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Abstract

The first order perturbative approach has been applied and the finite-size
nuclear corrections of order of the scaling factors, ¢, Z2and &forn=1,n=2andn =
3 energy levels respectively for the hydrogen atom, have been computed. Results show
that as the energy levels increases, the effects of the finite — size nucleus on the
orbiting electron is diminishing. This procedure has shown that the concept of finite
nuclear size model has an extremely small impact on the energy spectrum of the
hydrogen atom. Electron — nucleus interactions, beyond the coulomb potential,
modify the atomic property and due to the change from point-charge to finite-size
nuclear model the energy level of nucleus is shifted upwards and thus the atomic
spectral line for a finite-size nucleus will not coincide with that of its point-size
nucleus. This gives us more information on the nuclear charge distribution. Another
observation from this work is that with a higher probability of being farther from the
nucleus of finite — size charge, the orhiting electrons feel the same effect as the effects
due to the point — charge nucleus. Here the finite — size nuclear model have some
relevance with the Schrédinger model of hydrogen atom at large distances from the
nucleus.
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1.0 Introduction

On the atomic scale, the nucleus of hydrogen atom is a point particle, and the Schrodinger equation becomes a one-particle
equation after the center of mass motion is separated out [1].Traditionally, atomic physics could afford to consider the
nucleus as a point-like charge without losing accuracy. With increased precision in atomic physics experiments, the nucleus
is going through an odyssey from the simplified picture of a point-like charge to its rea size and properties [2].
Consequently, the electrostatic nuclear potential is no longer a common coulomb potential[3]. Thus, for finite-size
description of nuclei or atoms the introduction of perturbation theory as an approximation method to solving finite — size
nuclear potential is necessary[4].

Different nuclear masses, charge distributions or spins do have effects on the electronic levels and transition energies, and the
small energy corrections or splitting observed in experiments can give in turn information about the atomic nucleus. Atomic
electrons are sensitive to the properties of the nucleus they are bound to, such as nuclear mass, charge distribution, spin,
magnetization distribution, or even excited level scheme. These nuclear parameters are reflected in the atomic transition
energies. A very precise determination of atomic spectra may thus reveal information about the nucleus, otherwise hardly
accessible via nuclear physics experiments [2]. The correct identification of nuclear effects in atomic transitions is very
important in connection with accurate theoretical atomic structure calculations involving many-body correlations or quantum
electrodynamics corrections, which can be tested in high-precision experiments. The investigation of atomic spectra has
given us information about the arrangement and motion (angular momentum) of the electrons in an atom. Furthermore, it had
led to the discovery of electron spin and to theoretical understanding of the periodic system of the elements. Splitting of
energy level is crucia in understanding certain development of the quantum theory of matter and radiation. The spectra of
atoms (and molecules) also play an immensely important role in astronomy [5].
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To determine the significance of a point particle assumption of the nucleus, the correction factors for low energy levels and
their corresponding orbital angular momenta are computed using the truncated Taylor’s series expansion [8]. In this work,
different approach which includes the energy level corresponding to the magnetic quantum number was applied. The wave
function for the unperturbed state; n, | and m are used to calculate the energy level correction due to the finite size of
hydrogen nucleus.

2.0 Methodology
The energy levels in a hydrogen atom can be obtained by solving non relativistic Schrodinger equation in the three-
dimensional potential energy field
HW(r)=E¥(r

(=¥ (r) "
where H isthe Hamiltonian operator. Here the hydrogen electron is treated as a wave, represented by the wave functiongm,
moving in an electric potential as afunction of its distance from the proton:

ke?
Uy(r)=——
(r)=-= (2)

With r, being the distance of electron from the nucleusand k =1/4pe, = 9x10°mF .

