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Abstract

In this paper we obtain some new extensions and generalizations of the well-
known classical theorem of Enestrdm and Kakeya.
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1.0 Introduction
The following important result due to Enestrom and Kakeya [1] iswell known in the theory of the location and distribution of
the zeros of polynomials:
Theorem 1.1: Let P(2) = X7, a;2’ be apolynomial of degree n whose coefficients a;satisfy
an Z0p-1= ... 2a,= ap>0.
Then all the zeros of P(z) lie in the closed unit disk |z| < 1.
In the literature, there exist some extensions and generalization of Theorem 1.1.
Joyal et al, [2] extended Theorem 1.1 to polynomials whose coefficients are monotonic but not necessarily non-negative by
proving the following results: _
Theorem 1.2: Let P(z) =}, a;7 beapolynomial of degree n such that
Ay 20,12 ... 207> ay>0.
Then all the zeros of P(z) licin

|Z|I Sﬂn +lag| - ag .
- len|

Recently, Aziz and Zagar [3] relaxed the hypothesis of Theorem 1.1 in several ways and they proved the following results:
Theorem1.3: Let P(z) =X, ajz-i be a polynomial of degree n such that for some k= 1,
ka,=an-1 = ...2a,= ay> 0.
Then all the zeros of P(z) lie in
| Z+ k— ]| = k.
Theorem 1.4: Let P(z) =X, 7 be apolynomial of degree n such that for somek = 1
Ka,= ay-1= ... = a;= .
Then all the zeros of P(z) lic in
o k — 1) ol
n
Theorem 1.5: Let P(z) = ¥}, a;z) be a polynomial of degree n, If for some positive number k and p withk >
land 0 <p <1,
ka,zan_1 =...Za;=a, >0.
Then all the zeros of P(z) liec in the closed disk
Iz 1 k—?fsk+%(l ~p).
More recently, Gulzar [4] generalized these results to the class of polynomials with complex coefficients by proving the
following result,
Theorem 1.6: Let P(z) = Y-, a;z/ be a polynomial of degree nwith complex coefficients such that Rea, = «;, Im g;
=B.i=0,1,...,nand for some real number p =0
prog = 0y =...2 03 = Qg.

Corresponding author: Nurudeen T. Azeez, E-mail: nurudeenazeez99@gmail.com, Tel.: +23408087660550

Journal of the Nigerian Association of Mathematical Physics Volume 30, (May, 2015),1-4

1



On Some New Extensionsand... Azeez and Mogbademu  J of NAMP

Then P(z) has all its zeros in
|Z 4 2| < Promtlol +257, 161

On lotn |

In this peper, we state and prove some new extensions and generalizations of Enestréom — Kakeya theorem.

2.0 Main Results

Theorem 2.1: Let P(z) = X7, ajzj be a polynomial of degree n with complex coefficients, whose coefficients satisfies p =
0,0st<0and 0<A=n-1 such that

M+Da, <ap1<...€q;3=...2a; = (1 —1) ay> 0.

Then P(z) has all its zeros in
2a0

lz+p|s= —f* —si= 1l =
Observe that in Theorem 2. I If we choose pand tsuchthatp=k-1land t=1 - p, we have the
following corollary.
Corollary 2.1: Let P(z) = Y-, a;z/ be a polynomial of degree n, where coefficients satisfies
kap <ap-1< ... €@ = ... > ay, = pag> 0.
Fork=1.0<p<land0<A<n-1,then P(z) hasal itszerosin
1z k-1]= 22—kt ‘*““(1 —p).
Remark 2.1. If we 5ct An_1= kan in corollary 2.1, such that k = 1,4 = n — 1 and thenp =1, we recapture the result of
Theorem 1.1 of Enestrom-Kakeya [I]_
Theorem 2.2: Let P(z) = Y], a;z/ be apolynomial of degree n with
complex coefficients. If Rea, = o, Ima; = Bi.i=0,1, ..., nsuch that for some real number
k>1landp=>0
POz, =..20= kC((p.
Then all the zeros of P(z)lie in the closed disk
|z 42 < p+an + |ap| -erg+22?:0[,3j| .
In il

Remark 2.2.1n Theorem 2.2, if k = 1, we recapture the result of Theorem 1.6 of Gulzar[4]

3.0  Proofs of Theorem

Proof of Theorem 2.1.

Consider F (z) = (1 -z) P(2)

=(1-2) (@nz™+ @y_q2" ' +... t @zt @12 + ag)

=q,z™a, 120+ ot a 2ttt ezt a2 L+

Azt g — 2 @y T e — G2 @ — Qg B~ T g

=z +a,z" - (Ut Daz"+ U+ 1apz" —ap_ 12"+ . A+ (@ —a) 22 + .+
(a—a;_) 22+ ...+ . taz— (1= 1)agz+(1— 1T)agz—ayz + a,

=zt ayz" — (u+ Dz +((p+ Dag — @p1)z™ + o+ (@1 —a)zt + .+
(a;— (1 =Dag)z+ (1 = 1) = D ayz+ ay.

