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Abstract

We apply Pekeris approximation to the centrifug&rin to find an approximate
solution to Klein-Gordon equation with the combingabtential using conventional
Nikiforov-Uvarov method. The proposed combined putal is relevant in studying
diatomic molecules. We obtained energy-eigen vadunel normalized wave functions
using confluent hypergeometric functions. Numericabmputations of the resulting
energy were obtained using Fortran programming.
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1.0 Introduction

Quantum mechanics is basically divided into twoddralasses: The relativistic and non- relativifilein-Gordon equation
is non-relativistic wave equations that describpith-zero particles otherwise called the bosonsewitii counterpart Dirac
equation described spinl/2 particles. Klein-Goramuations though having negative probabilities jges bound state
solutions with considerable potentials. Klein-Gardauation can described particles at low and sagmitly high speed and
that makes it be relevant in particle physicshregergy physics and molecular dynamics among sittowever, because
of its enormous applications especially in chemarad physical sciences, a lot authors developegka lnterest in studying
Klein-Gordon equation. [1-5].

Different analytical techniques have been adopted different authors in studying both relativisaad non —relativistic
wave equations. Among them are: Nikiforov-Uvamethod [6-9], factorization method [10-12], supgmsetric quantum
mechanics approach [13-15],asymptotic iterationhoe{16-18]

However, these techniques are applicable for sadepbtentials, few among them are : Rosen-Morsdthety, pseudo
harmonic, Poschl-Teller, kratzerfues and Mie-Typéeptial, Eckart potential, P-T symmetric Hulthestgntial [19-28]. The
study of the proposed potential is very essentiahvestigating the interaction existing betweeatalinic molecules.

The main aim of this paper is to present and staiybined potential (Hulthen-yukawa inversely quéidrpotential)This
article is organized as follows: section 1 is thiedduction, section 2 gives a brief discussioparfametricNikiforov-Uvarov
method. The method used in this article reprodua®sirate analytical solutions for many differentuations with
significant application in physics, for example#n be used for equation of Hermite, Laguerre Jambbi. Section 3 gives
the radial solution of one dimensional Klein-Gordequation with the combined potential. Section dspnt analytical
solutions of the normalized wave function using faemt hypergeometric function. Finally, sectiorgfves the numerical
computation of the resulting energy as applieddgen molecule. The combined potential is given by

-2ar -ar
V(r)=- Vol _he +Ez+c (1)
(1_ efZar ) r r
A, B and C are real constants ands the intermolecular distance. The potential isfulsin molecular dynamics.
The first term is the Hulthen potential which islaort range potential, the third term is the ingbrgquadratic potential
which is a long range potential that decays fagfiative to the intermolecular distance, while seeond term is the Yukawa
potential which is attractive in nature.

2.0  Review of Parametric Nikiforov-Uvarov method
The NU method is based on reducing second ordeaidifferential equation to a generalized equatioimyper-geometric
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type .This method provides solution in terms ofcspleorthogonal functions as well as correspondingrgy eigen value.
The parametric formalization of NU is applicabledaralid for central and non- central potential. &éne hypergeometric
differential equation is given by

" C,—CS .\, 1 s _ —
VOt e YO Py (1_038)2[ &S’ +E,5-&,|W(9)=0 )

The energy eigen-value can be calculated usingdbation

o= (2n+1)c;+ (N+ 1) o+ Oy ) +n - pte,+ 2ok e, (@)

While the wave function can be calculated usingaéiqu (4)

W(9) = @A) X, (5) = N, s (1-;8) B (1- Z;5) @)

Equations (1) ,(2) and (3) has parametric congteaitcan be determine using the following pararoeiefficients

1
c,= E(l_cl)’

C, = % (c,—2c,) ©)

C=Co+

C, =26,Cs—¢,
6= G+é
Meanwhile, C,C,and C, are parametric coefficients obtained by compathmg resulting differential equation to equation

(2). Other parametric coefficients are
— 2
C9 - C3C7 + C3C8+ CG

Co =cl+2c4+2\/c_8

i =C,— 24+ 2(Jco+C/cy) ©)
G2 =Ci*+4C

Cm:cs_(\/c_gJ’CS\/C_S)

3.0  Solution Of Klein-Gordon Equation
One dimensional Klein-Gordon equation with equalteeand scalar potential is given by

d’R(r A
drg ){E:; ~m’ - 2(E, +m)V(r)—r—2JR(f)=0 @
A=1(1+1)
Substituting equation (1) into (7) gives
dzR(r) 2 2 _V e—Zar Ae_m B A
dr2 En| (Enl ) (l_e_zar) r r2 r2 ( )
Using the transformatios = € 2" then,
2 2
R(r - R(r _ R(r
R _ pyzgror TROD | gy IR o
dr ds
Substituting equation (9) into (8) gives
—-2ar —ar
E2 P+ 21VOEim N 2AEre ~ 2rEZB _oEC
5 —
s TR g ORO) (1-e7") 10
ds ds |  2vme?”  2Ame” 2Bm A
+ + - -2Cm-—
(1_ e—2m ) r I,2 I,2

