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Abstract

The application of flow equation to analytic function enables one to see
physical applicability of complex analysis. This work provides solution to
physical problem in fluid flow that formalizes the idea of motion of fluid
element.

Harmonic functions are used to study fluid flow under the assumption
that an incompressible and frictionless fluid, flows over the complex plane
and that all cross sections in planes parallel to the complex are the same.
Conformal mapping is used to transform a region in which the problem is
posed to the one in which the solution is easy to obtain.
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1.0  Introduction

This work is basically concerned with two dimensional fluid flows, an ideal fluid and incompressible fluid, the conformal
mapping method is used to transform a region where the problem is posed to one where solutions can be obtained and the
problem of finding streamlines distribution with uniform irrotational flow past a cylinder. The flow pass two cylindersin a
fluid was also studied by [1],solutions were obtain by streamlines distribution’

Anirrotational flow and an incompressible fluid has a close relationship to a complex potential [2, 3] in which the complex

potential for uniform flow in an (x,y)- planein acylinder is given by W(z) =u(z+1/Z) wherez z= X+iy
The motion that occurs at fixed temperature throughout the fluid or that heard transfer between regions of temperature can be

0
ignored, we allow the density to vary for incomprbleﬂuidﬁ—f+ V.(fu) =0, (= constant.

in the present of gravity fieldand on streamlines
(2=gz, ¢=-constant:

1u.v + 7'? + gz = constant

2

The study of general analytical framework of motion of point vortices around distribution of obstacles was investigated by
[4]. We consider an irrotational fluid flow which is characterized by requiring the line integral of the tangential component of
V(x,y) along closed contour by identically zero

20 Mathematical Formulation of the Physical Problem

For a two dimensional fluid flow we suppose that a fluid flows over the complex plane and that the velocity at the point
Z = X+1Y isgiven by the velocity vector

V(X Y)=pOGY)+Hig(X YY) e (1)

The velocity does not depend on time and P(X, Y), d(X, Y) are continuous partia derivatives the divergence of the vector
field isgiven by
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DIW(X,y) = px(X, V) + Qy(X, Y) covvveeeee, 2
The divergence of the fluid flow is zero, and this is characterizing the net flow through any ssimple closed contour to be
identically zero [5]. Consider a rectangle in Figure 1 where the rate of outward flow equals the line integral of the exterior

normal component of V( X, Y) taken over the sides of the rectangle. The exterior normal component is given by

- g on the bottom edge,p on the right edge,q on the top edge, and- p on the left edge. Integrating and setting the resulting net
flow equal to zero yields

[ TR+ A% )= pOx DI +[at ¥+ AV = At Y]t =0 ®

(x+ Ax,y + 4y)

(x + Ax,y)

Fig. 1: Rate of outward flow

Since p and ¢q are continuously differentiable, the mean value theorem can be wused to show that

P(X+ AX, 1) — p(x,1)] = p(x,t) = px(x, )AX ,  q(y+Ay,t)-q(y,t)]-a(y,t) = py(y,,t)Ay ... (4)where

X<X <X+AX and y<VY, <Y+AY . (5)
Substituting equation (1) into equation (3) we will have
1 vy 1 px+Ax
— X(x,,t)dt + — t,y)dt=0....................... 6
ijy px(, e+ [ ay(t, ) ©)
The mean value theorem for integralsis used for equation (6) and letting AX — 0 and Ay — O we will have
B0 )+, (0 =en cvvmemsersonmsn 7
Equation (7) gives us the continuity equation. The curl of the vector field in equation (1) has magnitude
1/2 ay(x,y) — 1/2 pe(x,y) = 1/2 leurlv (2, Y| ceeeeeeeernnes (8)

We will consider an irrotational fluid flow which curl is zero that is characterized by requiring the line integral of the
tangential component of v(x, y)along closed contour by identically zero.

From Figure | the tangential component is given by p on the bottom edge, and —q on the left edge. Integrating and setting the
resulting circulation integral equal to zero yields the equation

A A
1) laGx + Bx, ) — q(x, )]dt — [ty +Ay) —p(t,y)ldt = 0............ 9)
Applying the mean value theorem and divided through by AxAy we will obtain the equation

1 y+Aay 1 rx+Ax
EJ"J’ @ (e, t)dt = = [ py (6, y)dt = 0., (10)

Using the mean value theorem equation (10) reduces to

qx(x1,71) —py(x,¥) = 0 letting Ax - 0 andlAy - 0.

This yield

el V) —P() =0 .ooneneoen (12)

Equation (7) and (11) shows that the function f(z) = p(x,v) — iq(x, y) satisfies the Cauchy-Riemann’s equations and is an
analytic function as [6]

Let f(z) denote the anti-derivative of f(z).

Then f(2z) = ¢ (6, ) + P, V) coe e e e e et e e (12)
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This is called the complex potential of the flow and has the property

(@) = pu(x,y) — iby(x,y) = p(x, ) +iq(x,y) = v(x,Y) ......... (13)
Since ¢, = p and ¢, = q we have

grad ¢(x,y) =p(x,y) + ig(x,y) = v(x,y) so p(x,y) ... (14)
Equation (14) is the velocity potential for the flow and the curves WhiIe

G, y) =k, and P(x,¥) =Kkgeevviiiiiiiaiiiniinin, (15)

The function Y (x, y) is called the stream function and the curves

We implicitly differentiate Y(x,y) = k, and find that the slope of a vector tangent which is given by

dy  —w,(xy)

B e s e (16)

Using the fact that ¢, = ¢b,and equation (16), we find that the tangent vector to the curveis

T= ¢ (x,y) — iY(x,3) = plx,y) +iqle,y) =v(0Y) i, 17

f@) = () + W(x,y) .. . (18)

Where {{(x, v) =k} 1epresents the streamllnes of aflwd flow.

