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Abstract

This paper reviewed the concept of fractional detfives of exponential
and Trigonometric functions. Some additional ressilon the Product and
Quotient of both the fractional exponential and gonometric functions were
suggested. Proofs were presented with some examples

1.0 Introduction
As it is well-known that Calculus provides the ®ébr describing motion quantitatively using thencept of differentiation
and integration which are like inverse of each otfwin the literature exampled in [1].

n

The answer to the question in differential andgréé calculus that the derivativ‘g—n of integer order - 0, be extended to
X

any fractional, irrational or complexorder is lea the development of a new theory which is callettfonal calculus
[1].The fractional calculus is a natural extensidthe traditional calculus to real numbers.
As usual the derivative of a functigifx) is given by

dy . fx+6x)—f(x)

— = limgy o = )

In the same way, i is fractiorthenthe a-derivative off (x) as defined in [2] is

fa(x) = lim FE+h)—f%(x) (2)
h—0 (x+h)%—x%*

This relation was also utilized in [2-6] among maothers that were suggested in the literature. I8ityj utilizing L’
Hospital Rule as in [2], the fractional derivatiokef (x) will be

@ 1 [+ h) = f(x)
f(x)—}ll_r%L( (x + h)* —x@ >

2.0 Fractional Derivative of Exponential Function

Definition: Assume thaf(x): R - Risafunction,a € R (aisfractionalnumber) then the fractional derivative ffx) =
e¥isx1™%e% asin [3]

1.1 Theorem: Fractional derivative of a functjoix) = e™ forn € Risx~*ne™*wherea is fractional number.

Proof;

Using mathematical induction, we get following

Forn=1

fx) =e*

a a—-1

% , Whereaisfractionalnumber
d(e**h) (ex+h)a—1

a 1 dh
fE0) = lim— e
ex+h(ex+h)a—1
= e mye

From f%(x) = limy_,,
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ex(ex)a—l
T xat
foc(x) = xl-agax
Then assume it is true for n=k that is
iff(x) = e**then
fa(x) — xl—akekax
Forn=k+1
dE(k:,)lmh) (e(k+1)(x+h))“‘1
*(x) = lim
f20) h=0 (x + bt

(k + 1)e(k+1)x+(k+1)h(e(k+1)x+(k+1)h)“—1

- Ll—r»r(l) (x + h)e-1

(k + l)e(k+1)x(e(k+1)x)a_1
a-1
xl—a(k + 1)e(k+1)ax (4)
1.2 Theoremfractional derivative of a functiof(x) = eX"for n> 0 is fe*x) = ™ %e?"  whereaisfractional number.
Proof;
Using mathematical induction, we have For n=k+1
d(e(x+h)k+1)

(6 (x+h)k+1)a—1

a — 1; dh
fe@) = Jim (x + h)a-1
(k + 1)(x +h)ke(x+h)k+1(e(x+h)k+1)a—1
Ro0 (x + h)e-1
(k + 1)xkex(k+1)eax(k+1)e_x(k+1)
- x%x~1
= (k + 1)x(k+1)—aeax(k+1)
Particular Examples
(1) f(x) = e*anda =2
TheZ:n — derivative ofe* is x
(2) fx) =e?
4
Thelth — derivative ofe~**is —2x3e 75"
3.0 Fractional Derivatives of Trigonometric Functions

12
3e3

e

a
3.1 Theorem:Fractional derivative of a functigifx) = cos(nx)forn € Risf®*(x) = —%"i(nx) whereq is a fractional
number
Proof;

Ifn=1f(x) = cosx

« . feth)f(x+R)%T
Fromf*(x) _héém—(xm)a—l
d(cos (x+h)) a—1

208 XFR) (cos (x+h))
*(x) = lim—%
fo6) h-0 (x + )1

—sin(x + h)(cos(k + h))a_1

P (o + )t
—sinx(cosx)*!

, whereqa is fractional number.

xa—l
—tanxcos*x

xa—l
ktanxcos%(kx)
xa—1

Then we now assume it is true for n=k th#t%iéx) = —
For n= k+1

d(cos (k+1)(x+h)) a-1

. —————————(cos(k+1) (x+h))

f(x) = lim dh
h—0

(x + h)e1
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—(k+1)sin(k+1)(x+h)(cos (k+1)(x+h))*~1
Ro0 (x + h)*-1
_ (k+ Dsin(k + Dx(cos(k + 1)x)*7*

xa—l
_ —(k + Dtan (k + Dxcos*(k + 1)x

xa—l

ncotxsin®(nx)
xa—1

3.2 Theorem: Fractional derivative of a functigiix) = sin(nx)forn € Risf*(x) = wherea is a fractional

number

If f(x):R - Ris a function defined by (x) = tannxanda a fractional number then the fractional derivatfef (x) =
tanx is ¢ (x) = T

xa—-1
__ (n+ntan®nx)tan® 1(nx)

