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Abstract 

 
The spin and pseudospin symmetric solutions of the Dirac equation with q-

parameter Pöschl-Teller scalar and vector potentials including a coulomb-like tensor 
interaction term for arbitrary spin-orbit quantum number κ  are presented. The 
energy eigenvalues and the unnormalized wave functions in terms of Jacob 
polynomials are obtained using the Nikiforov-Uvarov(NU) method by employing 
Pekeris approximation to the centrifugal term. 
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1.0     Introduction 
The problem of finding the exact or approximate solutions of the Dirac equation for a number of special potentials has been 
of great interest in recent time and many researchers have studied the bound states solution of the Dirac equation under the 
condition of spin and pseudospin symmetries [1-2]. The pseudospin symmetry in the Dirac formulation refers to the case 
where the magnitude  of the attractive Lorentz scalar potential S(r) and the repulsive vector potential V(r) are equal but 
opposite in sign i.e S(r) = - V(r). However, approximate pseudospin symmetry is when the sum of the potential is  

( ) ( ) ( ) . 0psr S r V r c const= + = = ≠∑  [3-6]. The pseudospin symmetry is used to establish effective shell model [7]. 

The exact spin symmetry occurs when the scalar potential S(r) and vector potential V(r) are equal i.e S(r)=V(r). In nuclei, 

however the difference in these potential ( ) ( ) ( ) 0sr V r S r c const∆ = − = = ≠  [8]. The spin symmetry is relevant in 

meson [9]. On the other hand, the pseudospin symmetry has been successfully used for many different phenomena in nuclear 
structure such as the super deformation and identical bands. The pseudospin concept was first introduced in 1969 based on 
the experimental observation of quasi degeneracy in nuclei between single-nucleon states with non-relativistic quantum 

numbers 1
; ;

2
n l j l
 = + 
 

and 3
1; 2;

2
n l j l
 − + = + 
 

  where n, l  and j are  the radial , the  orbital and the total angular 

momentum quantum numbers respectively [10-11] These Symmeteies under various phenomenological potentials have been 
investigated by using various different mathematical techniques such as the super symmetry quantum mechanics (SUSYQM) 
[12], exact quantuization rule [13], the Nikiforove-Uvarov (NU) technique [14], asymptotic iteration method (AIM) [15], 
shape invariance (SI) [16] among others. In recent time, the study of Dirac equation with exponential-type potential models 
has attracted the attention of many authors in the field. These potentials include harmonic oscillator [17], Wood-Saxon [18], 
Manning-Rosen [19], Eckart potential [20], modified deformed Hylleraas [21], Pӧschl-Teller [22, 23] and others. Maghsoodi 
et al [24] has investigated the Dirac equation with Pӧschl-Teller double-ring-shaped coulomb potential under paeudospin 
symmetry and obtained the wave functions and the corresponding energy eigenvalues have been calculated.  
The main aim of the present paper is to obtain approximate solutions of the Dirac equation with q-parameter Pӧschl-Teller 
potential including the coulomb-like potential for the spin and pseudospin symmetries. We shall attempt to calculate the 
energy eigenvalues and the wave functions  for arbitrary κ -state using Nikiforov-Uvarov method  by employing the Pekeris 

approximation for the spin-orbit coupling term  
( )

2

1

r

κ κ ±
.   The organization of the paper is as follows:  

The Nikiforov-Uvarov method is presented in section 2. Section 3 present the Dirac theory while the Result and discussion 
are given in sec.4. Finally, a brief conclusion is given in Sec.5. 
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2.0  The Nikiforov-Uvarov Method 
The NU method can solve a second-order differential equation of the form [14] 

( ) ( ) ( ) ( ) ( ) ( ) ( )2 0n n ns s s s s s sσ ψ σ τ ψ σ ψ′′ ′+ + =% % ,                         (1)                                             

where ( )sσ  and ( )sσ~  are polynomials, at most of second degree, and ( )sτ~  is a first-degree polynomial. To make the 

application of the NU method simpler and more direct, we introduce a more compact presentation of the idea. In order to do 
this, we rewrite Eq. (1) as follows [26] 

