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Abstract

The effect of ionization and porosity on the field structure of two-component
plasma is studied. The flow is initiated by a relative motion of two horizontal flat
plates in the presence of a uniformly applied magnetic field. A fully developed,
viscous, incompressible flow with no convection current applies and the profile
together with the effect of ionization and porosity on the velocity, temperature and
induced magnetic field studied for astrophysical and geophysical systems.
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Nomenclature

U dimensional velocity component Pr  Prandtl number
(X »Y 12 ) dimensional cartesian coordinates Q volumetric heat source
k thermal conductivity M Hartmann number
D’ dimensional electric displacement f collision frequency
C, specific heat at constant pressure Rv Magnetic Reynolds number
Ec Eckert number Aq Alfven speed
H, constant transverse magnetic field N Ratio of Alfven to wall velocity
Ry Magnetic pressure number M, dimensionless parameter
H, induced magnetic field k; dimensional porosity parameter
Ty constant temperature at the lower wall T, constant temperature at the upper wall
Greek symbols
o electrical conductivity of ionized particles Min  coefficient of viscosity
€ electric permittivity Mm  Mmagnetic permeability
2
I dimensionless temperature gradient Sin Wormesley frequency type parameter
Sl electrical conductance of plate’s f Ul electrical conductance ratio
v kinematic viscosity B measure of degree of ionization
p hydrodynamic density Bs heat source parameter
k%, Dacynumber | magnetic diffusivity

1.0 Introduction

Usually in classical magneto hydrodynamics and plasma physics, a fully ionized plasma is assumed to simplify the real-life
situation of partial ionization and hence neutral-ionized particle interaction. In this study which is an extension of the work of
Alabraba et a. [1] a partially ionized plasma is assumed and the following procedure is adopted. First the formulation of the
problem is done by describing the regime of application and derivation of governing equations with solutions of velocity and
induced magnetic fields. Using these solutions; the expressions for the temperatures are obtained. Finally comments on the
profile and effects of ionization and porosity are presented quantitatively.
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Fig. 1 Coordinate system of parallel plate couette flow

2.0  Mathematical Fui inuiauur
We consider the flow of partially ionized plasma. The flow is viscous, incompressible and bounded by two horizontal parallel
plates moving relative to each other along their common axis with velocities+U,. The plates are maintained at temperatures
Tyand T, (T; >T,) and employing Cartesian coordinate system (x,y',z") with one plate aty = L while the other aty =
—L. The system is infinite along the x and z direction (See Fig. 1). Such systems are obtained in geophysics where
geophysical fluids like crude oil is trapped between tectonic plates moving relative to each other with constant earth’s
magnetic field, constant heat source and very low ionization (1% to 2%). Also in astrophysics as found in the ionosphere
trapped between 90km to 500km above the earth surface; having high degree of ionization (90% to 99%) and the upper and
lower layers moving relative to each other with constant heat source.
Assuming a steady aid tully developed flow along the x direction, all the physical variables will depend on y except
temperature, With suci a flow the governing equations are:
Continuity

Ve Vin =0 (l)
Modified Nawvier- Stokes eruation

Pin (V('II' V) l’;t:n = Hin Vz V:t:n + um.:'_r:n X HI + F(iFL;‘L) - ‘:’:_:1,’{;1 (2)
Energyiequation

iF r 2! 6U£n 3 jlz v
pincp(':fin . V)Tin = kinVeTim + Uin By =+ = + Qi (3
the substantial derivetive (i.e. derivetive following the motion) is used
The system is itifinite in x and z direction puts :—x = a—i = 0 ana since it is steady % =0

r . - . . 2 . .
where [,, = 0,the sabscripts and later superscripts i, n are ionized and neutral components rcspccll'!'cly.% is the Ohmic

N

dissipationF (+V},, )i is the collision frictional force term, u;, V21, is the viscous force term, i,y X il is the magnetic body

forceterm and ‘—Jﬂ V..,is the term introduced due to porosity. The efectromagnetic field equations take the form :
1

Vx H=J (4)

7. B‘:i", V:D 5:“ (5)

B= pupil , D= &l ()

and the moilified Ohras Jaw J= o{E + pm(V x H)} (8)

From Egs.'(4), (f) and (8) tne interaction between flow velocity and magnetic ficld becomes

7 x (7 x H) = 0¥ x (V x H) ©)

