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Abstract

In this paper, probabilistic models for a system with different stage deteriorations
have been developed to analyze and compare some reliability characteristics. Three
configurations are studied under the assumption that each state that is working in
reduced capacity is minimally repaired and the system is replaced at failure.
Configuration 1, configuration 2 and configuration 3 have one (major), two (minor
and major) and three (mild, minor and major) stage deteriorations respectively.
Explicit expressions for mean time to system failure (MTSF) and steady state

availability (AV (OO)) are analyzed using kolmogorov's forward equation method.
Comparisons are performed for specific values of system parameters. Finally, the
configurations are ranked based on MTSF and AV(OO)
configuration 3 isoptimal.

and the results show that
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1.0 Introduction

System failure is an inevitable phenomenon which could be costly and sometimes dangerous. System maintenance resultsin
high reliability, availability and profit. Many researchers have studied reliability problem of different systems [1-4]. System
availability represents the percentage of time the system is available for operation.. As the age of equipment increases, the
equipment gradually deteriorates and subsequently leads to failure. In manufacturing industries, system condition has
significant impact on the quality of produced products. Most of these systems are subject to random failures and disastrous
effect on safety and cost. Maintenance models assume minimal repair, perfect repair and imperfect repair [5,6]. This paper
considers a deteriorating system with three configurations. Configuration 1 has three states visa-vie; working, working with
deterioration and failed states. Configuration 2 has four states visa-vie; working, working with minor deterioration, working
with major deterioration and failed states while configuration 3 has five states namely; working, working with mild
deterioration, working with minor deterioration, working with major deterioration and failed states respectively. The
contribution of the paper is of threefold. The first is to develop the explicit expressions for the Mean time to system failure

(MTSF) and Availability ( AV («)) for the three configurations. The second is to perform numerical investigation on the

system parameters for mean time to system failure and availability. The third is to compare the MTSF and AV (o) of al the
three configurations under study.

20  Notations
|, : Deterioration/failure rate of the system from state § to state S,

m;: Repair/replacement rate of the system from state Sj to state §
S: State of the system,i =1,2....m

MTSF, : Mean time to system failure for configuration n

AV, (0) : Steady-state availability for configuration N
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3.0 Description of the System and Assumptions
1. For configuration 1: Perfect (S ), Major deterioration ( S, ), Failure (S;)
2. For configuration 2: Perfect (S ), Minor deterioration (S, ), Major deterioration (S;), Failure (S,)
For configuration 3: Perfect (S), Mild deterioration (S,), Minor deterioration (S,), Major deterioration (S,),
Failure ()
4 At any given time the system is either in the operating state, deteriorating state or in the failed state.
5. The state of the system changes as time progresses.
6. The transition from one state to another takes place instantaneously.
7. The failure and repair rates are constant.
Table 1: Transition rates for configuration 1
S S S
% l 12 l 13
SZ rr&l I 23
S| my
Table 2: Transition rates for configuration 2
S 1S S | S
S I 12 I 13 I 14
SZ n}l l 23
SS rr\lSZ 34
S4 m,
Table 3: Transition rates for configuration 3
S 1S S |[S S
S I 12 I 13 I 14 I 15
SZ rr&l l 23
% rr}aZ l 34
S, My 45
S| my
40 Mean Timeto System Failure
50 Mean Timeto System Failure Calculationsfor Configuration 1

Let P(t) be the probability row vector at time t (t > 0), then the initial conditions for this problem are as follows:
P(0) =[R(0), F,(0), R(0)] =[1,0,0] (1)

We obtain the following differential equationsfor configuration 1 from Table 1

P‘l(t) =—(l 2t I 13) Pl(t) + nhpz(t) + ”%1%(0

P‘z ) =1 L,RM) = (1 5+ my)B(t) 2

Po(0) =15R 1) +1 5P, (t) - myRy(t)
The differential equation in matrix form can be expressed as
P =AP A3)