( ) ( ) ( )
( )

( )
2

1 2 31 2
22

3 3

0,
1 1

n n n

s sc c s
s s s

s c s s c s

ξ ξ ξψ ψ ψ
   − + −−′′ ′  + + =    − −   

                                   (2) 

in which 

( ) ( ) ( ).n ns s y sψ φ=                                                                                                              (3) 

Comparing Eq. (1) with Eq. (2), we obtain the following identifications: 

( ) 1 2 ,s c c sτ = −%    ( ) ( )31 ,s s c sσ = −   ( ) 2
1 2 3,s s sσ ξ ξ ξ= − + −%                                        (4) 

Following the NU method [14, 26], we obtain the following required parameters:                                              
(i) the relevant constant: 

( )4 1

1
1 ,

2
c c= − ( )5 2 3

1
2 ,

2
c c c= −  

2
6 5 1,c c ξ= + 7 4 5 22 ,c c c ξ= −  

2
8 4 3,c c ξ= +                                  .68

2
3739 cccccc ++=  

84110 22 cccc ++=
                    

( )8395211 22 cccccc ++−=  

8412 ccc +=
                               

( )839513 ccccc +−=                                  (5) 

(ii) the essential polynomial functions: 

( ) ( )4 5 9 3 8 8 ,s c c s c c c s cπ  = + − + −
 

                                                                        (6) 

( )7 3 8 8 92 2 ,k c c c c c= − + −                                                                                               (7) 

( ) ( ) ( )1 4 2 5 9 3 8 82 2 2 ,s c c c c s c c c s cτ  = + − − − + −
 

                                              (8) 

( ) ( )3 9 3 82 2 0.s c c c cτ ′ = − − + <                                                                                    (9) 

(iii) The energy equation: 

( ) ( )( ) ( )2 5 9 3 8 3 7 3 8 8 92 1 2 1 1 2 2 0.c n n c n c c c n n c c c c c c− + + + + + − + + + =                  (10) 

(iv) The wave functions 

( ) ( ) 1110
31 ,

ccs s c sρ = −                                                                                                      (11) 

( ) ( ) 1312
3 12 131 ,  0,  0,

ccs s c s c cφ = − > >                                                                               (12) 

( ) ( )10 11( , )
3 10 111 2 ,  1,  1,c c

n ny s P c s c c= − > − > −                                                                     (13) 

( ) ( ) ( )
11

13 10 10
12 312

3

1, 1

3 31 1 2
c

c c c
c cc c

n n ns N s c s P c sκ κψ
 

− − − − −  = − −                                                   (14) 

where ( , ) ( ),  1,  1nP xµ ν µ ν> − > − , and [ 1,1]x ∈ −  are Jacobi polynomials with 

( , )
2 1

( 1)
(1 2 ) ( ,1 ; 1; ),

!
n

nP s F n n s
n

α β α α β α+− = − + + + +                                                   (15) 

and nN κ  is a normalization constant. Also, the above wave functions can be expressed in terms of the hypergeometric 

function via 
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( ) ( ) 1312
3 2 1 10 11 10 31 ( ,1 ; 1; )

cc
n ns N s c s F n c c n c c sκ κψ = − − + + + +                                             (16) 

where 12 130,  0c c> >  and 3 3[0,1 ],  0.s c c∈ ≠ This method has been extensively used to solve various second-order 

differential equations in quantum mechanics such as Schrödinger, Klein-Gordon, Duffin-Kemmer-Petiau (DKP), spinless-
Salpeter and Dirac equations  [17-21]. 
 