According to equation (1), the allowed energies of an electron in the electrostatic potential of a fixed point charge proton are
given by

E,=-
(39)
Where a, = hz/me2 =5.29x10™"m is called the Bohr radius [6]. When we set n = 1, we obtain the binding energy of
the hydrogen atom in the ground state,

1€
E=—s—

% (30)

This solves the problem of determining the energy levels of the discrete spectrum in a coulomb field [7]. As with any
centrally symmetric potential, the solutions of the Schrodinger equation take the form

Y oam(rda ) =Ry (r)Y, (3. ) 4

Where Y], (J J ) is the spherical harmonic functions which depend only on spherical polar coordinates, and R, (r)

represents the radial component of the wavefunction. Every state with the eigenfunction Y, is characterized by the three
guantum numbers n, | and m: The principa quantum number n characterizes the energy level E,; the azimuthal quantum
number | indicates the magnitude of the angular momentum; and the magnetic quantum number m gives the size of the z
component of angular momentum. The electron wave functions however are different for every different set of quantum
numbers. For each principal quantum number n, all smaller positive integers are possible values for the quantum number |,
i.e, 1 =0, 1, 2..., n— 1. The quantum number m can take on al integer values between - | and |. In spectroscopy, it is
common to use the notation s, p, d, f, ... for the angular momental =0, 1, 2, 3, ...[6].

If the nucleus is being described as a finite-size source with a uniform distribution of charges [8] of radius Ry, then the
electron wave function can penetrate to r < Ry, and thus the electron spends part of its time inside the nuclear charge
distribution, there it feels avery different interaction [9] and the potential inside a spare of radius I' due to a point charge

Uinside = e(r/RN )3

located at the origin is from Coulomb’s law:

U(rs&):—kez-[L)

()

AR (6
Then the perturbative potential difference between ' and Ry is defined by:
Ry 2 2 2[R 2
, rr’e ., 3ke“r 3ke
U(rsRN)=—Ie4p—,dr=— —— =-——(R-r?)
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Where I = 3q/4p Rz is the nuclear charge distribution and in this case it is constant, R = rOE/K, Abeing the mass
number, I, =1.27x10 " m, isthe radius parameter [2]. Thus, for I < R, we have the potential:

3
ke’ [ r 3ke’ 3ke’
UR) = | S (Ri=r) =S (aR )
r (R 2R 2R, @
Equation (7) represents the potential for a finite-size nucleus [10]. Therefore, the spherical electrostatic potential function
U(Ry), corresponding to a nuclear charge density distribution, will then be used to replace the common Coulomb potential for
a point-like nucleus (equation (3)), in numerical atomic structure calculations [3]. To obtain the energy shift of the ground

sate | EY

nim*

caused by the finite size of the nucleus, we take

ke? 2 2 kez
| ﬁ’:U(RN)_UO(r)= _ZR,ﬁ (3RN—r )+T 0<r <Ry ©
0, r>R,

as perturbation [10]. The 1% order time-independent perturbation theory is the expectation value of the perturbation in the
unperturbed state [11]:

LER = [l Al i) =[y a1 AY ot

where | H' isthe change in the perturbative Hamiltonian. The wave functions y

Schrédinger hydrogen atom, are obtain as follows [6]:
1

)
for the lowest (unperturbed) state of the

nim

Y 100 = 3 et/
AP ag (10)
1 r
— ~1/2
Y o0 = 3 (1__Je
VoL % (11a)
Y 0= ! = re /%% cosJ
32pa; (11b)
Y= 1 = re"?»sinJ e
64pa, (110)
Y 1 _eagngel

4]

a3 (11d)
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ysoozm 2
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Y a0 :L{Z—LJ re"* cosJ
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Yar= —2 [Z—Ljrer/?’a" sinJ €
27Jpag\ % (120)
Yoas= L[Z—LJ re*snJe’
27\pa; N (12d)
Y a0 = _ 1 e (3cos’ -1)
3J3'2pg (120)
1
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Y=
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1 2 1/38) i i
Y oou= re sinJ cosJ e
9 7
VP& (129)
Yoo = = r2e"/% gn?Je?
18ypay (12h)

1 24-1/38) @in2 —2ij
Yaouo= r-e sin“Je
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The effect of the finite size of the proton in the energy levels in hydrogen can be calculated to obtain the energy shift | E

@

nim
using (9). Taking the approximation r<< ay, i.e., e 2% ~land assumi ng the wave function to remain constant over the
region of integration. By letting

x=(R/a,)’ @

and substituting the wave functions of (10), (11) and (12) in (9),and using (3), the perturbative state corrections of the 1%
order in s, p, and d states are calculated and listed in Table 1.

