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Abstract

Theory of soft set and multiset are important mathatical tool to handle
uncertainties about vague concept. In 1999, Molauktgproposed it as newly emerging
tool that has been studied by researchers in theang practice. Work on bijective soft
set has been carried out by some researchers. Ia ffaper, we extend the concept to
soft multiset. We initiate the concept of bijectigeft multiset and some of its basic
operations such as restricted AND and relax AND ogations on bijective soft
multiset, dependency between two bijective soft tiged, bijective soft multiset
decision system, importance of bijective soft madti with respect to bijective soft
multiset decision system.
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1.0 Introduction

Mathematical modelling and manipulation of varidyses of uncertainties has become an issue of ggkmtance in seeking
solution to complicated problems arising in manpanrtant application areas such as economics, esgg environment,
social sciences, medical science and business mameag. Although a number of mathematical models [ikobability
theory, fuzzy sets [1], rough sets [2], and intemwathematics [3] are well known and often effeetiools for modelling
uncertainties but each of them has distinguish mataeges as well as certain inherent limitations. @ragor problem shared
by these theories is their incompatibility with th@rameterization tools. In 1999, Molodtsov [4] pweed a completely new
concept called soft set theory to model uncertaimtyich associate a set with a set of parametetgstars is free from the
difficulties caused by the aforementioned problérhas been demonstrated that soft set theory ®@hgut a rich potential
for applications in many fields like function smboéss, Riemann integration, decision making, measent theory, game
theory [4] etc.

Soft set theory has received much attention sitscmtroduction by Molodtsov. The concept and basaperties of soft set
are presented in [4, 5]. To deal with the fuzzinesproblem parameters, Roy and Maji [6] proposwesl ¢concept of fuzzy
soft set and provide its properties and an appinan decision making under an imprecise environm€hen et al. [7]
presented a definition for soft set parameteriratariuction and showed an improved applicatiomiotlzer decision making
problem. Liu and Yan [8] discussed the algebraiacstire of fuzzy soft set and gave the definitidrfuzzy soft group. In
their paper, they defined operations on fuzzy gaitips and improve some results on them.

The applications of soft set theory are also ex@dnid data analysis under incomplete informatidn §@mbined forecast
[10], decision making problems, normal parametetuction [11], and d- algebra [12], demand analyj&i8]. These
applications showed the promising of soft set théodealing with uncertain problems.

Many researchers in the area of multiset and tapplications [14, 15] have voiced that there isgumd reason for
admitting repeated elements into power multisat|/ating the Cantor's theorem on power set. Howeirethis research
work we admit repeated elements in to the powetisailto enable us describe any object adequdtbly.motivation is that
there are situations in real life problems that samonditions, events need to be described in dedail that is why bijective
soft multiset is intended to solve. In this papee, initiate a new type of soft multiset set callabctive soft multiset, in
which every element can be mapped only into onamater and the union by the parameter set givesriverse multiset.

2.0 Preliminaries and Basic Definition
In thissection, we present the notion of soft multiset smithe basic definitions in soft multiset.

Corresponding author: H.M. Balami, E-mdiblyheavy45@yahoo.com, Tel.: +2347033499076

Journal of the Nigerian Association of Mathematic&hysics Volume 32, (November, 2015), 43 — 48

43



On Bijective Soft Multiset... Balami and Yusuf J of NAMP

Definition 2.1. Soft multiset theory

Let{Ul-: i € I} be a collection of universes such that there éxist/,andU; N U, # @. Suppos&/ = l;¢; P(U;), where
P(U;) denotes the power set Bf, andE be a set of parameters. A palt, 4), whered C E, is called a soft multiset over

U.F is a mapping given bi}: A — U. That is, a soft multiset ovér is a parametrized family of submultisetslb$uch that

for e € A, F(e)is considered as the setefapproximate element of the soft multisét4).

Definition 2.2: Multivalue-class

The class of all value set of a soft multi€&tA) is called the value class of the soft multiset srdienoted by

Ciray = V1, V2, ..., 1 }. Obviously

C*& nE U. Also, if there exists at least one i such that= V},

vi,j = 12, ..,n, then the value-class of the softmultist4) is called Multi value-class of the soft multi§ét A) and is

denoted by 4. Similarly Cz ,) S U.