3.0   Theory of Dirac Equation 

The Dirac equation for spin-
1

2
 particles moving in an attractive scalar potential  ( )S r , a repulsive vector potential ( )V r  

and a tensor potential ( )U r  in the relativistic unit ( 1)c= =h  is [20] 

[ ] [ ]ˆ. ( ( )) . ( ) ( ) ( ) ( ), (17)p M S r i rU r r E V r rα β βα ψ ψ+ + − = −r rr
,                     

Where E is the relativistic energy of the system, p i= − ∇
rr

 is the three dimensional momentum operator and M is the mass of 

the fermionic particle. ,α βr
 are the 4 4×  Dirac matrices given as 

0 0
, ,

0 0
i

i

I

I

σ
α β

σ
   

= =   −  

r
r

r               (18) 

where I is 2 2×  unitary matrix and iσr  are the Pauli three-vector matrices: 

1 2 3

0 1 0 1 0
, , .

1 0 0 0 1

i

i
σ σ σ

−     
= = =     −     

                 (19) 

The eigenvalues of the spin-orbit coupling operator are 
1 1

0, 0
2 2

j jκ κ   = + = − +   
   

f p  for unaligned 
1

2
j l= −  

and the aligned spin 
1

2
j l= +  , respectively. The set ( )2, , , zH K J J  forms a complete set of conserved quantities. Thus, 

we can write the spinors as [21], 

( ) ( , )1
( )

( ) ( , )

l
n jm

n l
n jm

F r Y
r

r iG r Y

κ
κ

κ

θ ϕ
ψ

θ ϕ

 
 =
 
 

%
                 (20) 

where ( ), ( )n nF r G rκ κ   represent the upper and lower components of the Dirac spinors.  ( , ), ( , )l l
jm jmY Yθ ϕ θ ϕ%

 are the spin 

and pseudospin spherical harmonics and m is the projection on the z-axis. Using well-known identities [24], 

( )( ) ( ). . . . ,

.
ˆ ˆ. . .

A B A B i AxB

L
p r r p i

r

σ σ σ

σσ σ

= +

 
= + 

 

r r rr r rr r r

rr
r rr r

                   (21) 

as well as the relations  

( )
( )
( )
( )

. ( , ) ( 1) ( , )

. ( , ) ( 1) ( , )

ˆ. ( , ) ( , )

ˆ. ( , ) ( , )

l l
jm jm

l l
jm jm

l l
jm jm

l l
jm jm

L Y Y

L Y Y

r Y Y

r Y Y

σ θ ϕ κ θ ϕ

σ θ ϕ κ θ ϕ

σ θ ϕ θ ϕ

σ θ ϕ θ ϕ

= −

= − −

= −

= −

% %

%

%

rr

rr

r

r

                    (22) 

we find the following two coupled first-order Dirac equation [20], 

( )( ) ( ) ( ) ( )n n n

d
U r F r M E r G r

dr r κ κ κ
κ + − = + − ∆ 

 
,       (23) 
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( )( ) ( ) ( ) ( )n n n

d
U r G r M E r F r

dr r κ κ κ
κ − + = − + Σ 

 
,            (24) 

where, 
      ( ) ( ) ( )r V r S r∆ = −                 (25) 

        ( ) ( ) ( )r V r S rΣ = +               (26) 

         Eliminating ( )nF rκ  and ( )nG rκ  in Eqs. (23) and (24), we obtain the second-order Schrödinger-like equations 

( )( )

( )

2
2

2 2

( 1) 2 ( ) ( )
( ) ( ) ( )

( ) 0,( )
( )

( )

n n

n

n

d U r dU r
U r M E r M E r

r drdr r
F rd r d

U r
dr dr r

M E r

κ κ

κ

κ

κ κ κ

κ

 +− + − − − + − ∆ − + Σ 
   =∆  + −  

  +
+ − ∆  

  (27) 

 

( )( )

( )

2
2

2 2

( 1) 2 ( ) ( )
( ) ( ) ( )

( ) 0,( )
( )

( )

n n

n

n

d U r dU r
U r M E r M E r

r drdr r
G rd r d

U r
dr dr r

M E r

κ κ

κ

κ

κ κ κ

κ

 −− + + − − + − ∆ − + Σ 
   =Σ   − +  

  +
− + Σ  

 (28) 

where ( 1) ( 1), ( 1) ( 1)l l l lκ κ κ κ− = + + = +% % .  