#rom Egs. (5) anl (7) we get H, = constant which we write as H, , the applied magnetic field. Consequently we set
V= UL, H= H,(¥)i+Hyf (10)

where H,is the induced magnetic field and i , I are respectively unit vectorsalong x and y’ directions.
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It can be deduced that all variables are functions of y only except T" which has an additional dependence on x .
Splitting Egs. (2), (3) and (9) into ionized particle and neutral specie equations and writing them in component form givesthe
dimensional equations:

d2u; . dHy, A N Vo
0=piga+ tmHo G+ fipiB (Un = U) =1 U, (11)
d2u, - N Vo
Oz}unﬁ_ fnpnﬁ (Un . Ul) _k—]Un (12)
d%H, du;
0 = dy2 ()-Hgd—yr (13)
i P P N\ 2 '\ 2
riCpUi'(’aii,zki 6'!'; +a-|,—; +m de 2 dH.X +Q (14)
oX oX oy dy s | dy
' o ' N\ 2
R RRCA Y i PO WP P R (19)
oX OX oy dy

where the collision frictional force which is the coupling factor between the ionized and neutral speciesis defined as
FWV)=fr b, -V )2
To facilitate analysisit is expedient to introduce the non-dimensional variables:

U .
xy_XV U, = H\_:H'Y
L 2 0 K,

Substitutim, this into Egs. (11), (12) end (13) we get
%f"—w RMNﬂJr o2B(U, — U) — k2U; = 0 (16)
a? Un 2

— 03B WU —U) — kU, =0 17)
d Hx RyMa dU;
T N G (18)
subject to the following boundary conditions:

(i) Hydrodynamic U,=F1l on y=+1

(if) Magneto-hydrodynamic [3]

de+in =0 Ony:1

dy f,
de_inzoonyz-l
dy f,
S
subscripts u and | stand for upper and lower plates and fuI = Zul
' S

We now solve the equations simultaneously and after integration, substitution and reconciliation of the constants we get the
expressions

U, = ACosh(m,y)+ Aganh(m,y)Jr A, (]').s',“r(a'ﬁ'2 y)+ A 4Sfﬁrh(m2 y)+ A4, (19

U, = A,B;Cosh(m,y) + A,B,Sinh(m,y) + A3B,Cosh(m,y) + A4B,Sinh(m,y) + A 134_ = (20)

7 _ BMMa [AySinh(m,y) A;-Ca?h(mzy AsSinh(may) A4Cash(m23) 2 2 . O'-rga'l-z RpgM 4
=Ty e w2y Aoy (of B 4+ RiMa — T B 4

(21)
Where A; ; Ay ; Az ; Ay As; Ag are arbitrary constants which are determined from the boundary conditions as a 6X6
determinant.

3.0 Fluid Temperature Under Variable Wall Temperature
We assume that the temperature varies linearly aong the wall with a constant heat source. We therefore set

T(X,y)=T(y)+xI (22)
and write
T.(X—L) =T, (-L)+xT =T, (23)
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T, 00, L) =T, (L)+xT =T, (24)
T>To
Differentiating Eq. (22) twice and substituting in Eq. (14) and (15) we get

o W\ 2 .
riCpUi'l"':Ingzi +m o), L[ dH, +Q (25)
dy dy s | dy
P i\ 2
rncpun'r':kndT.; +m{dUPJ +Q (26)
dy dy

In addition to the non-dimensional variables we include these two

-Fi,nv _TO
ain(y) = ﬁ

r'L
Tl _To

Egs. (25) and (26) yield the following equations after substituting the above dimensionless variables

d Q, s [a"U ]h +B [ _J_ +;93i _ b4iUi -0 27)
dy ;

Zf;‘m( Wn)* 4 g3 — g1, =0 (28)

2 2
Substituting for Ldu J and [deJ in Eg. (27) and integrating twice we get an equation for (], with two arbitrary