The boundary condition for an ideal fluid flow is that V should be parallel to the boundary curve containing the fluid (the
fluid flows parallel to the walls of a containing vessel). This means if equation (18) is the complex potential for the flow and
it is in agreement with Darren[7]. Then the boundary curve must be given by yi(x, y) = k for some constants k, that is, the
boundary curve must be a streamline. Let

Fi(w) = @, 0) + P (U, V) eeneee e e (19)
denote the complex potential for afluid flow in adomain G in the w-plane where the velocity is
Vi, v) = FL (W) (20)

3.0 Cylindrical Flow Around Corners

This case study helps us understand what transpires when water flows and meets an obstruction in the path of flow whichis
of great importance to the environment because of its effect. Water is observed to flow downstream and on getting to a point,
it isforced to turn a corner, thisis the case examined in this example.

Consider a flow in the first quadrant x > 0,y > 0 that comes in downward parallel to the y-axis but is forced to turn in a
corner near the origin, as shown in Figure 2

Fig 2: A downward flows

We know that z = x + iy and w = u + iv, the mapping w = z* can be thought of as the transformation u = x? — y?,
v = 2xy because water flows downward parallel to the y-axis.

(But originally, f(z) = |z|%;u(x,y) = x% + y%; v(x,y) = 2xy)

Hence the transformation is the conformal mapping;

w=2z%=uxvy)+v(x,y) =x*—y? +i2xy.

To determine the flow, we recall that the transformation

w=2z2=x2=y2 +i2xy .ot (21)

maps the first quadrant onto the upper half of the uv-plane and the boundary quadrant onto the entire u — axis.

We know that the complex potential for a uniform flow to the upper half of the w-planeis

FemlAWE s svinmmmesdannnn i Sisvinssdadilsia (22
where A is a positive real constant [8] the potential in the quadrant is, therefore

F=AZ? = A(x* —y2) + i2AxY;...coceeieea (23)
and it follows that the stream function for the flow thereis

WS 2ZAXY oot (24)

This stream function is harmonic in the first quadrant, and is vanishes at the boundary. The streamlines are branches of the
rectangular hyperboles
2AXY = Cg v (25)
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The velocity of the fluid is

V=24Z=2AX—i)ecereeeerrnrr.. (26)
observe that the speed
VI =2AX%2 +y2. i (27

of a particle is directly proportional to its distance from the origin. The value of the stream function at any point (x,y) can be
interpreted as the rate of flow across a line segment extending from the origin to that point.

The water flowing down along the canal meets anobstacles right in the middle of it, this obstacle is a circle around which the
water must flow past, thisisthe case asillustrated in the following example.

Example

Find the complex potential for an ideal fluid flowing from left to right across the complex plane and around the unit circle
lz| =1

Solution:

We will use the fact that the conformal mapping

w=s(z) =z +§ .................................. (28a)

maps the domain
D ={z|z| < 1}
which is one-to-one and onto to the w-plane dlit along the segment
—2<u<s2V=0
with the complex potential for auniform horizontal flow parallel to this slit in the w-planeis
FL(w) =AW, (28b)
where A is a positive real number. The stream function for the flow in the w-planeis
Y(u,v) =AV
so that the slit lies along the streamline ¥ (u,v) = 0.
The composite function F,(2) = F;(s(z)) will determine a fluid flow in the domain D where the complex potential is

Bl = a2 9% Y D navsonaesssisis (29)
where A > 0.
Polar coordinates can be used to express F,(z) by the equation
1 ; 1\ .

Fo(z) = A(r+7)cosf+id (r—2)sin6................... (30)
The streamline
Y(r,8)=Alr—Y.)sin@ =0................ (3D
consist of the rays

r>10=0andr>1,0 =m......ccoeviiiiiiiiiinnn (32
along the x-axis and the curve r — 1/,. = 0, whichiseasily seen to be the unit
circler = 1.
This shows that the unit circle can be considered as a boundary curve of the fluid flow, since the approximation
F@)=Az+1)=A7. ..., (33)
is valid for large values of z, from[5] we see that the flow is approximated by a uniform horizontal flow with speed as
IV =4l s mmnnmmnan i (34
at points that are distant from the origin. The streamlines are
W y) = constant i (35)

and their images are
Y(u,v) = constant
under the mapping given by eqn. (27).
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Fig 3: Theflow around acircle

The streamlines are symmetric to the y-axis and have asymptotes parallel to the x-axis. The streamline consist of the circle r
=1.It is notice that the unit circle is in the path of the flow but not a total hindrance to the flow, then since it isin the middle
the streamlines have been expanded making them wider and the path lines are forced to turn curves.

40 Conclusion

Fluid (ideal) flowing over a complex plane is considered and all cross sections in planes parallel to the complex plane are the
same. The study of the flow is governed by certain conditions which gives rise to equations on interpretation describes that a
particular flow.

A conformal mapping is carried out on the complex plane upon which the fluid flow is considered and it has been
transformed to a plane where physical properties of fluid such as velocity potential, complex potential, stream function etc
are discussed. The velocity potential of afluid flow equation generally reduces to the real part of an analytic function. Hence
from any fluid flow equation an analytic function can always be pictured. The study of the application of flow eguations to
analytic function is essential especially when viewed from the complex analysis angle.
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