Where,
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—( 12 +1 13) n, m,
A= I 12 —( st n}l) 0

| 13 I 23 -y,
To evaluate the transient solution is too difficult. Therefore, to calculate the MTSF, we follow refs[7,8]. We take the
transpose of matrix A and delete the row and column of absorbing state i.e. state 3. The new matrix is called Q and the
expected time to reach an absorbing state is given by

1
ElTo(0) parbsorting) ] = POX-Q) L} ’

Where,

[(+11) |, }
Q [ m, —(|23+I‘T}1)

Therefore, the explicit expression for the mean time to system failure for configuration 1 is given by

MTSF, = % )

1
Where,

N1:|12+|23+mzl
Dl:|12| 23+|12| 23+|13n11

6.0 Mean Timeto System Failure Calculationsfor Configuration 2
Let Pn(t) be the probability that the system isworking at time t (t > 0). Theinitial conditions are

P(0) =[R(0), P,(0), B(0), F,(0)] ={1,0,0,0] (6)
We obtain the following differential equations for configuration 2 from Table 2

Po(t)=—(I ,+1 5 +1 )R )+ m,P,(t) + m,P,(t)

P,(0) =1 ,R(t) = (I 5 +my) R (1) + m,Py(t) (7
Po(t) =1 3R (1) +1 5P (1) = (I 5 + M) R (D)

P‘4(t) =1,Bt) +1 5B (t) —m,P,(t)
The differential equation in matrix form can be expressed as

P =AP (8)
Where,
—( 12 +1 13 +1 14) m, 0 My
A= I 12 _(l »nt le) m, 0
l 13 l 23 _(I uT r@z) 0
I 14 0 I 34 —My

To evauate the transient solution is too difficult. Therefore, to calculate the MTSF, we take the transpose of matrix A and
delete the row and column of absorbing statei.e. state 4. The new matrix is called Q. The expected time to reach an absorbing
state is given by

1
E[TP(O)—>P(arbsorbing)] = MTS:z = P(o)(_Q_l) 1 9)
1
Where,
_(|12+|13+|14) |12 |13
Q= m, _(I 23+I’T'&1) I 23
0 m, _(I ut ”&2)
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Therefore, the explicit expression for the mean time to system failure for configuration 2 is given by

MTSF, = % (10)

2
Where,

N2 :| 12I 23+| 13| 23+I 13nll+| 12I 34+| 12%24" 13%2+| 23I 34+| 34n'51+n}1n§2
D2 = I 12| 23| 34_+_I 13| 23| 34 +| 14| 23| 34+| 13I 34n}l+| 14I 34n}1+| l4n}ln-&2
7.0 Mean Timeto System Failure Calculationsfor Configuration 3

Let Pn(t) be the probability that the system is working a time t ( t>0 ). The initidl conditions are

P(0) =[R(0), R,(0), B(0), F,(0), R(0)] =[10,0,0,0] (11)
We obtain the following differential equations for configuration 3 from Table 3

P‘l(t) =—(l 2t l 13t | ut | 15)Fi(t) + mzlpz(t) + n]le%(t)

P‘z (1) =1 LR = (I 5+ my) By (1) + M, R (t)

Po(t) =1 ,RMO+1 2P (1) = (1 o + M) By(1) + MRy (1) (12)
P,(®)=1,R0)+1 4P~ 4,5+ mg)P.()

P‘s(t) =1 5B () +1 5P () - myR(t)
The differential equation in matrix form can be written as

P =AP (13)
Where,
__(|12+|13+|14+|15) my 0 0 m,;l_
I 12 —(l T n}l) m, 0 0
A= 15 | 5 —(1 5+ M) M 0
[ 14 0 |5, —( ,+m;) O
I 15 0 0 I 45 —My, |

To e\;al uate the transient solution is too difficult. Therefore, to calculate the MTSF, we take the transpose of matrix A and
delete the row and column of absorbing statei.e. state 5. The new matrix is called Q. The expected time to reach an absorbing
state is given by