3.3 Theorem: A function f(x) = tan(nx) has the fractional derivative #&§(x) = whena is a

xa—1
fractional number and € R.
Proof;
By induction
Forn=k+1
FoGa) = lim O
h—0 (x + h)*1

(ke + Dsec®(k + D)0+ h)(tan(k +1)(x + )"

h~0 (x + h)*1
_ (k+ 1D+ tan?(k + Dx)(tan(k + 1)x)*™*
((k+1)+ (k+ 1)tc)16n2 (k + Dx)(tan® 1 (k + 1)x)

xa—l

Proved

3.4 Theorem:Fractional derivative of a functiof(x) = cos™xfor n> 0 isf*(x) =
number.
Proof,
To prove by induction
For n=k+1
. d(cos(k;';) CHR) (o 5(c41) (4 pyy@1
f(x) = lim -
h>0 (x + h)et
—(k+1) sin(x)cosk (x+h) (cosK+1D) (x+n))@-1
m
h>0 (x + h)e1t
(k + l)sinxcoskx(cos(l‘”“l)x)a_1

—ntanx(cos™x)%
xa—-1

, Wherea is fractional

a—1
_ —(k + Dtanx(cosx**x)*

xa—l
-ncotx(sin™x)%
xa-1

for the functionf (x) = sin™xhas the fractional derivative when n>(f&éx) =

na—-1

and the functionf (x) =

(n+ntan?x)tan
ca-1

X

tan™x has the fractional derivative &f(x) = , Whereq is fractional number.

Some Particular Examples

(1) The fractional derivative of the functigifx) = cosxwhena =2is tanxVxcos?x
(2 The% — derivativeof sinxiscotxxsin?x
(1+tan2x)3\/?

3) Thefé(x)oftanx is+—

tanx
In the same vein the product and quotient rulegwstablished thus;

IfU(x)andV (x)arefunctionsofxthenthefractionalderivativeofthierproductisgivenas
DE(UV) = U)UX)*ID%V (x) + V(x)V(x)* 1D%U(x) .
Proof

s fGeth) f(x+h) et
Fromf“(x) = lim,_, W

f(x) =U)V(x)thenD*f (x)is
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) l d(U(x+ZilV(x+h)) (U(x FRV(x + h))a—l
D =1i
6 ) (x + h)e-1
L UV e+ DU+ V(x +R)* ) + U'x + )V (x + h)(Ux + h)* 'V (x + h)* )
~ hoo G+ et
V'(x+h)V(x+h)*? U'(x +h)U(x + h)*t
— a—-11; a-11;
=U(x)U(x) }ll_r)r(l) Gt e + V(x)V(x) }lllr(l) Gt e
Df(x) = U@)Ux)* ID*V (x) + V(x)V(x)* DU (x)
For examplef (x) = e*sinxthenD®f (x)is
letU = e*andV = sinx
fromD%f(x) = UU* 1DV + VV* 1Dey
__(cosxsin®x) (e¥e™T¥)
=e*e™ " ——————+ sinxsin“ le
X X
e sin®x(1 + cosxsin™1x)
- xa-1
e™sin*x(1 + tanx)
- a—-1
Similarly, the fractional derivative of their quetit will be given as follows:
U(x)*
Df (x) = D*U(x) = ———=—DV
[0 = oD V6 ~ e DV
Proof
« T f'oe+h) f(x+n)e1
Fromf%(x) = limy_, =
d(%) (U(x+h))a_1 V(x+h)U'(x+h)—U(x2+h)V'(x+h) (U(x+h)“‘1)
DUf(x) = lim —% V& iy ) veerT
h—0 (x + h)et h—0 (x + h)e1
Vx+)U (x+R) U+t U+h)V (x+h)U (x+h) 4L .
— lim U(x+h)@+1a - V(x+h)®+1 V(X + h)a
h—0 (x + h)*-1 V(x + h)a-t
U+hUXx+h)*r Ux)* . V(x+hV(x+h)*?
TR @+ V@)he0 (x+ et
DF(x) = e DAY () — 2 pay ()
V(x)® V(x)**
_ 1 A rioma _ 1 1 cosxsin®tx _ —cosxsin~(1+®)y
For exampl¢(x) = —thenDfisD*f(x) = —— .0 - —o- .— 25— = i

4.0 Conclusion

Fractional derivativesof exponential and trigonamsefunctions were surveyed. Some theorems are gorcand some
numerical examples were discussed based on thesgdgproduct and quotient of the functions. Itapédnthat these will be
utilized as tools in solving complex problems ipkgations..
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