Therefore, for [z >1,0<A<n-1,0< 1<l and u = 0, we have

F @) =]~ @™ + anz'= (u + Dapz"+ k(g + 1) = ap_1) 2"+ ...

t(apy — @) 22" +(ay —ap ) 22+ .o+ .+ (-1 — T)ag)z +

(=1 —1)apz+ag]

2 |anz"'- anz" + (u+ Danz" | — [(( + Dag -ap_1) 2"+ ... +

(@ge1 — @) 227 +(a3-ay-1) 22+ ... +.. .+ (a; - (1=T)ay)z +

((1=1) - 1) ayz +ag |

Zlagllz'lz+ (u+ 1)1—1| = 2" {((u+ 1)011 An-1) +(An-1 — ap-3) Uz
+ot | @ ay | == ag-1— ay | I?P‘TJF . Hay — (11— 1)a,| =

1 1 1 1
|| |a0§'a|]ﬁ |+ |ao| i

Now [et || = 1, SO That |—< 1,0<j<n. Then we get
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F(z)> |‘511'1||Z|n(|z +ul - E:l_ (apy — (u+Da,) +(an; = ap_y) + ... +

nl

(a1 — az41) + (aa —33—1) oot (@ — (A= 1)ag) + T ag| +ao))
an 21" (7 + W = 5 {200 = (u+ Dant 20a,}) > 0.

Ifjlz+p| >El-{2a,1 — (u + 1)a,+ 2tay}, Then all the zeros of F (z) whose modulusislessthan 1
n
liein the closed disk
|z +p|< ai{Za,l —(u+ Da,+ 2tay}
n
This completes the proof.
Proof of Theorem 2.2.
Consider F (z) = (1 -z) P(z)
= (=¥l a" &, 2™ T F o F e Fidy)
= =,z A, — Ay_)Z" + ...+ (a1 — ay)z+ag
= = 2™t (o = Apg)Z™ L g — o) 2+ g - 1Bz
i By~ Bu)2" + .. +i(By — Po)z+iBo
= —0, 2™t = pz + (p+ oy — 0pe1)Zt F (0 — App)ZTI L+
(g — )z = p&oZ + pagZ + &g = iBpz"™* i (B~ Bro1)z™ + ... +i(B1 — o)z +iB,
= =0,z = Pz + (p+ ap — Opg)Z™ HUpog — Oyp)E" T+ L+
(o —kag)z— (k— Doz + o + otg = 18, 2" H (B — PBpor)z™ + ... +
(B~ Bo)z+ 1B
= =y 2™ = pZ A (Pl — 0 )2 (Ot~ W) +
(al = kau) &= (k = 1)“02 + Ctg + 0{3— ] {ﬂnzn+1 +(ﬁn = ﬁn_l)zn s T
(B — Bo)z+ Bo}-
We have
F @) =|— 02" — pz™ + (p+ 0 — p_1)z" +(apoy — Ap_z)z™ 1+ ... +(0y —kag) z— (k — Dogz + g + ag—
i [ﬁnzn+1 +(Bn— Pp-1)z™ + ..+
(B — Bodz+ Byl |- A :

z |Zﬂl{|anz+ pl _Ip+a‘ﬂ - an—ll_ Ia(} ” |Z_|n"—' Upn-1 =~ Qp-2z | n

A 1
oy — kool — [k — 1I|%IW' [=Bnz™*! HBy — Pn-1lz™ + ... +
181 = Bolz + Boll}-

Now, let |z > 1, to have L e 1, 0 <j <n. Thus, we get

[F4 L
|F (2)| 2 |2 |n{lanz + Pl - (P + o, — an—l) - |a{]|_ (an—l - {Xn-z) +...+
loy = kagl—lk = 1llagl = [1Ba | = IBol + T)=1(|B;] + |Bj—1|)]}

= 12" {lanz + p} = (p — o + 2]atg| — 2a0k) — 2Z]4 |B;[}> 0

The above ineguality holds if

la, z+pl>(p + a, + 2|y — 2apk) + 2Zf:1|ﬁj|

>(p + an + |ag| — aok) +2%7.4 (8],

ie.

=

|z+i p+an+|a9|-er0+22}‘:0|£,-|‘
an lay|

This shows that all the zeros of F (z) whose modulusis greater than or equal to | lie in the disk.
|z+i P+ an + lag| - kag + 28}/ B

@n lan| ’
Since all the zeros of F(z) are also zeros of P(z), it follows that al the zeros of P(z)lie in the disk
|z+i p+an + |agl - kag + 25| B

i fan| ’

This completes the proof.

=

=

4.0 Conclusion
We stated and proved some new extensions and generalizations of Enestrom — Kakeya theorem.
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