Definition 2.3. Soft submultiset.

Let (F,A) and(G, B) be two softmultisets ovéf, we say thafF, A) is a softmultisubset of (G,B) written 68 A) € (G, B)
if

i. ACB

ii. M(F_A)(X) < M(G,B)(x) forallx € U.

Definition 2.4. Equality of two soft multisets.

Two Soft multisets(F, A) and(G, B) overU are said to be equal if and only(#, A) is a softmultisubset iG, B) and
(G, B) is a softmultisubset df, A).

Definition 2.5. NOT Set of a set parameters.

Let E be a set of parameters. The NOT sét dénoted bJE is defined byE = {ley, le,, ..., le,,} wher€le; = not e;, Vi.
Proposition 2.6.

1. 104) = A
2. 1(AUB) = (TAU1B)
3. 1(AnB) = (JAn1B)

Definition 2.7. Similar Soft multisets
Two Soft multiset{F, A) and (G, B) are said to be ‘Cognate’ or similar if
vx (x € (F,A) & x € (G,B)) wherex is an object. Therefore, similar Soft multisetsehaqual root sets but need
not be equal themselves.
Definition 2.8. Union of two soft multisets.
Let (F,A) and (G, B) be two Softmultisets over U. (F, &) (G, B) is the softmultiset defined by
Mzay U M. (x) = Mg ay(x) U Mg py(x) = maximum (M(F_A)(x),M(G,B),(x)) being the union of two numbers.
Definition 2.9. Intersection of two soft multiset.
Let (F,A) and (G, B) be two soft multisets ovBr Then, the intersection ¢f, A) and(G, B) written as(F,A) m (G,B) is
the Soft multiset defined by
M4y N Mg py(x) = Mg 4y(x) N Mg gy(x) = minimum (M(F,A)(x), M(G,B)(x)) being the intersection of two numbers.
That is, an object occurringa times in(F, A) andb times in(G, B), occurs minimuni{a, b) in (F,A) m (G,B), which
always exists.
Definition 2.10. Absolute soft multiset.
A Soft multiset(F, A) over universaJ is said to be absolute soft multiset denoted lifyfor alle € A4, F(e) = U
Definition 2.11.  Null soft multiset.
A Soft multiset(F, A) over universe U is said to be null soft multisendted byg if for all e € A,F(e) = @
Definition 2.12. Difference.
Let (F,A) and (G, B) be two soft multisets ov8r, and
(G,B) S (F,A). ThenM 4y~ Mg 5y (x) = Mg a)(x) = M(pay N Mg py(x)
forallx € U.
It is sometimes referred to as the arithmetic dififee of(G,B) from (F,A). Note that, even ifG,B) c (F,A), this
definition still holds good
Definition 2.13. Direct Sum.
Let (F,A) and(G, B) be two Soft multisets defined by
M4y ¥ MG gy (x) = M4 (x) + M p)(x), for anyx € U, direct sum of two numbers. That is, an objecccurring a
times in (F, A) and b times ifG, B), occursa + b times in(F, 4) W (G, B).
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Definition 2.14. OR operation.

Let (F,A) and (G, B) be two soft multisets ov8r Then(F, A) OR (G, B) denoted byF,A) v (G, B) is defined as

(F,A)v (G,B) = (H,A x B) whereH (a,b) = F(a) U G(b)

Definition 2.15. AND operation on two soft multises.