1
1|1
E[TP(O)eP(arbsorbing)] = MTS:3 = P(O)(_Q ) 1 (14
1
Where,
_(|12+|13+|14+|15) I12 Il3 |14
Q _ M, _(I »nt nh) I 23 0
0 m, (I 3, +m,) ()
0 0 My —(l 45+ M)
Therefore, the explicit expression for the mean time to system failure for configuration 2 is given by
MTSF, = % (15)

3
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Where,

N3 = l 12| 23| 34 +| 13I 23| 34 +I 14I 23| 34 +| 13| 34rr£l+| l4| 34rrbl+| 14”&1”&2 +| 23| 34| 45 +I 34' 45”&1

+| 45”&1”&2 + rrhmazmls +| 12I 34| 45 +| 12| 45”%2 +| 13| 45”}2 +| 12”&2”113 +I lSrT};Zrnl3+| 14%2”113

+| 12I 23' 45 +| 13| 23| 45 +| 12I 23”113 +I 13| 23”113 +| 13| 45rr£1+| 14| 23rr113+| 13”&1”113 +| 14@1%

D; = Iyl MM, + 15I MMy, + 1515 MM +1 23I 34I 45 + 13| 23I 3,4I 45 +1 23I 34| 45 + 15| 23I 34I 45
+l 13I 34I 45rr51"‘I 1al 34| 45”51"'I 15I 34I sy

8.0 Availability analysis

9.0 Availability Calculationsfor configuration 1

For the availability of configuration 1, we use the same initial conditions (1) and the differential equations (2). The
differential equations (2) can be expressed in matrix form as

Pvl(t) _(l 12 +1 13) M, m, Fi(t)

Plz(t) = | 12 —(I 2zt "}1) 0 |= Pz(t)

Pls(t) I 13 | 23 —-my Pa(t)
The steady- state probability can be obtained using the following procedure. In the steady-state, the derivatives of the state
probabilities become zero which alows us to calculate the steady -state probabilities .The states S;and § are the only
working states of the system. The steady-state availability is sum of the probability of operational states. Thus,

AV, (e0) = B (0) + B, () (16)

and

AP =0,

or in matrix form

_(I 12 +1 13) m, m, Fi(oo) 0

I 12 _(I st n}l) 0 Pz(oo) =10 (17)
I 13 I 23 —-my, Fg(oo) 0

Using the following normalizing condition:

R () + By () + By(0) =1 (18)

We substitute (18) in any one of the redundant rowsin (17) to obtain
_(I " 13) m, m, P, () 0

| 1 _(I 23+I’T}1) 0 ||P(o)|=|0 (19)
1 1 1 || R() 1
The solution of (19) provides the steady-state probabilities and the explicit expression for availability is given by
AV, (o0) = Na (20)
D4
Where,

N4 =1 23y + n}lnll+| 12My
D,= l 12I 23+| 13I 23+| 13n}1+| 12msl+l 23Ty + My, My,

10.0 Availability Calculationsfor Configuration 2
For the availability of configuration 2, we use the same initial conditions (6) and the differential equations (7). The
differential equations (7) can be expressed in matrix form as

Fi(t) _(l 12 +1 13 +1 14) m, 0 My P1(t)
Pz(t) _ l 12 _(l »nt nh) m, 0 Pz(t)
P3(t) - l 13 l 23 *(l ut rréz) 0 F?s(t)
P (1) ” 0 Iy -my || R(t)
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The steady- state probability can be obtained using the following procedure. In the steady-state, the derivatives of the state
probabilities become zero which allows us to calculate the steady -state probabilities. The states S, § and S, are the only

operational states of the system. The steady-state availability for configuration 2 is the sum of the probability of operational
states. Thus,