 
4.0  Pseudospin and spin Symmetry Limits under  Coulomb-like tensor Interaction 
In this section, we investigated Dirac equation with q-parameter Poschl-Teller potential in the presence of Coulomb-like 
tensor interaction. 
4.1  Pseudospin Symmetry with Coulomb-like Tensor Interaction 

The pseudospin symmetry occurs in the Dirac equation when 
( )

0
d r

dr

Σ =  or equivalently ( ) psr C constΣ = = [2-4].  To 

investigate the approximate analytical solution of the q-parameter Poschl-Teller potential, we consider the sum of the scalar 
and vector potential as [27], 

( )
( )

2

22

1
( )

r

r

e
r

q e

α

α

λ λ −
∆ =

+
                          (29) 

Where  (0, )r ∈ ∞  and theλ is the dissociation constant while q and α  represent deformation and screening parameter  

respectively and in addition to the  Coulomb-like tensor interaction term, 
2

0

( ) , , ,
4

c a b
c e

H z z e
U r H r R

r πε
= − = ≥                                    (30) 

where 7.78eR = fm is the Coulomb radius, az and bz  represent the charges of the projectile a and target nuclei b, 

respectively [25]. Substituting Eqs. (29)-(30) into Eq. (28), give 

( ) ( )
( )

( )
222

2
,22 2 2 2 2 2

11 2
0,

r
ps psc c c

ps n k
r

eH H Hd
G r

dr r r r r q e

α

α

β λ λκ κ κ ε
 −− − − + − − − = 

+  

  (31) 

Where 

            
( )( )
( )

2
, ,

,

ps n k n k ps

ps n k ps

M E M E c

M E c

ε

β

= + − +

= − +
                                 (32)           
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It is well known that the above equation cannot be solved exactly due to the centrifugal term 2r −  . In order to get rid of the 
centrifugal term, we make use of Pekeris approximation [33]   

( ) ( )
1 2

0 22 22 2

1 1
,

r r
c

d d
d

r rq e q e
α α

ς ς
 
 ≈ + + = 

+ +  

                                   (33) 

Where ,cr  is the equilibrium position. 

Substituting Eq. (33) into Eq.(31) and applying the transformation, 2 ,rs e α= Equation (31) yields 

2
, , 2

1 2 3 ,22

2

1
1

0

1 1

ps ps
n n ps ps ps ps

n

s
d G dGq

s s G
ds dss ss s

q q

κ κ
κγ γ γ

 + 
   + + − + − =    + +   
   

,           (34)      

Where,  

( ) ( )

( ) ( )( ) ( )

( )( ){ } ( )

( ) ( ) ( )( ) ( ) ( )

2

2

1 02 2 2 2

2

2 1 02 2 2 2 2 2

2 2
3 2 1 02 2

2

1 , 35
4 4

2 11
1 2 , 36

4

1
1 , 37

4

2 1 1 1 1 . 38

psps

ps psps

ps
ps

c c c c c

d
q q

d qd
q q q

q d qd q d
q

H H H H H

κ κ

κ κ

κ κ

κ κ κ

ε ςγ η η
α α

ε β λ λ ςγ η η
α α α

γ ε ςη η
α
κ κ κ κ κ η η η κ

  = + − 
  

 − = − − + − + 
  

= + − + +

+ − + − = + + − = − → = +

         

 
4.2  Spin symmetry with the Coulomb-like Tensor Interaction          
In the spin symmetry limit case, we use: 

( )
( )

( ) ( )

2

22

1
( ) (39)

, (40)

r

r

c
s

e
r

q e

H
U r r C

r

α

α

λ λ −
Σ =

+

= ∆ =

  

Substituting Eqs. (39) and (40) into Eq.(27) yields, 

( )
( )

222
2

,22 2 2 2 2 2

12( 1)
( ) 0

r
s sc c c

s n k
r

eH H Hd
F r

dr r r r r q e

α

α

β λ λκκ κ ε
 −+ − − − − − − = 

+  

            (41) 