Let (F,A) and (G,B) be two softmultisets oveld . Then(F,A) AND (G,B) denoted by(F,A) A (G,B) is defined as
(F,A)A(G,B) = (H,A x B) whereH (a,b) = F(a) N G(b)

3.0  Bijective Soft Multiset
The concept of bijective soft multiset can be @ddiy giving a relevant example. It will be usedllitesstrate some notion of
this section.
Example 3.1.LetU,; = {S;, S,,S;} be a set of state with availability of land aid= {S,,S,, Ss, S} be a set of states with
availability of raw materials. Ldf =W U; = {S;, 51, S,, 53,54, S5, S¢} be a common universe multiset of six differentesta
Suppose that the six states are characterizedfbynsdtiset(F, A) over the common univerdé Let A be a set of decision
parameters related to the univetse A = A; UA, U A; U A, = {a, = peaceful,a, = accessible, a; = market, a, =
armed robbery, as = kidnapping, as = labour, a, = densely populated, ag = sparsely populated, aq =
good weather}. (F;, A;) is a soft submultiset df, A), wherei = 1, 2,3, 4.
The mapping of each soft multiset oveis defined as follows:
F,(peaceful) = {S;,Ss}, F1(accessible) = {S,,S5,Ss}, Fy(market) ={ §;,5,}.
F,(armed robbery) = {S,,S,,S5}, F,(kidnapping) = {S;,S4, S5, S¢ }-
F;(labour) = {5;,5,,53,5,4}, Fs(densely populated) = {S;, S5, S¢}
F,(sparsely populated) = {S;, S5, S¢}, Fx(good weather) = {S;,5,,5,,Ss}.
Concept of bijective soft multiset
Definition 3.2. Let (F, A) be a soft multiset over a common univelflsevhereF is a mapping: A - P(U) andA is a non-
empty set of decision parameters. We say({fat) is a bijective soft multiset if the following coitidn holds:
0] Ugeq F(@) = U, whereU is the universe multiset
(i) For any two parametets ,a; € 4, a;# a;, then eitherF (a;) N F(a;) = @ orF(a;)) N F(a;) # @
In other words, le¥ € P(U) andY = {F(a,),F(ay), ..., F(a,)}, a,a,, ...,a, € A . From the definition 3.2, the
mappingF: A - P(U) can be transformed to the mappifigd — Y, which is a bijective soft multiset
function. That is for every € Y, there exists exactly one paramete€ A such thatF(a) =y and no
unmapped element is left inandY.
Example 3.3.Suppose thall = {S,S;,S,, 53,54, 55,56, S7} be a common universéF, A) is a soft multiset ovel/ and
A ={ay,a,, a3, a,}. The mapping ofF, A) is given below:
F(al) = {51152'53}! F(az) = {54155'56}' F(a3) = {57}' F(a4-) = {54155156'57}'
From the definition 3.2(F, {a,, a,, a;}) and(F,{a,, a,}) are bijective soft multisets whil€F, {a,, a,}) and(F,{a,, as}) are
not bijective soft multisets.
Theorem 3.4.Let (F,A) and(G, B) be two bijective soft multiset over the commonvenseU. (F, A)A (G,B) = (H,C) is
also a bijective soft multiset.
Proof : It is a well known fact in soft multiset théf, A)A (G,B) = (H,A X B), whereH (a,b) = F(a)N G(b), (a,b) €
A X B. Supposee € A X B is a parameter di, C).
SinceH(e) = F(a)N G(b).
Therefore U, eq H(e) = min(Ugeq Upeg F(@) N G(b)) = min(Ugea F(@) N (Upeg G(b))) = min(UNU) =U
Suppose that;,a; € C,a; # a;. a; is the Cartesian product ofe A and b € B, a; is the Cartesian product ofe 4, d €
B. ThenH(a) n H(a;) = (F@ nG(1)) n (F(c) nG(d)) = 0.
Therefore(F, A)A (G, B) = (H,C) is a bijective soft multiset.
Theorem 3.5. Supposehat(F, A) is a bijective soft multiset ovér and(G, B) is a null soft multiset ovely. Then(F, A) U
(G,B) = (H,C) is a bijective soft multiset.
Proof: recalling the definition of union of two soft sete can write
F(a),ifa€ A—B
(H,0)= (F,AU (G,B) = @, ifaeB—-A
F(a)uQ,ifa€e ANB
Where a € € and(F,A) € (F,A U B) is a null soft multiset. Obviousl§H, C) = (F,A U B) is a bijective soft multiset over
U.
Operations on Bijective soft multiset
Definition 3.6. Restricted AND Operation on Bijectve soft multiset and a subset of Universe.
LetU = {S,S,,5,,53,54, ..., S, } be a common univers#, be a subset df and(F, A) be a bijective soft multiset ové.
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The operation of (F, A) restricted ANDX” is denoted by(F, A)A X is defined byJ e, {F(a): F(a) € X}.
Example 3.7. Llet(F,A) be a bijective soft multiset over a common unigéfsU = {S;,S;,S,, S3,S.}. Suppos€F,A) =
{al ={S1},a; = {53, S3}, a3 = {51'54}}- X ={S;, 53}
From the definition 3.6, we can wri€, A)A X = {S,, S3}.
Definition 3.8. Relax AND Operation on bijective st multiset and subset of Universe.
LetU = {Sy,S,,53,53,54, Ss, ..., S} be a common universg,be a subset df and(F, A) be a bijective soft multiset ovér.
The operation of(F, A) relaxed ANDX" denoted byF,A) A X, is defined byU e {F(a):F(a) N X # 0}
Example 3.9.Let (F,A) be a bijective soft multiset over a common uniedfs U = {S;,5;,S,,53,5,}. Suppose that
(F,A) ={a; = {5}, a, = {5,}, a3 ={S,,5;,5,}} andX = {S,,S;}. From the definition 3.8, we can writ&, A) A X =
{52, 83,54} ~
The boundary region of the bijective soft multi§EtA) with respect tX is F,ANX —(F,ANX = {S,}
Dependency between two bijective soft multisets
Definition 3.10. Suppose thatF, A), (D, C) are two bijective soft multiset over a common enselU, whereA N C = @.
(F,A) is said to depend oiD, C) to a degree K0 < k < 1), denoted by  (F,A) =, (D,C),if k=J((F,A),(D,C)) =
[Uaec (F, A) A D(a)]