AV, () = B () + F,(0) + Py(0) (21)
and
AP=0
or in matrix form
(o +13+15,) My 0 m, || B(») 0
I (I 35+ my) m, 0 || R(«) _ 0 (22)
1 | 2 ~(ly+m,) O Py(0) 0
1 0 I3 -y || Py(e0) 0
Using the following normalizing condition:
F(00) + F,(e0) + Py(e0) + Py (0) = 1 (23)
We substitute (23) in any one of the redundant rows in (22) to obtain
(413 +14,) m, 0 m, || R(x) 0
| —(I 5+ My) m, 0 || B() _ 0 (24)
13 | 5 —(lg+my,) 0 || B(0) 0
1 1 1 1||P(®)] |1
The solution of (24) provides the steady-state probabilities and the explicit expression for availability is given by
AV, (e0) = % (25)

5
Where,

N5 = I 23| 34rnll + l 34n.klrrlll + @l%Zﬂl + l 12| 34rrlll +I erT}Zrnll +| lSnEZrnll + l 12| 23n]11 +I l3| 23rr111 + l 13n‘bln]ll
D5 = l 12| 23| 34 +| l3| 23I 34 +I l4| 13| 13 +| 13| M®1+| 14I 34n}1+| 12| 23n]l1+| 13I 23rnll+| 12I 34rnll+| 23I 34rnl1
+| l4n}1n}2 + l l3n}ln]ll + l 12n}2n]ll + l lSnlzrrlll + I 34”&1”111 + n.&ln}Zn‘lll

14.0 Availability Calculationsfor Configuration 3

For the availability of configuration 3, we use the same initial conditions (11) and the differential equations (12). The
differential equations (12) can be expressed in matrix form as

P‘l(t) (ol +ly+14) m, 0 0 m, || R(t)
P, (t) I (I 5 +my) m, 0 0 ||R()
P'a(t) = I 5 (I 3 +my,) My 0 R(t)
Pl4(t) l 14 0 l 34 _(l st m;s) 0 sz(t)
Pls (t) | 15 0 0 l 45 -my F{s(t)

The steady- state probability can be obtained using the following procedure. In the steady-state, the derivatives of the state
probabilities become zero which allows us to calculate the steady -state probabilities. The states§, S, , S;and S, are the
only working states of the system. The steady-state availability is the sum of the probability of operational states. Thus,
AV,(0) = B () + Py() + P () + P, (0) (26)

and

AP =0,

or in matrix form
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(1 o+l g+ 13y +155) my, 0 0 m, || R() 0
[ —(I 5 +my,) m, 0 0 P, () 0 (27)
[ | 5 (1 5 +my,) My 0 P() [=| 0
I 0 (9 —(I 45+ My) 0 P, () 0
s 0 0 l s —-m, || R(») 0
Using the following normalizing condition:
R () + By (0) + By(e0) + P, (0) + Ry (0) =1 (28)
We substitute (28) in any one of the redundant rows in (27) to obtain
_(I 12 +1 13 +1 14 +1 15) nm, 0 0 n, F?L(OO) 0
I, =(l 5 +my,) m, 0 0 || R(») 0 (29)
[ 5 (1 3+ M) My, 0 || R(o)|=|0
|14 0 [ 4, (Il s+mg) 0 || R(x) 0
1 1 1 1 1 || R() 1
The solution of (29) provides the steady-state probabilities and the explicit expression for availability is given by
AV, (c0) = e (30)
Ds
Where,

N6 = I 23| 34| 45n}>1+| 34| 45n-£ln}>l +I 45”&1”!%2”%1 + n}ln'&Zran‘kl +| 12| 34| 45n}>l+| 12I 45%2”1)1
+| 13| 45”!’;2n}>l+| 12n}2rnl3n}>l+| lSnEerLBnll—i_l l4n-£2n]l3nll +| 12| 23| 45n}>1+| 13| 23I 45n}>l

+| 12| 23rnl3n}>l + l lSI 23”113nll + l 13I 45n}ln}>1 +I 14I 23rnl3n}>1 +I 13rrk1n]l3rr!>l +| 13n}lrr113n})1

+| 12| 23| 34n}>l +I 13| 23I 34n}>1+| 14I 23| 34n}>l +| 13| 34@1”%1 +I 14I 34n}1n}>1 +I 14”&1”%2”1‘1