Where  

( )( )
( )

2
, ,

,

,s s
s n k n k s

s
s n k s

M E M E C

M E C

ε

β

= − + −

= + −
,              (42) 

By replacing the centrifugal barrier term with Pekeris approximation of Eq. (33) in Eq.(41),then Eq.(41) leads to the 

following second order differential equation with the transformation 2 ,rs e α=  

( ) ( )2
, , 2

1 2 3 ,22

2

1
1

( ) 0,

1 1

s s
n k n k s s s s

n k

s
d F s dF sq

s s F s
ds dss ss s

q q

γ γ γ

 + 
   + + − + − =    + +      

        (43) 

 
 
 

Journal of the Nigerian Association of Mathematical Physics Volume 32, (November, 2015), 1 – 8 



 

6 

 

Solution of the Dirac Equation…           Obong, Ikot, Owate and Onyeaju    J of NAMP 
 
where, 

( ) ( )

( ) ( )( ) ( )

( )( ){ } ( )

( ) ( ) ( )( ) ( ) ( )

2

2

1 02 2 2 2

2

2 1 02 2 2 2 2

2 2
3 2 1 02 2

2

1 , 44
4 4

121
1 2 , 45

4

1
1 , 46

4

2 1 1 1 1 . 47

s s

ss s

s
s

c c c c c

d
q q

d qd
q q q

q d qd q d
q

H H H H H

κ κ

κ κ

κ κ

κ κ κ

ε ςγ η η
α α

β λ λε ςγ η η
α α α

γ ε ςη η
α

κ κ κ κ κ η η η κ

 
= + + 
 

 −
= − − + + + 

 

= + + + +

+ + + + = + + + = + → = +

 

 
4.3  Pseudospin and Spin Symmetry Solutions with Coulomb Interaction 
In this section, using the parametric generalization of the NU method [26] the solutions of Eqs. (34) and (43) are as follows: 
4.3.1  Pseudospin Symmetry Solution with Tensor Interaction 
By comparing Eq.(2) with Eq.(34),we obtain 

1 2 3

1
1, ,c c c

q
= = = −                  (48) 

Other parameters can be obtain from Eq.(5) as, 

2

2

1
4 5 6 1 7 2 8 34

21
9 1 3 2 10 3

2
11 1 3 2 3

2
12 3 13 1 3 2 3

1
0, , , , ,

2

1
, 1 2 ,

4

2 1
1 ,

4

2 1
, 1

4

ps ps ps

q

ps ps ps ps

q

ps ps ps ps

ps ps ps ps ps

c c c c c
q

c q q c

c q q
q

c c q q
q

γ γ γ

γ γ γ γ

γ γ γ γ

γ γ γ γ χ

= = = + = − =

 = + + + = + 
 

 
= − + + + + −  

 

 
= = − + + + + −  

 

              (49) 

Substituting Eqs.(48) and (49) into Eq.(10) the energy eigenvalues equation and its solution are obtained respectively as 

2 2 2
1 3 2 3 2 3 3 1 3 2

1 1 1 1
( ) 2 2 2 0.

2 2 4 4
ps ps ps ps ps ps ps ps ps psn n n q q q q qγ γ γ γ γ γ γ γ γ γ

    + + − + + + + − + + − + + + =         
 (50) 

Solving equation (50) completely, we obtain the energy eigenvalues for the deformed Poschl Teller potential with Pekeris 
approximation in the Dirac theory as follows: 

( ) ( ) ( )( )

( ) ( )( ) ( )

2

2 12 2

2 2 2
2 1 02

1
4

1 , 51ps ps

ps

d qd
q

n d qd q d
qn

κ κ

κ κ

ς η η
α ςε α δ η η

δ

 − + 
   = + + − − + +  +
  
 

    

where, 

( ) ( ){ } ( )2 1 02 2

1 1
( 1) 2 ( 1) 1 ( 1) 52

2 4 4ps psd q d q q d
q κ κ

ςδ η η β λ λ
α

= − + + − + − − − −  

The corresponding lower spinor wave function can be obtained from Eq.(14) using Eqs.(48-49)  as 
21