|U]
Where|.| is the cardinal number of a set.
The concept of dependency is to describe a dedrgigeotive soft multiset in classifying the otheme.
If k =1, we say thafF, A) depends fully oD, C),
if k = 0, we say tha{F, A) does not depend db, C).
To show this concept, we give a relevant examplevioe
Examle 3.11:Let us consider the bijective soft multiset give®xample 3.1.
F,(sparsely populated) = {S;, S5, S¢},
F,(good weather) = {S,5,,54,Ss},
(Fy, A1) = {51, 56}, {52, 53, S53, {1, S43}
(F1, A))NF,(sparsely populated) = {S;, S¢},
(F1,A)NF,(good weather) = {S;, S,}.
From the definition 3.10

k= j((F1:A1): (sz D4) ) =

|(F1,A1)A Fa(sparsely populated)U(F;, A1) Fy(good weather) | _4_ 057
U] 7

The result 0.57 shows that the soft multi@gt A,) depends reasonably on the soft mult{ggtD,)

Bijective Soft Multiset Decision System

Definition 3.12. Bijective Soft Multiset Decision $stem

Let (F,4;), (i=123,..,n) be n bijective soft multiset over a common univerge, where 4;NA4; = @,

(i=123,..,nj=123,..,ni+j), (G B) is a bijective soft multiset over a common unieets BN A; = 9,

(i=123,..,n),and we call it the decision soft multiset. Supp@el) = UL, (F;, 4;), the triple((F, A4), (G,B),U) is

called bijective soft multiset decision system oge@ommon universg.

In example 3.1, we consider a bijective soft mattidecision system (Ur, (F, Ap, (Fy, Ay, U). This bijective

soft multiset decision system describes the spapmbulated nature of the states, weather conddfahe states and other

relevant information that may be required by a peasive investor.

Definition 3.13. Bijective soft multiset Decisiongstem Dependency

Let ((F,A),(G,B),U) be a bijective soft multiset decision system, rel{&, A) = UL, (F;, 4;) and(F; 4;) is a bijective

soft multiset. (F,A) is described or called condition soft multiset. eTtbijective soft dependency between

(Fi, ADN(Fy, A) A ... AN(F,,A,) and (G,B) is called bijective soft multiset decision systedependency of

((F,4),(G,B),U), denoted and defined lky= J(A,(F;, 4}, (G, B) ).