Let's define standard pekeris approximation todetrifugal term as
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1 B Za,e—ar 1 B MZe—Zar
— = = —

r (1—e‘2‘”) 2 (1—e‘2‘” )2
Substituting equation (11) into (10) and expressirggexponential term in s-dimension gives
dZR(r)+ (1-s) dR(r)

ds®  s(l-s) ds
1

(11)

e [ E? -m* - 2,E - 4A0E - 2EC - 2y,m~ 4Aam~ Tm|s’ + (12)
2m? - 2E% + ,E + 4A0E
+;2 12 -8a2EB + 4EC + 4Aam- &°Bm |s RE)= 0
s’(1-s)" | 4a
+4cm—4a®A + y;m
l 2 2
+4a2[E ~m’-2EC - 2Cm|
Comparing equation (12) to (2) gives
cl:czzcszl (13)
& =- 1 [Ez -m?-2v,E - 4AqE - 2EC - 2yym - 4Aam - Z:m}

4a? (14)
1 |2m?-2E*+ 2v,E + 4A0E - &’EB+ £C+ Aam- &*Bm

f = —-_—_
? 4a?| +4Cm- 4a?A + 2u,m

& = —ﬁ[Ez—mz—ZEC - ZCm]

Using equations (5) and (6), we obtained otheamatric coefficients as follows:
c,=0

c5=—E

1 1

4 4’

1 |2m?-2E%+ 2v,E+ 4A0E - &¥°EB+ £C+ HAam- &°Bm
4a2{+4Cm—4az/l + 2v;m

1

" 4a?

Cg =

[ E*~m?®-2y,E - 4A0E - 2EC - 2/ym~ 4Aam~ Tm]|

c,=-

C, = [E®-m’-2EC-2Cm|

C, :%+2EB+ 2Bm+ A

1
=1+2
Cio \/40,2

1
= - 2 _E?2
c, 2+\/1+8EB+BBm+4A+a\/[m E+ 2EC+ Zm]

[m*~E®+2EC+ ZLm|

c12=£ [m® - E*+2EC +2Cm] (15)

Ca=-t- \P+2EB+2Bm+A +\}71 [m® - E*+ 2EC + m]
2 |\4 4

2

(@) CALCULATION OF ENERGY EIGEN VALUE
Using equation (3), the energy eigen-value become

2n+%+ (2n+1)[\/i+ ZEB+ Bm+ A +\/%[m2 ~E’+ EC+ z:mﬂ (16)
+n(n-1)-
2m° - 2E% + 2/ E
| | rnaE-soes

2

+4EC + 4Aam- 8r°Bm +%\/(m2—E2+ EC+ Z:m)(li- EB+ Bm+ 4)= |
+4Cm— 4a?A + A,m— 2m°

+2E? - 4EC - 4Cm

Equation (16) can further be reduced
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(P -3n+1)+ (+ (T B E+m) F(+ 1)%%«/m?—E2+ Z E+m )y
%(\/1+8B(E+m)+4q+l)%w/nf—E2+ T E+m)- Bl (+ 1)

—(2v;m+ 4Aam) a7)
|2y, +4pa-arB|
Let's define non-relativistic limit transformatic@guation as

m+E—>27ﬂ,m_E—>_E

E=

(18)

nl

Applying equation (18) to (17) gives

(n2—m+1)+(m+1)d1+16”5+m \/tf 2HE

(1+16uB+4,)| \/% Z'UE"' )+ Bm+ A

B = [2v0+4Aa—9a2 B]
Equation (19) is the energy equation for the comtbipotential.

(b) CALCULATION OF THE WAVE FUNCTION
Using equation (4), the wave function is given as

1r o 1 \/1 \/
——| m°—E“+2EC+2Cm = 2EB+2Bm+A -E2+2EC+ X
Ny (r) - Nne—Zm\/40,2[ } (1_e—20/r) 2 l: 4+ +eBmEA+ 4a? [m * * m]} X

{{1+2J?;[m2—E2+2EC+ xmﬂ [ 2/ ¥ EB+ Bm+ 4% [[mz—E2+ EC+ Qmﬂ}
P

! (1— 287" )

4.0 Normalised Wave Function Using Confluent Hypergeometric Functian
The wave function is given in equation inS-dimenss given as

BE
l'IJnl (s) = NnS\/A'”Z[mZ E?+2EC+2Cm| (1 S) 1 l:\/1+2EB+ZBm+/l +\/4;2[m2_E2+2EC+2CmH y