F:

dUn
dy

dy dy
constants subject to the boundary conditions:
g =0on y=-
g=1on y=1

This gives the final expression for 6; as

A {cosh(my)- Cosh(m)}+ 22 {Sinh(my)- ySinh(m )} +
m, m,

qi=%(1+y)+b‘ A A A -
3 {Cosh(m,y)Cosh(m, )}+E{Sﬁ nh(m,y)~ ysinh(m, )+ (y* 1)

m,
b, ( , 1) (b 2) A’ |Cosh(2my) | y* Cosh(2m) 1| A°[Cosh(2my) y* Cosh(zm) 1|
oW 2| e’ 2w 2f 2| a2 4w’
E{Cosh(Zmzy) . ¥ Cosh(2m,) 7} Af {Cosh(Zmzy) B Cosh(2m,) . 1}
2 am;? 2 4m;? 2] 2 4m;? 2 am;? 2
2 : HHsnn(amy)- ysmmim))
AA {Cosh[y m + mz )], Coshly(m -m,)]  Cosh(m, +m,) Cosh m m, }
(m +m,)’ (m-m,y (m +m,)’
AAA{th[y mﬁmz _ Sinh[y(m -m)] _ySinh(m +m,) ythrq mz}
oM M (m+mf (m-mf (m+m,)’
o Ang{g”h[y m+mz] Sinhly(m -m,)]  ySinh(m +m,) ythm mz}
(m +m,)? (m-m,) (m+m,)
AA, {Cosh[y m + m,)]_ Coshly(m ~m,)]_ Cosh(m +m) Cosh m m }
(m +m,)? (m-m,y (m +m,)*
oy lsamy)-ysoh(zm,)
m, |
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| A'm’ [Cosh(2my) y* _Cosh(em) 1] A’m’[Coshemy)  y* _Cosh(2m) 1|
2 am? 2 4m? "2 2 am? 2 am? 2
y

A’m) {Cosh(Zmzy)_2 Co (2mz) } A’m’ {Cosh(Zmzy) Y _C(’Sh(zmz)_l}Jr
5 am? > 4m; 2 2 4m)? 2 am,’ 2
Coshly(m +m,)] _ Cosh[y(m —m,)] _
(m+m,) (m —m,y

%{9 nh(2my)- ySinh(2m )} + AAmm,

_ Cosh(m +m,) , Cosh(m —m)
m+m)f — (m-mf

b AAmmz{S”h[ y(m +m,)]  Sinh[y(m - mz)]_yth(m+mz)_yth(m—mz)}+
! (m+m,)? (m-m,)? (m +m, ) (m —m,)?
Sinhly(m +m,)] _Sinhy(m -m,)] ySih(m +m,) ySinh(m-m,)]
%m{ (memP  m-mF  (memF | (m-m) }
AZAM%{Cosh[y(mﬁrnz)] Coshly(m —m,)] Cosh(m +m,) Cosh(m — mz)}
(m +m,)’ (m—m,)’ (m+m,)’ (m-m,)’

%/&{9 nh(2m, )~ ysinh(2m,)}

In similar vein we deduce 6,

. Bl'?‘ {Cosh(my)— Cosh(m, )} + ilqlAZ {Sinh(my)— ySinh(m, )} +

m
q,=—-@1+y)+b," -
2 ¥ E:Tz:; {Cosh(m,y)~ Cosh(m, )} + ?;A;‘ {sinh(m,y)- ySinh(m, )} + %(yz -1)

Cosh(2my) . Vs
B’A'm’ |Cosh(2my) y* Coshem) 1| B’A’m’| 4m’ 2 |,
2 am’ 2 am® 2 2 | Cosh(2m) 1
4m? 2
Cosh(2m,y) y:
n 202 2 2 252 2 2
b (e _g) g BLAM [Coshlomy) y* Coshlom,) 1| B, A'm| 4m, 2
2 2 4m, 2 4m, 2 2 ~Cosh(2m,) 1
am? 2

N BIZ% {Sinh(2my)- ySinh(2m )}

_BlBZALASn‘UnZ {coshn[ly;nlm2 +m,)] Cos(hnElyEnlnE —) m ] C(Ei(inl n:;)mz Cosh ml m, }
N BB,AAM mz{s mmm: m, )] Sn(hr% (m%)%)] yszximn:)ny ySinh rq m, }
BlszAzAmmz{S m+mn; m,)] Sn?il(mmz—)glz)]_ yi:?&mﬁ:)nb yth nq m, }
_BleAzAmmz{C - +”r‘lnz+ m,)] CoTnEy(m% )mz)] Ctzi(:anz)w) Ct()i(mmz)mz }

Journal of the Nigerian Association of Mathematical Physics Volume 30, (May, 2015), 133 — 142
137



On lonization and Porosity in MHD... Alabraba Jof NAMP
n| B,
- b7 B4 [smzmy) - yann(am, )|

40 Resultsand Discussion
The effects of ionization and porosity on the Couette flow of a two-component plasma is presented in Astrophysical and
Geophysical systems. To have afeel of the parameters used, numerical results are presented with constants as follows:

N=20, Pr'=Pr"=071, Ry=30 , Ré =Re"=10 , R=20 , M=30 , I'=M,=s’=s =10,

Ec'=Ec"=0.1, b3i =b,"=20,f, =f, =1.0 (upper and lower walls are conducting). Table 1 shows different
values ofk and B combined to give the graphs.