Theorem 3.14.Let ((F, A), (G, B), U) be a bijective soft multiset decision system, rel{¢’, 4) = U}, (F;, 4;) and(F;, 4;)

is a bijective soft multiset. K is a bijective safiultiset decision system dependency @, 4), (G, B), U). The dependency

between(A™,(F;, A,) ) wherem < n and(G, B) isJ(A*,(F;, 4;),(G,B)) andJ(A™,(F;, A;),(G,B)) < k.

In other words, the condition soft multiset of bijge soft decision of system can be explain thetndetailed classification

of decision soft multisets. Removing some bijecseodt multisets of it can lose some vital inforratiof the decision soft

multiset. For instance, a peaceful state may lte si@t characterized by violence and armed robbdoyvever, if we only

know that the state is free from attack by armdibesy, we cannot judge its peaceful condition catghy for the absent

information of other factors that affect the peatebndition of the state. Therefore, more inforioaibijective soft
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multiset) cannot result in to a bigger dependentgecision soft multiset.
Proof: Let (H,C) = A[L,(F;, 4;), (J, K) = Ai2,(F;, A;). By definition 3.10 and 3.12

k= (NLy(F, 4), (G, B)) = 1eelnn (@)

_ 19eeUecclH(@): H@ES D(e)|
o

j(/\(Fi'Ai), (G, B) ) _ | UeEB(]: K)A D(e)|

U]

— |[VUeeBUeec{J(a): J(a)E D(e)|
|U]

From definition
H(eq, ey, €3,...,e5) = Fi(e;) NFy(e;) N F3(e3) N ... N Ey(eyn) N...n E,(ey),
V (ey, €5, €3, ,p) € E; XEy; X E5 X .. X Ey
J(ey, ez, €5, ..., 60) = Fi(ey) NFy(ex) NFz(e3) N ... N Fy(en)
V (eq, €5, €3, ...,8m) € E; X E; X E3 X ... X E,,,, sincen > m.
Therefore H(ey, €5, €3, ..., €,) S J(eq, €5, €3,...,e,) andU,cc H(e) = U, Uyek J(e) = U.
Therefore|U.ec {H(e): H(e) € D(e)}| 2 [Ueex U(e):J(e) € D(e)}.
Thus,J(AL,(F;, 4;),(G,B)) <k.
Reduction of Soft Multisets to Decision
Definition 3.15. Let ((F, 4), (G, B), U) be a bijective soft multiset decision system, reh{&,A) = U-, (F;, 4;) and(F; 4;)
is bijective soft multisetUZ, (F;,4;) € (F,A4), k is the bijective soft multiset decision systerependency of
((F,4),(G,B),U). If JIN™,(F;,A;),(G,B)) = k, we say thal’-, (F;,4;) is a reduct of bijective soft multiset decision
system (F, A), (G, B),U).
Definition 3.16. Significance of Soft Multisets talecision soft multiset
Suppose thatUi-, (F;, 4;), (G, B), U) is a bijective soft multiset decision system. Bignificance of bijective soft multiset
to decision soft multiset, denoted bY (Fj, 4;) U, (F;,4)), (G, B)),is defined as follows:

A ( (F,A,) U; (F. A), (G,B)) = k- J((H,C),(G,B)).

Where, (H,C) = N=,(F;, 4;), (i # j).
The concept of significance of soft multisets taidion soft multiset is the decrease of soft mettidependency when
(F;, 4;) is removed.

4.0  Conclusion

In this paper, we have introduced the concept jefcbve soft multiset and defined some basic opanadn it, such as the
restricted AND, relax AND operation on bijectiveftsmultiset, boundary region of bijective soft niséit with respect to a
subset of universe, dependency between two bipadft multisets, importance of bijective soft riagdt with respect to
bijective soft multiset decision system. Reductibibijective soft multiset, with respect to soft lset decision system.
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