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Abstract

Operation research (O.R) focuses on the application of analytical methods to
facilitate better decision-making. Queuing analysis is a useful tool for estimating
capacity requirements and managing demand for any system in which the timing of
service needs is random. Many organizations, such as banks, airlines,
telecommunications companies, and police departments, routinely use queuing
models to help manage and allocate resources in order to respond to demands in a
timely and cost efficient fashion. Queuing systems are important in transportation
because of their effect on customers and because of the cost of providing the services.
This paper uses queuing theory to  study the waiting lines in Bus Rapid Transit (BRT)
Services at Lagos city, Nigeria .The service time, the arrival time and the time the
passengers leave the system were recorded using the stop watch.

This paper illustrated the usefulness of applying queuing theory in a real-
case situation. Little’s theorem and M/M/I queuing model were used to derive the
arrival rate, service rate, utilization rate and waiting time in the queue. It was
discovered that with a high traffic intensity or utilization factor rate of 0.6007, the
probability of zero passenger on the queue is very small. Also the utilization rate is
directly proportional with the number of customers’ i.e. the number of customers
increases as the utilization increase. We conclude by enumerating the benefits
involved in performing queuing analysis to reduce the waiting lines on the BRT
Services. Hence, concentration should be geared toward the time and Bus allocations
for optimal utilization.
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1.0 Introduction
Queue is a common word that means a waiting line or the act of joining a line. Queuing theory was initially proposed by
Erlang in 1903. It optimizes the number of service facilities and adjusts the times of services. Queuing theory is the study
of queue or waiting lines. Queuing Theory, also called random service theory, is a branch of Operation Research in the field
of Applied Mathematics. It is a subject which analyzes the random regulation of queuing phenomenon. Some of the analysis
that can be derived using queuing theory include the expected waiting time in the queue, the average time in the
system, the expected queue length as well as the probability of the system to be in certain states, such as empty or full.
Shanbhag [1] confirmed that the arrival process may depend or not on the number of customers present at the Service Centre.
Sometimes refusal situations are considered: the customer arrives and refuses to enter in the Service Centre because there
are too many customers waiting to be served. And also renounce situations: the customer is already in the Service Centre
and leaves it because it thinks that has waited a too long time. The service process is specified indicating the length of the
time probability distribution that a customer spends being attended by a server: the service time. There may be deterministic
or stochastic service times.
A Service Centre which has associated a service process, a waiting capacity and a queue discipline is a node. A node with the
respective arrival process is a queue. The networks of queues with infinite servers in each node have interesting applications
in Logistics, based on the failures of the transport vehicles that allow computing important measure of performance [2,
3].
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In queuing theory a model is constructed so that queue lengths and waiting times can be predicted [4]. The issue of queuing
has been a subject of scientific debate for there is no known society that is not confronted with the problem of queuing.
Wherever there is competition for limited resource queuing is likely to occur. The role of transportation in human life cannot
be overemphasized. Efficient transportation system plays an important role in catering for the daily necessities in the lives of
the citizens [5]. At the individual level, transportation is a crucial factor for urban insertion since it gives access to economic
activity, facilitates family life and helps in spinning social networks [6].
This paper uses queuing theory to study the waiting lines in Bus Rapid Transit (BRT) Services at Lagos city, Nigeria. From
the creation of human being, from time of birth to death, human being often find themselves waiting for something, the more
society becomes interdependent psychologically, economically and technologically, the more individuals encounter waiting
lines or queues in their daily lives. This paper seeks to illustrate the usefulness of applying queuing theory in a real- case
situation, Little’s theorem and M/M/I queuing model were used to derive the arrival rate, service rate, utilization rate and
waiting time in the queue.
Queuing theory is the study of queue or waiting lines. Some of the analysis that can be derived using queuing
theory include the expected waiting time in the queue, the average time in the system, the expected queue length, the
expected number of customers served at one time, the probability of balking customers, as well as the probability of the
system to be in certain states, such as empty or full. Queuing theory is basically a mathematical approach applied to the
analysis of waiting lines within the field of operations management [7]. Any system in which arrivals place demand upon a
finite capacity resource may be termed as a queuing system [8]. Queuing theory uses queuing models or mathematical
models and performance measures to assess and hopefully improve the flow of customers through a queuing system [9].