3.0 Results
The 1% order corrections to energies of n =1, n = 2 and n = 3 States of hydrogen atom due to finite size of nucleus have been
computed and listed in Table 1.

4.0 Discussion

It can be observed from Fig. 1 that the perturbation due to finite — size of nucleus decreases rapidly in significance as the
principal quantum number, n, or the angular quantum number, |, is increased. The correction factors for the 1s, 2s and 3s
energy orbital is& and for the 2p and 3p

Table 1: The values of the 1% and 2™ energy levels of the hydrogen atom

Tt | Enn see | g | Egn/E
1 [o |o 1 EY | 0.8/E|x 1s -13.6 0.8x
1 | Eg)l 0-002|E2|X2 2p 0.002x *
2 +1]0 |E§?o 0.002|E2|X2 2p -34 0.002x *
1 1 EQ | 0.002E,|x? 2p 0.002x?
0 |o | E%)o 0.05|E2|X 2s 0.05x
2 e [oooeft [ 0003
+1 | EY) | 0.00001E,[x® |3d 0.00001x 3
210 | EY | 0.000002|E,[x* | 3 0.000002x ®
-1 | EY, | 0.00001/E,x* | 3d 0.00001x®
3 -2 | EY, | 0.001/E;[x° 3d -1.51 0.001x°
+1 | EY, | 0.001E,[x? 3p 0.001x ?
+1 |0 |E§)o 0.0005|E3|X2 3p 0.0005x
-1 | EY, | 0.001E,[x? 3p 0.001x?
0 | Eéé)o 0.03|E3|X 3s 0.03x
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Fig. 1: The finite nuclear size corrections | E;,

corresponding values of | and m.

to energies of n = 1, n = 2 and n = 3 states of hydrogen atom with their

energy orbital is &2 while the 3denergy orbital has the correction factor of 3. Thus the finite — size nuclear model gives the
largest energy correction to the lowest energy orbital. The energy difference between s, p and d electron states is substantial,
comparable to other energy differences between major levels (1s, 2s or 3s). Each increasing orbital angular momentum has a
much smaller correction factor. Thus the lowest energy orbitals have the highest energy corrections; 2s state is higher in
energy than 2p states 3s state is higher in energy than 3p states 3p statesis higher in energy than 3d states this is because the s
orhitals have higher probability to be closer to the core of nucleus and feels larger attraction than the p or dorbitals.Non -
sorbitals have a much smaller fraction inside the nucleus and so cause smaller perturbation, the energy shift is much smaller.
The finite-size nucleus gives an extremely small effect on the 3dorbitals. On the average an electron closer to the nucleusin
its lower energy orbital, experiences the nuclear finite — size charge effect to a larger degree than a more distant electron in
the higher orbitals. dorbitals are furthest away from the nuclear core therefore have a lower probability to be closer to the
nuclear core. The effect of afinite size of the nucleus on hydrogen energy level islarger, in the lowest state(1s electron) than
in any other state- 2s, 3s, 2p, 3p, 3d, etc. Thus as the energy levels increase the effects of the finite — size nuclear model have
some relevance with the Schrodinger model of hydrogen atom. With a higher probability of being farther from the nucleus,
the effects due to the finite size of the nucleus is approaching a point — charge nuclear effect.

50 Conclusion

Results show that the quantum number, m do contributes to the energy level correction with an amount smaller than the
values of quantum number, | in the same energy state and that in contrast with energy corrections for | state (p orbitals), the
corrections for m states (d orbitals) are increasing with the increasing value of the m.

In general, the finite size nuclear charge distribution gives the largest energy change to the lowest nuclear charge radius. This
is because an electron closer to the finite size nucleus is in the lowest energy orbital and therefore experiences a charge
distribution to a larger degree than a more distant electron. At distances farther away from the nucleus, the finite nuclear size
effect approaches a point nuclear charge effect in agreement with the Schrédinger’s model of the hydrogen atom.
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