2

~(2vm+ 4Aam)

(19)

(20)

(21)
{[Bz\/ 7| m? E2+2Ec+zcm}M2+ 2\/% EB+ Bm+A+ %/41 [m-E%+ EC+ Qmﬂ}
pl Ve - (1-2s)
Let
— 1 2 2 - 1
= e [m E°+2EC+ 2Cm] andl = | Z+2e8+28me (22)
Then, the wave function become
-[O+ 1+2&)(2+ 20
’ (23)
However, to normalized a wave function we, introgtlithe normalization integral
[Fweywirydr =1 (24)
In a situation whereW (r) and its complex conjugate are real function, thguation (24) can be expressed as
® 2
jo W) dr =1 (25)

-2ar

Considering the fact thaa =e "' then whenr =0,5=1 and whenr =,s=0,

Hence the wave function will be physically valid f8[] [O,ZI] andr [1(0,0)
Applying equation (25) the wave function become
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N2 1 2
o { 5767 (1) 1 | Rl (2 (1 35) | s =1 (26)
Jacobi polynomial can be expressed in two ways/psrigeometric partial sum series as
PE) =2 (1) (57) (3) (1- &) (1 &) @)
p=0
NG AL of ) [RuMd dad +1)(El_ljr (28)
il (n+p+v +1) = r(r+p+1) 2
Where
(1)=" == L(0+) (29)

(n=r)tr! B C(n-r+1)r(r+1)
Making use of equation (27)

a2 (15 = 20(2) 7 2 (£ 3 (- I (%) (15 o

p n-p
p=0
Whereé, =(1-2s),p =1+ Zjandv =2+ 2[0+2 (31)
Evaluating the term under the summation sign obéqn (30) as a partial sum.
For p=0,
. n- n+2& + n+ 20+ 25, + nfn+ &+ n+ 2+ Z,+ n r(n+2|:|+2§(+3)
)P (mr2gen) (22 2) — () Zrl\ (e 2+ Z A L (32)
;( ) (P )(n‘P ) ( ) (0 )(n 3 ( ]) r(n+1)r(2|:|+2g(1+ 3)
For p=0, n
i(_l)n—P(|;+2{1+1)(2t§D+2£1+ 2) — i (_1)pr(n+ 2{1 + 2)_ (n+ 251 + 20+ 3) (33)
om0 po PI(N—P!T(n+2¢, - p+2)l (26, + 20+p+ 3)

Substituting equation (33) and (32) into (30) gives

pli+28) (2 2+ 2) (1_ 23) _ Z”(&)nip 2)( 1_S)p(_ ;ln Mn+20+26 +3) 9
n F(n+r(20+25 + 3)

(34)
So___(CD°T(+26+ oY 1+ 2+ 20+ 3
S pI(n-p)IT(N+2& - p+2) (24, + 20+p+3)
Using equation (28)
Pn{(1+zgl),(2+z:+1’1)} (1_ 23) _ (n+2+2£) Z”: F(n+4+4& + 20+r )(_ ])r s @)

_r(n+4+4£1+2:|)r:0 r!(n—r)!r(r+2{1+2)
Then
2

|:Pn{(1+251)~(2+2]+?4(1)} (1— 25)j| =Equation (34) multiplied by (35)
Then
|:P{(l+2¢1),(2+2]+?¢'1)} (l— 25):|2 _ r(n+2+ 2{1) Z”: r(n+4+4<tl+ 20]+r )(_])r g 5

n Fr(n+4+4&+20)=  rin-r)Ir(r+2&+2)
2—n(28)"’p 2p(l_s)p(_])n r(n+2|:|+2f1+3) y (36)

F(n+1)r(20+25 + 3)

Z“: (DPr(n+26 +2Y 0+ 2, + 2+ 3)
oo PI(N=pP)!IT(n+2& — p+2)I (26, +20+p+3)
Equation (36) can be further simplified to
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[P{(1+251),(2+2:1+21)} (1_ ZS)T _ F(n+2+2£) i I (n+ 4+ 4+ 20+4r ))<
" F(N+4+45+ 2ZD)Zr (n-r)IF(r+ 25+ 2)
(8)" (-9 (- DTS @)
F(n+1)r (20428 + 3)
$_ (CDMT(n+ 25+ 2F O+ 2+ 20+
b0 PI(n—pP)!T(n+24, - p+2)l (24, + 20+p+3)
Substituting equation (37) into (26)
_N;_ T(n+2+2§)
20 T(n+4+ 4 + 2)
§ DT+ 2N 0+ %+ 20+3) [0+ & &+ Z4r) gy
ormo P(N=—pP!T(N+2& - p+2)[ (26, +20+p+3)ri(n-—r)IF (r+2£ + 2)