2.0 Overview of Queuing System
Literature on queuing indicates that waiting in line or queue causes inconvenience to economic costs to individuals and
organizations. Transportation system, airline companies, banks, manufacturing firms etc., try to minimize the total waiting
cost, and the cost of providing service to their customers. Therefore, speed of service is increasingly becoming a very
important competitive parameter [10]. Providing a faster, timely service with the ultimate goal of having zero customer
waiting time, has recently received managerial attention for several reasons. First, in the more highly developed countries,
where standards of living are high, time becomes more valuable as a commodity and consequently, customers are less willing
to wait for service. Second, this is a growing realization by organizations that the way they treat their customers today
significantly impact on whether or not they will remain loyal customers tomorrow. Finally, advances in technology such as
computers, internet etc., have provided firms with the ability to provide faster services.
A queue system is a birth and death process with a population composed by customers receiving a service or waiting for it.
There is a birth when a customer arrives at the Service Centre. There is a death when a customer abandons the Service
Centre. The state of the system is the number of the customers in t h e  s e r v i c e  s ys t e m. Statistical Queuing
Theory is applied, for example, to intelligent transportation systems, call centers, PABXs, telecommunications networks,
advanced telecommunications systems and traffic flow [11]. The networks of queues are used to reduce the waiting times in
the hospitals. Researchers have work extensively on queuing system; Veeraraghavan et al. [12] analyzed studies on
customers’ perceptions of queue length through analytical models and suggested that waiting cost analysis be their future
research. Green [13] presents the theory of queuing as applied in healthcare. She discusses the relationship amongst delays,
utilization and the number of servers; the basic M/M/S model, its assumptions and extensions; and the applications of the
theory to determine the required number of servers. Others study how to improve the performance of queue management [14,
15]. Furthermore, research has demonstrated that customer satisfaction is affected not just by waiting time but also by
customer expectations or attribution of the causes for the waiting [16]. Consequently, one of the issues in queue management
is not only the actual amount of time the customer has to wait, but also the customer’s perceptions of that wait [17,18].
Obviously, there are two approaches to increasing customer satisfaction with regard to waiting time: through decreasing
actual waiting time, as well as through enhancing customer’s waiting experience [19, 20].

3.0 Theory and Methods
4.0 Queuing System
A queuing system can be completely described by
the input or arrival pattern (customers); ii) the service mechanism (service pattern); iii) the queue discipline & iv) customers
behavior:
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Arrivals Exit

Queues Service Station
Fig1: Diagrammatic representation of the components of queuing system

Fig2: Queuing Model
A queuing system consists of one or more servers that provide service to arriving customers. Figure 1 shows the
characteristics of queuing system. The population of customers may be finite (closed systems) or infinite (open systems) [21].
The customers arrive to the service center in a random fashion.
Queue represents a certain number of customers waiting for service. The capacity of a queue is either limited or unlimited.
Waiting lines in Bus Routine Transport services is an example of unlimited queue length. Figure 2 represents a queuing
model.
The following nomenclature will be adopted as defined;
Arrival rate ( ) = the average rate at which customers arrive,
µ = The mean service rate,

= Utilization factor, (1)

Service time (s) = the average time required to service one customer,
Number waiting (W) = the average number of customers waiting,
Number in the system (Q) = the total number of customers in the system.

5.0 Queuing Theory
In 1908, Copenhagen Telephone Company requested Erlang to work on the holding times in a telephone switch. He
identified that the number of telephone conversations and telephone holding time fit into Poisson distribution and
exponentially distributed. This was the beginning of the study of queuing theory.

6.0 Little’s Theorem
Little’s theorem describes the relationship between throughput rate (i.e. arrival and service rate), cycle time and work in
p r o c e s s (i.e. number of customers/jobs in t h e system). This relationship has been shown to be valid for a wide class
of queuing models. The theorem states that the expected number of customers (N) for a system in steady state can be
determined using the following equation:= (2)
Here, L is the expected average number of customer in a steady system, is the average customer arrival rate and T is the
average service time for a customer.
Three fundamental relationships can be derived from Little’s theorem,

I. L increases if or T increases
II. increases if L increases or T decreases

III. T increases if L increases or decreases

7.0 (M/M/I Queuing Model)
An M/M/I Queuing system is the simplest queuing system which has exponentially arrival distribution and exponential service
time distribution. The system is always first in, first serve under the Markovian Principle on M/M/I. M/M/1 queuing model also
indicated that the arrival and service time are exponentially distributed (Poisson process). For the analysis of the BRT,
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M/M/1 queuing model, the following variables will be investigated:
Probability of zero customers in the system

P =1- (3)

: The probability of having n customers in the system:
Pn = po(1 − ) n (4)
LS: The average number of customers in the system:

LS = = (5)

Lq: The average number of customers in the queue:

Lq= = (6)

Wq: The average waiting time in the queue:
Wq   = (7)

WS: The average time spent in the queue, including the waiting time:

Ws = (8)

8.0 Observation and Discussion.
The data under study was collected at Bus Rapid Transit in Ketu Lagos, Nigeria .The service time and the time passengers
leave the system were recorded using stopwatch. The data was collected between the hours of 6am to 10am on tropical
working days, Saturdays and Sundays.
Table1: Time Interval of Passenger Served.
Time Interval Monday Tuesday Wednesday Thursday Friday Saturday Sunday
6:01am-7am 342 237 286 273 225 192 99
7:01am-8:am 296 229 298 195 194 224 126
8:01am-9am 247 196 192 175 167 165 62
9:01am-10am 195 162 156 156 145 107 73

Total 1080 824 932 799 731 688 360

Figure3: Number of passengers served against time interval
It was observed that, the busiest period for the BRT Transport Services is always on tropical [working days especially

Mondays and Wednesdays, hence, the time period is very important for the research. Also, we observed from above that,
after Thursday the number of customers start decreasing slowly as the week progresses. This is because the queuing length
is always at reduced value at weekends.

