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Abstract

This paper deals with the numerical solution of second order linear partial
differential equations with the use of the method of lines coupled with the tau
collocation method. The method of lines is used to convert the partial differential
equation (PDE) to a sequence of ordinary differential equations (ODES) which is
then solved by the tau collocation method to obtain an approximate continuous
solution in the spatial variable x at a fixed t-level. The choice of the tau collocation
method over the tau method itself was due to the presence of some transcedental
functions since both methods produce approximate results. Numerical evidences show
that the method performs favourably well.
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1.0 Introduction

Most physical problems are generally described in scientific and engineering terms by partial differential equations. Partial
differential equations provide a mathematical description of physical spacetime and thus are one of the most widely used
form of mathematics. Since analytical solutions are not always available, we seek for the solution by numerical,
computational or approximation methods.

Some numerical methods by appropriate transformation could be used to reduce the problem of solv- ing PDEs to ODESs. One
such method is the Method of lines(MOL) [1, 2, 3].

We consider in this work a variant of the MOL which incorporates the tau method into the solution of the resulting ODEs.
The tau method which was originally proposed by Lanczos [4] for the solution of ODESs seeks the solution by solving a
dightly perturbed form of the ODE where the perturbation term is a linear combination of some Chebyshev polynomials.
Various modifications of the tau method have since been published. Ortiz [5] developed a recursive form of generating the
so-called canonical polynomials introduced into the tau method by Lanczos [4] for flexibility. As the tau method was
originally developed for linear ODEs with polynomial coefficients, the collocation approach was later combined with it so as
to widen its scope of application to non-polynomial coefficient problems.

In this direction, we propose here a procedure which combines the tau method in its recursive formu- lation technique and the
collocation approach for handling partial differential equations.

In what follows and in the next section, we shall briefly review and present some antecedents necessary for our dicussion in
the sequel. Section 3 focusses on the description and/or development of the method. We shall be concerned with the
application of the technique to some examplesin section 4. Finally, the paper closes with some concluding remarks in section
5.

2.0 Literature Review

21 TheTau Method

The tau method was initially formulated as atool for the approximation of special functions of math- ematical physics which
could be expressed in terms of simple differential equations. It developed into a powerful and accurate tool for the numerical
solution of complex differential and functional equations. The main idea in it is to approximate the solution of a given
problem by solving exactly an approximate problem.
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Accurate approximate polynomial solution of linear ODEs can be obtained by the tau method intro- duced by Lanczos [4].
The method is related to the principle of economization of a differential function defined by alinear differential equation with
polynomial coefficients.

To illustrate the tau method, we consider the m-th order linear differential equation.

Ly@: = ) RYD = () (1)
r=0Q
with the smooth solution y(x), a<x<b, |a] < o, |b| < o satisfying a set of multi-point boundary conditions.
mi—1
Ly@): = Z A )Y () = @, k=1(1)m @)
r=0

where ay , Xk , Oy, r=0(1)(m-1), k=1(1)m are given real numbers (X are points belonging to the interval a< x < b at which
the conditions (2) are specified), f (X) and P,(x), r=1(1)m in (1) are polynomials or sufficiently close polynomials (such
polynomials can be derived using the tau method itself ). The idea of Lanczos is to approximate the solution of the
differential system (1) and (2) by an n-th degree polynomial function.

yn(x) = Z ax", n<ow 3)

which is the exact solution of a perturbed equation by adding a poly:nomial perturbation term to the right hand side of (1).
The polynomial yn(x) satisfies, then the differential system.

Ln@i = D PED00 = £ + Hy (1) @

r=0
m—1

L@ = ) a0 =@, k=10m  ©)

r=0
where the perturbation term is constructed in such away that (4) and (5) has a polynomial solution of degreen.
Lanczos [4] took Hn(x) to bealinear combination of powers of x multiplied by the Chebyshev poly- nomials. The choice of
the Chebyshev polynomials stems from the desire to distribute the errors defined by;

Maxg<x<ply (X) = Yo (| (6)
evenly throughout the entire range [a, b].
Comparing the following two types of perturbation. \

HT(LU(x) =(r;+ox+ Tsxz e S ) A ) ™

H}EZ)(X) =71 Tpoms1 () + 12 Tpoma2 () + - + TmIm )]
where T, i= 1(1Zm, are T -parameters to be determined and Tn(x) isthe n-th degree Chebyshev polynomial of the first

kind in [a, b]. H\®(X) is more economical from the point of view of storage of Chebyshev polynomial coefficients whereas
Hn?(x) isin general close to zero (being afinitelChebyshev series representation of zero) than the power series representation
(8)(.) This comparison explains the superior accuracy of the approximation yn(x) obtained from the use of H,?(x) to that of
HaD(X) .