D6 = l 14I 45@1”1%2 +I 15I 45”51%2 +| 13| 34nlln}>l +I 14I 34%1”})1 +I 12| 23rnl3rr!>l+| 13| ZSrnBrr}»l
+| 13| 45n}1n}>1 +| 14I 23n]l3nl1 +| 12| 45”!%2”%1 +| l3| 45n‘}:2n}>1 +I 34| 45n.&1n}>l +I 15%1%2m3

+| l4n}lnl2nll + l 13rr£lrnl3n}>l + I l4n}1n‘ll3n}>1 + I 12”@2%”@1 + I l3rr£2nl13n}>l + I 14”!’.2”113%1
+| 45n}ln]%2n}>l+ rqlrr!’;ZrI]lSrQl_i_l 12I 23| 34| 45 +I 13| 23| 34| 45 +I 14I 23| 34| 45 +I 15I 23I 34| 45

+| l3| 34| 45n}1+| 14I 34| 45n}1+| 15I 34| 45n}1+| 12| 23| 34nl1+| 13I 23I 34n}>l+| 14I 23| 34n}>1

+| 12| 23I 45n}>1+| 13I 23I 45n}1+| 12| 34| 45n}>l+| 23I 34| 45n}>l

15.0 Resultsand Discussions

In this section, We use Matlab to compare the results for Mean time to system failure and system availability for the three
configurations using the following set of parameter values

|,=01,1,=02,1,=04,1,=05,1,=021,=0251,=03 m,=02 m,=04 m,=02,
m, = 0.4, m, = 0.15, m, = 0.45.

We show the following results:

MTSF, > MTSF, > MTSF, (31)

AV, (0) > AV, () > AV, () (32)

It can be seen from (31) and (32) that the optimal configuration using both Mean time to system failure and Steady-state
availability is configuration 3.

16.0 Conclusion

In this paper, we developed three dissimilar deteriorating systems configurations to study the effectiveness of each model.
Configurations 1,2 and 3 have one, two and three deteriorating state(s) respectively. Explicit expression for Mean time to
system failure and Steady-state availability for three configurations were derived and comparative analysis was performed
numerically. The optimal configuration is configuration 3 using MTSF and AV.

Journal of the Nigerian Association of Mathematical Physics Volume 29, (March, 2015), 259 — 266
265



17.0
(1]

(2]
(3]
(4]
(5]
(6]
(7]
(8]

Compar ative Analysis of Some Reliability... Yusuf, Egudaand Sani  J of NAMP

References

Yusuf, B. andYusuf, |. (2013). Evaluation of some reliabilility characteristics of a system under three types of
failure with repair-replacement at failure. American journal of operational research3 (3), 83-91.

Fathabadi, H.S. and Khodaei,M. (2012). Reliability evaluation of network flows with stochastic capacity and cost
congtraint.International journal of mathematics in operational research4 (4), 439-452.

G.S. Mokaddis, M.S. El sherbeny, E.Al-Esayey, E. (2010). Comparison between two unit cold standby and warm
standby outdoor electric power system in changing weather. Journal of mathematics and statistics 6 (1), 17-22.
Hajeeh, M. (2012). Availability of a system with different repair options. International journal of mathematics in
operational research5 (4), 41-45.

K.H Wang, Y.J. Chen. (2009). Comparative analysis of availability between three systems with general repair times,
reboot delay and switching failures. Applied mathematics and computation215, 384-394.

Kuo-Hsiung Wang, Ching-Chang Kuo. (2000). Cost and probablistic analysis of series systems with mixed standby
components. Applied mathematical modeling24, 957-967.

Marcous, G., Rivard, H., and Hanna, A.M. (2002). Modeling bridge deterioration using case based reasoning.
Journal of infrastructure system 8 (3), 86-95.

Yusuf, I. and Hussain, N. (2012). Evaluation of reliability and availability characteristics of 2-out-of-3 standby
system under a perfect repair condition. American journal of mathematics and statistics 2 (5), 114-119

Journal of the Nigerian Association of Mathematical Physics Volume 29, (March, 2015), 259 — 266

266