9.0 Estimation Using Queue Measure
Computations of parameters to determine the queuing parameters were done using the M/M/1 queuing model. It is assumed
that time interval between successive arrivals and serving time is independent and identically distributed. The queuing
discipline observed was first-come first-served (FCFS)
From the data obtained, the total taken by 2988 passenger to be served is 720mins, and time interval for 2988 arrivals is 4hrs
x 5 working days, i.e.
4 x 60 minutes x 5 working days
240 minutes x 5 = 1200 minutes
From this we can derive the arrival rate as:

λ = = 4.517
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Hence the mean service rate can be obtained by

= = 7.5

Traffic intensity or Utilization factor can be derived using (8) and (9).= (9)

=
.. = 0.6007

With the high utilization rate of 0.6007, the probability of zero passengers on the queue is small as derived using
P =1- (10)
P =1 -0.6007= 0.3993

i.e., the probability that the servers are idle is 0.3993.
The generic formula that can be used to calculate the probability of having n passengers on the queue is as follows:

Pn   = (1- ) n (11)
= (1- 0.6007) 0.6007n.

Also the average number of passengers in the system was derived using

LS = (12).. . =1.5046

It can also be derived by the notation
LS = (13)

Average number of passenger in the queue or the expected (average) queue length Lq was derived by

Lq = LS - (14)

=

Lq = LS -
4.517

7.519
= 1.5046 - 0.6007
= 0.90396

Wq: the average waiting time in the queue or the expected waiting line in the queue is

= = (15)

Or

Wq = ( ) (16)

Wq =
.. .

= 0.2001
WS: the average time spent in the queue, including the waiting time is the expected waiting line in the system, it was
estimated using

Ws = Wq + (17)

= ( ) + = ( ) (18)

= ( . . )
= 0.3331
The expected waiting time of a customer who has to wait (w/w>0) is

(w/w>0) = ( ) = ( ) (19)

= . ( . )
= 0.3331
The expected length of non-empty queue is

(L/L>0) = ( ) (20)

= ( . )
= 2.5043
Interrelationship between LS, Lq, Ws and Wq w.r.t Little’s theorem is
LS = W s (21)
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Similarly,
Lq = Wq (22)

Wq = Ws - (23)

and

Lq = Ls - (24)

10.0 General Discussion
Queuing theory was first developed for studying queuing phenomena in commerce, telephone traffic, transportation and
business-industrial servicing etc [22].
From the observation and the result in this research, the arrival rate (Lambda effective) = 4.518; the mean service rate (�)
=7.519. The system performance parameters are as follows;
Ls = 1.5046. This measures the average number of passengers in the system.
Lq = 0.9039. This implies there is average number of 0.9039 passengers in the queue waiting to be served by the BRT

transport system. Wq = 0.2001, meaning that passengers spent an average time of 0.2001hour(12.006 minutes) on the queue
waiting to be attended to.
Ws = 0.3331 ,this means that each passengers spent an average time of 0.331hour (19.986 minutes) in the system, i.e. the
time spent before joining the queue, waiting in the queue to be served and time spent after being served before departure from
BRT. Expected waiting time of a customer who has to wait (w/w>0), is19.986 minutes. Which implies that the average
waiting time in the system corresponds to the expected time of the customer who has to wait?
The Traffic intensity or the utilization rate is 0.6007; the probability that the servers are idle is 0.3993. The utilization is directly
proportional with the mean number of customers. It means that the mean number of customers will increase as the
utilization increase. From the result above, it was observed that as approaches 1 the number of customers would become
very large. This can be easily justified intuitively, will approach 1 when the average arrival rate starts approaching the
average service rate. In this situation, the server would always be busy hence leading to a queue build up. When the service
rate is higher, the utilization will be lower which makes the probability of the customers going away decreases. For a stable
system the average service rate should always be higher than the average arrival rate. (Otherwise the queues would rapidly
race towards infinity). Thus ρ should always be less than one.

11.0 Conclusion and Recommendation
In respect to queuing problem, this research paper has discussed the application of queuing theory to real life problem using
general characteristics of queuing system, and the service channel which is single server model with Poisson input and
exponential study of Transportation system with respect to the arrival time, service time and the departure time of passengers
in the Bus rapid transit (BRT) transport service in Ketu, Lagos. This research work shows that  passenger have to wait for a
period of time before receiving service which may not yield an effective utilization and good result for an optimum Transportation
system to reduce the problem of queuing. It is highly recommended for the operator of BRT Transport services to know when to
increase the number of service so that the waiting time is reduced. In other words, more buses and route terminus station should be
provided to reduce the time waiting for service.
Future research will be on the survey and how to reduce waiting time in Nigeria General Hospitals using Queuing theory and
models. Also research will apply M/M/S-Multiple server model with Poisson input and exponential services in reducing queuing
problem.
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