For the purpose of accuracy, the form

mw4s—1

Hn(x)= Z Tm+s—1Tn—m+r+1(x) (9)

r=0
is considered in this paper where misthe order of (1) and s, the number of over determination of (1), is defined by
5= {max{Nr —rm0<r<m}, for No=>r
0, otherwise
where Nr isthe degree of P,(x) and r isthie urder of the derivative whose coefficient is P,(x), r = 1(1)m
To determine the coefficients a,, r = 1(1)n in y,(x) from (3), a system of linear algebraic equation
At = B, obtained by equating corresponding coefficients of like powers of x in (4) and then applying conditions (5), is solved
for 1=(ag, az, @y, ..., &, Ty, Tpy -, Tm..s)T. The tau method is of order p, in
the sense that if the the exact solution of (1) and (2) isitself a polynomial of degree less or equal to p, the method will
reproduce it [5, 6].
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22  TheMethod of Lines
The method of lines (MOL) is atechnique that enables us to convert a partial differential equation into a set of ordinary
differential equations that, in some sense, are equivalent to the former partial differential equation.
Consider the simple heat equation.
du a%*u
Rather than looking at the solution u(x, t) everywhere in the two dimensional space spanned by the spatial variable x and the
temporal variable t, we can discretize the spatial variable , and look at the solution u;(t) where the index i denotes a particular
point X; in space. To this end, we replace the second order partial derivative of # with respect to x by afinite difference such
as
@m Uipy = 2U; + Uiy (11)
ax? (6x)?
where 6x (here equidistantly chosen) is the distance between two neighbouring discretization points in space, i.e, the so called
gridth-width of the dicretization.
Inserting (11) into (10), we have

821‘:r'. k Ujpr — 2 + Ujyy
ax? (6x)?
and we have already converted the former PDE in uinto a set of ODESin ui.
In essence, the basic idea of the MOL isto dicretize all but one dimension of the PDE, i.e, discretizing the spatial derivatives
and leaving the time variable continuous. However, in this paper, we shall discretize the temporal variable and leave the
spatial variable undiscretized. With only one remaining independent variable, we have a system of ordinary differential
equations that approximate the PDE which can be solved by any intregation algorithm for initial value solvers. Thus, one of
the salient features of the MOL is the use of existing and generally well-established numerica methods for ordinary
differential equations.

(12)

2.3  TheCollocation Method
Basically, a collocation method is a method which involves the determination of an approximate solution in a suitable set of
functions sometimes called the trial or basis functions in which the approximate solution is required to satisfy the equation
and the conditions associated with it at certain points of the domain of definition called the collocation points[7].
The collocation method is not new but dates back to the 1930°s. According to Kantorovich and Akilov [8], the method was
first proposed by Kantorovich. The method of Kantorovich was actually a method of lines collocation procedure for the
solution of partial differential equations in two variables with the collocation being applied in one variable for each fixed
value of the second. Also, the work of Frazer et a reported the applicability of collocation to the solution of PDEs. Collatz
[9] also dicussed collocation for both ordinary and partial differential equations and provided numerical examples.
The standard collocation method requires equal spacing of collocation points within specified range of the problem at hand,
i.e

X [a,hj, X = kh, k= 1(1)(k + ])

b—a

h =
n+1

3.0 Description of the Method
In the description of the method, we shall consider the three major types of PDEs

3.1 Parabalic Equations
The simplest parabolic equation is given by;

du d%u

Friniry (13)
and has the associated initial condition

u(x,typ) =gx), a<x<b (14)
and the boundary conditions

u(a,t) = fi(t), ub,t) =fo(t), t=t (15)

This problem is commonly solved by the finite difference scheme. In particular, we might use the Crank- Nicolson’s formula
which approximate (13) by the approximation.
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u(x, ty +6t) —ulx,t,) 1 (d*ulx,t, + 6t) i d?u(x, t,)
8t 2 dx? dx?

d?u(x, t. + &t) + d*u(x, t,)

