : A -~ R. The directional derivatives df at a, De; f (a),
De;f (a), ..., De,f (a), in the direction of the fundamental vectors

e, &, ...., B, respectively, are called in the literature paetial derivativesof f at a. D; f (a) = De,f (a) is called thefirst
partial derivative of f at a, D,f (a) = De,f (a) is called thesecond partial derivative of f at a, ....,D, f (a) = De,f (a) is
called thenth partial derivative of fat a.

Il Equivalence of the Route and the Puritanical Definition Let us re-examine the definition B f (@) = De, f (a) for k
{1, 2, ...,n}. So letd # A0 R", a = (a, @, ..., a,) JAinterior toAand f: A - R. By what was shown in Il, there exists

a finite open interval =1;x I,x .... X1, of R" and are > 0 such that
[tj<e => a+teg0O1 O Ak=1,2,..n.

That is,

[t|<e = (g, ...,8y) + 10,0,...,0,1,0, ..., 00 I 1 x I,x ... xI, OA.
That is,

[t|<e = (@, @, - a_pa+ e - an) Olpxhx...oxl, O Ak=1,2,...n
Hence,

[t]<e = a +t Ol,k=1,2,...n ..0)

and so,

tON:(0) = a +t Ol (k=1,2,...n) dd)

By definition,

Dif (@) = Def (a) :'ti”?) f D(t)

where
2% N(0) - R
1
t— i (fa+te)—f(a)
So,

Def(a) = lim 9% = lim @ ¥t&) = 1(a)
t-0 t-0 t

f((a,a,,....a,) + t(0,0,..,010,..,0)- f((a,a,....,a,))
t

= lim
t-0
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im @y a0 3 A a)) - T(@2,,..a,)
t-0 t

which clearly,

-l FAFOF@) _ y Pl )= Fa,)

t-0 h-0

where
F Ne(0) - R

X — f(@yas ...,a_1, X, 81, ---erdn)).
By(0O), clearly,

Ng(0) O Jak,k ....p)
Define
F*: J

ale 7 R,

X — f((ag @ oy 1 X, 8a1y «eees a.)
Clearly,F = F*| N¢(0).
By (p) and A Converse of Section 2, therefore

Fa +h)-F(a,)
h
:H%FW%+?—FW%)

That is,
F*(a +h)-F*(a,)
h

D¢ f(a) = lim
« f(@) b

Dy f(a) = Ih'T) ...0p)

Now

F**Jak,k : Jaklk -{0} - R,

h LEracrh-Fr(@a)
h

So, by the Characterization of differentiability
lim F**J,, (h=F@)

F*(X)-F*(a)

= lim
X - ay X_ak

_lim f(a,a,,.. 8, % 8,,.a,) = f(a,....a,)
Xy X—a,

= lim f ™3 (x), which is the puritanical definition
X3

And we have finished furnishing the second claatficn advertised in the abstract.
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