1 3 22 2
3 1 3 2

3

1
14 2 ,22 2 24

, ,

1 2
( ) 1 1 ,

ps ps ps
ps ps ps ps

ps
q q

q qrps ps r r
n k n k nr N e e P e

q q

γ γ γ
γ γ γ γα γ α αψ

 
− + + −   + + −    

= + +   
   

     (53)  

and the other component can be obtained simply from 
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( ) ( ), ,
,

1
,ps ps

n k n kps
n k ps

d k H
F r r

M E c dr r r
ψ = − − − +  

                     (54) 

Where ,
ps

nN κ  is the normalization constant and ,
ps

n psE M Cκ ≠ +  

 
4.3.2  Spin Symmetry Solution with the Tensor Interaction 
By comparing Eq. (2) with Eq.(43),the following parameters are obtained 

1 2 3

1
1, ,c c c

q
= = = −  

and 

2

21 1
4 5 6 1 7 2 8 3 9 1 3 22 24

2
10 3 11 1 3 2 3

21
12 3 13 1 3 2 32

1 1
0, , , , , ,

4

2 1
1 2 , 1 ,

4

1 1
, .

4

s s s s s s
q q

s s s s s

s s s s s

c c c c c c q q
q

c c q q
q

c c q q
q

γ γ γ γ γ γ

γ γ γ γ γ

γ γ γ γ γ

 = = = + = − = = + + + 
 

 
= + = − − − + + + + −  

 

 
= = − + + + + 

 

    (55) 

 
The energy eigenvalues equation, its solution and the corresponding upper wave function of the Dirac theory for the q-
parameter Poschl-Teller potential in the presence of Coulomb  tensor interaction are obtained respctively as, 

( )2 2 2
1 3 2 3 2 3 3 1 3 2

1 1 1
( ) 2 1 2 2 0,

2 4 4
s s s s s s s s s sn n n q q q q qγ γ γ γ γ γ γ γ γ γ

   + + − + + + + − + + − + + + =       

 (56) 

 ( )
( ) ( )

( ) ( )( ) ( )

2

2 12 2
2 2 2

2 1 02

1
4

1 , 57s s
s

d qd
q

n d qd q d
n q

κ κ

κ κ

ς η η
ςαε α δ η η

δ

 + + 
 = + + − + + +   + 

  

 

where, 

( ) ( ){ } ( )2 1 02 2

1 1
( 1) 2 ( 1) 1 ( 1) 58

2 4 4s sd q d q q d
q κ κ

ςδ η η β λ λ
α

= − + + − + − − − −  

The corresponding wave function for the spin symmetry limit can be obtained as follows: 
2

21 3 2
3 1 3 2

3

1 1
1

2 , 22 4
42 2 2

, ,

1 2
( ) 1 1

s s s
s s s s

s

q q
q q

rs s r r
n n nr N e e P e

q q

γ γ γ γ γ γ γ
α γ α α

κ κψ

 
 − + + +   − + + +   
 

   
= + × +   

   
     (59) 

where ,
s
nN κ is the normalization constant and the  other component of the Dirac spinor can be found as, 

, ,
,

1
( ) ( )s s

n ns
n s

d H
G r r

M E C dr r rκ κ
κ

κ ψ = + + + −  
                                (60) 

 
4.4    Conclusion 
We have used the NU method to obtain approximate solutions of the Dirac equation for q-parameter-Poschl-Teller potential 
within the framework of spin and pseudospin symmetry limits. Based on the existing literature we should note that the Dirac 
equation with this potential under the Coulomb tensor interaction has not been considered before by using the NU method 
with Pekeris approximation. We have obtained explicitly the energy eigenvalues equations in a closed form and the 
corresponding wave functions expressed in terms of the Jacobi polynomials for the q-parameter-Poschl-Teller potential with 
Coulomb-like tensor interactions within the spin and pseudospin symmetry limits. 
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