= ky [ulx, t, +6t) —u(x, t,)] = dx? dx?

where k; = 2/6t

Forr=0

ka[u(x, to + Ot) — u(X, to)] = u" (X, to + dt) + u"(X, to)

=2U" (X, to + Ot) — kyu(x, to + 8t) = —[u" (X, to) + keu(X, t)]
U(a, to + Bt) = fl(tO + Bt), U(b, to + Bt) = fz(to + Bt)

Let v(x) = u(x, to + ot), we have
V' (%) = kav(x) = =[g" (X) + kig(X)]
=2V"' (X) — kv(X) = hy(X)

where hy(x) = —[g" (x) + kig(X)]
Thus, we have the two point boundary value problem
V" (%) = kav(x) = hy(x) (16)
V@ =a,, vib)=a, a7
where a3 = fi(tp + ot) and a, = f,(ty + 6t) are constants.
Thus the PDE (13) has been reduced to an equivalent two point boundary value problem. (This is the method of lines). We
therefore have a step by step processinit, theinitial conditions being used at the very first step.
Then, we use the tau collocation method to obtain an approximate continuous solution of (16) and (17) in x at afixed t-step.

3.2  TheHyperbolic Equation
We consider the hyperbolic equation
*u _ ,0%u
w = W (18)
with the conditions
u(x, to) = ga(x)
ut(x, to) = gx(x) x €[a, b]
u(a, , t) = fa(t)
u(b, t) =fx(t) t €[ty c] or t E[ty, ®)
By using the technique of MOL, (18) reduces to
u(x, t, +6t) — 2U(x, t,) + ulx, t, +6t) 2 (d*u(x, t. + 6t) d*u(x,t,.)
602 =2 { dr | dx? }
Ko [u(x, t, +0r) — 2U(x, t,) +u(x, t, — o)) = u" (x, .+ dt) + u"(X, 1)

where k, = 2/c%(5t)?
For r =0, we have
Ko [U(X, Ty + 0f) — 2u(x, 1) + u(x, 1y — d)] = u" (x, 1y +J1) + u"(x, tg)
The fictitious value u(x, to — 8t) is eliminated using the central difference formula
u u(x, ty + 6t) — u(x, ty — 8t)
at |(x, EO) T 2(6[:) L gZ(x)

=u(x, ty — ot) = ulx, ty + 6t) — 2(6t)g,(x)

Thus, we have
Ko [u(X, to + Ot) — 2u(X, to) + u(X, tg + dt) — 2(dt)g.(X)] = u" (X, to + Ot) + u (X, tg)
2 U" (X, to + Ot) — 2ku(x, to + dt) = —[u " (X, tg) + 2u(X, to) + 2(dt)gx(X)]
= U" (X, to + Ot) — 2kou(x, to + dt) = hy(X)
where hy(x) = —[u "(X, to) + 2u(X, to) + 2(8t)g2(X)]
By letting v(x) = u(x, to + ot), we obtain
V"' (%) = 2kv(X) = ha(X) (19
v(a) =ay, v(b) = a, (20)
where a; = fy(tp + 6t) and o, = fo(tp + 6t) are constants.
We, then, solve the two point boundary value problem by the tau collocation method to obtain an approximate continuous
solution of (18) at afixed t-step.
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9.0 TheéElliptic Equation
We consider the Laplace’s equation in two variables x and t
*u  d*u
FToRr @n
with the conditions
u(x, to) = gu(x)
U(X, to) = g2(X)
u(a, t) = fy(t)
u(b, t) = fx(t)
Following the same procedure asin section (2.2), we obtain
V" (%) + 2Ka(X) = ha(x) (22)
v(a) =0 v(b) = a, (23)
where ks = 2/(8t)? and ay, a, and hy(x) are asdefined in section (2.2)
We see that the second of the conditions associated with (18) and (21) (i.e u(X, to) = g2(X)) is always required to be able to
eliminate the fictitious value u(x, ty — dt) for both hyperbolic and elliptic equations.
Also, solutions of further t-step can be obtained in a similar manner.