(A) Astrophysical Plasma

A striking feature is that this plasma which is about 90% (B= 0.11) to 99%([=0.01) ionized, there is separation of the ionized

specie from the neutral, as can be seen in Fig.2awith the neutral on either side of the channel higher in velocity. Thisisin

good agreement with the result of Alabraba et al [1] where the ionization is 50% (3=1).

For this type of plasma since the ionized specie is dominant, we concentrate on it.

0] The velocity is higher the greater the degree of ionization {from graph 1(90%) to 11(99%)} (See Fig. 2b.)

(i) The induced magnetic field like the velocity is higher for graph 11 than graph | and becomes more appreciable as it
gets close to the center of the channel.(See Fig.2c.)

(iii) The temperature difference is not appreciable for the level of ionization though graph Il (99%y)ionized is higher than
graph | (90%) ionized.(See Fig. 2d)

(B) Geophysical Plasma (Crude Qil)

By the same reasoning as in astrophysical plasmas, the ionization in geophysical fluids is very low (1% to 2%) and so we
consider the neutrals to be dominant. For this type of fluids we notice that the ionized particles have the same profile as the
neutrals and so virtually no separation.(SeeFig. 3.) Graphs Il and IV show the effect of porosity which is measured by the
Dacy number on the flow.

Q) Increase in porosity causes a decrease in velocity.(See Fig. 4a.)
(i) Increase in porosity causes the induced magnetic field to be higher only beyond half the channel on both sides. (See
Fig4b.)

(iii) There is a dight increase in temperature beyond the positive half of the channel and peaks up to 1.64 on y=0.3. It
then decreasesto 1.0 on y=1. (See Fig. 4c.)

Finally the effect of ionization on geophysical fluids are shownin graphs|lil and V.

(SeeFig. 5ato5c.)

There is no noticeable effect on the velocity of the neutral particles, the induced magnetic field and the temperature.

Table 1: Combination of k and f3 in the graphs

K B Degree of lonization | Graphs

0.1 |011 | 90% I

0.1 |0.01 | 99% [

01 |99 1% i

20 |99 1% v

01 |49 2% \Y
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Fig. 5¢c: Effect of ionization on temperature in Geophysical fluids
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50 Conclusion
We make the following conclusion by studying the effects of ionization and porosity in MHD paralléel plate couette flow on
astrophysical and geophysical systems:

0] There is separation of the components in astrophysical systems but not in geophysical systems which has not been
expressed in any literature.
(i) Increased porosity in geophysical systems cause a decrease in velocity in accordance with flow in a porous medium,

increase in induced magnetic field and dight increase in temperature while increase in ionization does not have
effect on velocity, induced magnetic field or temperature.

(iii) For astrophysical systems increased ionization brings about increased velocity and temperature only slightly and
increased induced magnetic field close to the center of the channel.

6.0 Appendix A
The following constants have been used
a= o’B+«?+ 03B+ K+ R{M,
b = Ki(6?B + k? + REM,) + k262B + REM,0%B

2
A, = umHU
P
L.
\_:i — b
P
Ag
N = —
Uy
5 fian
Gin =
Vin
M, = o
A7 %
1
A =
p'mc
K2 e -\"il'l]"2
kl]‘lin
p
B = I
Pi
; tinUd —_—
in - = P?.ETIECIH
! k{'n (Tl - Tl]} ) )
Bl = HZ _ Ry Pr*Ect
3 oki(T, —Ty) M,
Bin _ 'Qinl-‘2
R kin (Tl il Tu)
b pinConLr il . :
B4_ = ——k— = Pr'"Re'"T
in
ApL
Ry =
M v;
B h
" PiUg
a++/(a? —4b)
Ll S Y
a —.+/(a% —4b)
m,= [——
2
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