F(n+20+2& + o tenos 120254
(_1)" ( 2‘{1 3) XJ‘SZC(lln pr(l_s)]-ZD 2% pdS:1
F(n+)r (20+2¢,+ 3) 4
Let's defined confluents hypergeometric functiopmssed in terms of gamma function as
1

(a0 Byra,+1]) =a0f sy [1-s] * ds=1 (39)
0
Assuming that
1
Vo=a,+1, thenZFl(afO”B0 : yo;l) = aOJ. (s)ao—l[]_— S]_ﬁo ds=1 (40)
0

However,
Fry)riy,—a,-
2F1(a01180:yo;1) = ) (yo al IBO) (41)
(Vo= a0)T (Vo= 5)
Hence, the integral expression in equation (38)beaavaluated as
J];SZg(l—1+n—p+r (1_ S)‘l‘ZD‘zﬂ*’PdS - r (ao +1) r ( p- 2D_2{1) (42)
: a, (a,-20-28 +p)
Substituting equation (42) into (38) gives
N2 T(n+2+2)
20 T (n+4+ 46+ 21)
an (DM T (n+25+2F 0+ 25+ 20+3) T O+ 4 4+ 2+ ) (43)
g0 PI(N=pPIT(n+2& - p+2)I (26, + 20+p+ 3)r in—-r)IF (r + 26, + 2)
(-2 F(n+20+25+3)  T(a,+)r(p-20-2%))
C(n+)r (20+25,+3)  a,l(a,— 20-Z+p)

let

__1 T(n+2+24)
M= 20 T(n+4+ 4, + 20)

n (D™ (N+28+2) (+ 2+ 20+3) T O+ 4 §+ 20+ ) (44)
przo P(N=PIT(N+2& — p+2)[ (26, +20+p+3)r i(n-r)IF (r + 26, + 2)
(-1 F(+20+28+ 3 (ao+1)r (p-20-2%)

F(n+Yr(20+25+3) al(a,- 20- Z,+p)

Then

Nix, =1=N, S (45)

VX
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Substituting for the normalization constant intai&ipn (23) then, the total normalized wave funtimgiven by

1 2
\/m[”‘z'E +2EC+2Cm| = \/}+2EB+ZBm+/I +\/—lz[m2—E2+2Ec+ 2m|
s (1-s)2[Va 4a x

LIJn,I (S) =
/\/1 (46)

[1+2\/i2[m2—E2+2EC+ z:m]} { 2 2\/}+ EB+ Bm+d+ %/iz[mz—E% EC+ emﬂ
o) 4a 4 4a

n

(1-2s)

5.0 Numerical Computation of 5he Resulting Energy Equation as AppliedtOxygen Molecule

The combined potential is relevant in computing fmbstate energy for diatomic molecules. In thigcht we implement
Fortran programming to compute the bound stateggnfer oxygen molecule for the screening paramétex 0.2 . The
values for the real constant ard:=—-1,B = 2.0C = 1.(. The reduced mass of oxygen molecule expressedomic
mass unit is 7.997457502amu. We use the followonyersion: atomic unitau = amu x1822.883¢

Bound State Energy Of Oxygen Molecule With Thecombied Potential S In Klein-Gordon Equation Using NU Fo
a=0.2

N1l | E(@=02x10ev | | | E(@=02x1Gev | "| || E(@=02x10ev | T | | E(0=02x10ev
0 0 -0.22428226 ol 1 -0.22428410 0|2 -0.22428776 0| 3 -0.22429329
1 0 -0.22467084 11 1 -0.22467269 112 -0.22467634 113 -0.22468187
2 0 -0.22505969 2|1 -0.22506152 2|2 -0.22506520 2|3 -0.22507073
3 0 -0.22544879 3|1 -0.22545063 3|2 -0.22545430 3|3 -0.22545983
4 0 -0.22583814 4| 1 -0.22583999 4 | 2 -0.22584367 4| 3 -0.22584918
5 0 -0.22622772 51 -0.22622956 5|2 -0.22623327 5| 3 -0.22623879
6 0 -0.22661759 6|1 -0.22661944 6|2 -0.22662312 6| 3 -0.22662866

7 0 -0.22700770 70 1 -0.22700955 7|2 -0.22701323 7|3 -0.22701877
8 0 -0.22739807 8/ 1 -0.22739992 8|2 -0.22740360 8| 3 -0.22740915

6.0  Conclusion

In this paper, we have studied the bound statdisnlof Klein-Gordon equation with combined potahtising parametric
Nikiforov-Uvarov method. We obtained the energy admalized wave function using confluent hypergetsia function.
The resulting energies are negative to ascertaimdatate condition and decreases with an incrisagaantum state for
various quantum numbers which is conformity to expental curve fitting data.
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