4.0  Numerical Examples
In this section, we give numerical examplesto illustrate the accuracy of the Line-Tau Collocation method . We give the
exact errors (for different values of n) at some selected points calculated as Error
= |u(x, to + 0t) — un(X, to + 6t)].
Example 4.1. We consider the parabolic PDE
du 1 d%u
%~ lin2ox? 24)
subject to the conditions
u(x, 0) = cos(x) X €0, 1]
u(0, t) = exp(—t/10)
U(1,t) =0 t €]0, )
whose theoretical solution is u(x, t) = exp(—t/10) cos(mx)

The computational results for this exampleisgivenin Table 1.
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X n=>5 n==6 n=7 n=8
0.1 6.28x10-3 241x10-3 [1.86x 10-3 1.84x 10-4
0.2 420x10-3 7.90x 10-4 3.29x 10-3 1.96 x 10—-3
0.3 201x10-3 297x10-3 155x10-3 1.42x 10-3
0.4 5.60x10-3 1.33x10-3 246x 10-3 1.68x 10-3
05 481x10-3 141x10-3 251x10-3 1.04x 10-3
0.6 1.05x10-3 231x10-3 6.86x10-4 1.59x 10-3
0.7 277x10-3 7.92x 10-3 2.35x 10-3 5.88x 10—4
0.8 381x10-3 1.17x10-3 3.21x10-4 1.13x 10-3
09 118x10-3 1.05x 10-3 [1.40x 10-3 6.63x 104
1.0 161x10-3 4.06x10-3 2.73x10-4 338> 10-5

Example 4.2.  We consider the hyperbolic equation
0%u J 9%u @5
_ atz — 9x? )
with the conditions
) L
u(x, 0) = sin (E x)
(%, 0) =0, x €[0,1]
u0,t)=0
u(l,t)=0 t €]0, )
whose theoretical solutionis sin G x) cos G t)
Table 2: shows the accuracy of our method for Example 4.2

X n=5 n==6 n=7 n=8
01 127x10-4 139x10-6 [7.65x 10-6 7.87 x 10—6
0.2 8.61x10-5 1.65x10-5 1.58x 10-5 1.55x 10-5
0.3 112x10-6 2.83x10-5 230x10-5 2.28x 10-5
04 b5.65x10-5 328x10-5 294x10-5 2.96x 10-5
05 4.85x10-5 3.36x10-5 353x10-5 3.56x 10-5
0.6 115x10-5 3.60x 10-5 4.07x10-5 4.07 x 10-5
0.7 8.14x10-5 4.22x10-5 450x 10-5 4.48 x 10-5
0.8 112x10-4 495x10-5 4.79x 10-5 4.78 x 10-5
09 7.93x10-5 522x10-5 4.96x 10-5 4.97 x 10-5
1.0 365x10-5 5.04x10-5 5.03x 10-5 5.03x 10-5

Example 4.3. Lastly, we consider the Laplace’s equation in the rectangle with sidesx =0,t=0,x=1
and t = 1 with the associated initial condition

u(x, 0) = sin(x)

Ww(x, 0) =0,

O<x<1
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u,t)=0 u(1,t)=0,
whose analytical solution is sin(mx) cosh(mt)
Table 3: Givesthe computational results for Example 4.3.

X n=5 n==6 n=7 n=8
0.1 225x10-2 235x 10-4 2.68 x 10—4 2.60 x 10—4
0.2 2.75x 10-2 5.18x 10-4 3.61x 10-4 4.94 x 104
0.3 1.24x10-2 7.13 x 10-4  6.56 x 10—4 6.81 x 10—4
04 1.22x 10-2 7.89x 10-4 891x 10-4  8.00x 10-4
05 3.11x 10-2 8.02x 10-4 9.04x 10-4 8.40 x 10—4
0.6 3.11x 10-2 7.89x 10-4 [7.62x 10-4  8.00 x 10-4
0.7 8.26x 10-3 7.13 x 10-4  6.08 x 10—4 6.81 x 10—4
0.8 2.75x 10-2 518 x 10-4 4.95x 10-4 4.94 x 104
0.9 4.73x10-2 235x 10-4 3.27x 104 2.60 x 10—4
1.0 |888x10-16 O 1.11x 10-16 [7.22 x 10-16

50 Conclusion

A method which combines the idea of the MOL, the tau method and the collocation method for the solution of PDEs has
been presented.

The method has been illustrated with some examples and the numerical results show that it is effective and good for handling
PDEs. One advantage of the technique developed here is that the resulting solution is in continuous form, thus allowing for
several output of numerical values at no extra cost when compared to many other numerical schemes which are of the
discrete form.
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