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Abstract

A staged-progression model for HIV/AIDS transmission dynamics is formulated
and analyzed to study the impact of condom usage, HIV-related public health
program and treatment. The local and global stability for the disease free equilibrium
(DFE) was proved for Rc <1 and Kransnoselki sublinearity trick was used to show
that the endemic equilibrium (EE) is locally asymptotically stable for a special case
whenever Rc1 >1. Numerical simulation was also carried out for both EE and EE at
special casetoillustrate theidea of theresults.

1.0 Introduction
Human Immunodeficiency virus (HIV) is an etiological agent of Acquired Immunodeficiency Syndrome (AIDS), an
epidemic that constitutes one of the health and developmental challenges in the world today. Despite tremendous effort by
researchers and scientists, HIV remains incurable, with no perfect prophylactic vaccine thereby causing the population of
HIV/AIDS infectives to persist. Thus, there is need to develop an effective strategy in the prevention and control of
HIV/AIDS infections, which is paramount in curbing its menance.

Mathematical models have been of great interest to Applied Mathematicians and Biologist to gain more insight on factors
favoring the transmission of HIV/AIDS. Authors over the years have qualitatively studied the effect of HIV-related public
health educational program, condom usage and treatment[1-5]. However aforementioned authors do not incorporate the
staged-progression nature of HIV, which is an essential part of its transmission dynamics. Models of HIV/AIDS with staged-
progression were studied in [6-7] with no control measure. And in [8,9] a staged progression HIV model with imperfect
vaccine as the only control measures was studied.

Generally, many research have been carried out to analyze mathematically the role(s) of one or two of the above mentioned
control measures on the spread of HIV/AIDS, we therefore presents deterministic model to complements and extend the work
of a aforementioned authors by incorporating the staged progression nature of HIVV/AIDS in the workdone in [4] and the rate
of educating uncounseled AIDS individuals as shownin [3].

20 Mode Formulation and Description
The total population of Nigeriaat time t, denoted by N(t) is subdivided into eight (8) mutually exclusive compartments of

Susceptible individuals S(t), non-counseled E, (t) and counseled E_(t) asymptomatic individuals, non-counseled | ,(t)
and counseled | (t) symptomatic individuals, non-counseled A, (t) and counseled A.(t) individuals with AIDS
symptoms and AIDS infected individuals receiving treatment | (t) , so that

N(t) = SO+ E, O+ E. O+ 1,0+ 1.0+ AO+AD+1:0) @
The recruitment rate of individuals (assumed susceptible) into the sexually active population is denoted p , individuals
acquire HIV infection, following effective contact with infected individualsinthe E,, E_, I, 1., A,, A, and |; classesat

arate I'.
Where

N
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isthe force of infection.
The model takes the form of the following deterministic system of non-linear equations

ds

—= -TC+mS

o p-(T+m
ddli“: I'S—(g, +w+mE,
dE

= G- (wrmE,

3
(jjlt“: wE, —(g,+s +ml, @

d. _

WE, +g,l,—(s + M,
— = sl,—(g,+t,+d+mA,
== sl o+g,A -t +d+mA

—= 1 CA‘. +t LIAJ _(m+yd)|T
The flowchart of the above differential equationsis givenin Figurel:

Fals, i, G Ay

- -

]
4 }n‘ = LAy g Mgt
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Els 1 SO HFRAATIG PRESFPRTATION OF THE RO

Table 1: Description of the Model Parameters

Parameters Interpretation
p Recruitment rate of humans
m Natural death rate
b Effective contact rate
w Progressive rate from E to |, and from E; to | classes
S Progressive rate from |, to A, and from | to A, classes
d Disease induced death rate of AIDsindividuas
t, Treatment rate for individuasin A, class
t, Treatment rate for individualsin A, class
0, Rate of counsdlling individualsin E,, |, class
0, Rate of counsdlling individualsin A, class
h h Modification parameter associated with infection by AlDsindividuals
u’ 'c
a; M odification parameter associated with infection by treated individuals
fo.f. Modification parameters associated with infection by individualsin |, and | class
q M odification parameter associated with infection by counselled individuals
C
y M odification parameter associated with reduced mortality of treated individuals.
€ |Condom efficacy
a  |Condom compliance
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Table2:  Hypothetical Valules of Model Parameters
Parameter [Hypothetical Value  |References
P 3000000yr * [3.4]

m 0.02yr [2]

b 0.3yr™ [3.9]

d 0.333yr ! (1

Q..0r (0,1) [9.10]

Gy (0.1) [9.10]

€ 0.8 [4]

S 0.6yr* (4]

y 0.75 [4]

hu ’hc 15 [4,11]

h, 15 [4]

a (0, [4]

0, 0.5 [3]

d, 0.5 [3]

t.t, (0,1 Estimated
t, (0, Estimated
w 0.6 Estimated
f.f. 12 [11]

f_ 1.2 [11]
3.0 Equilibria State and Stability Analysis of the M odel

4.0

Existence of Disease Free Equilibrium (DFE) and Effective Reproduction Number (R.)

Let €, represent the equilibrium point at DFE. In the absence of infection, E, =E.=1,=1,=A,=A =1; =0 and

S= P from (5). The model (3) hasits DFE given by
m

m1

eo :(S*,E:,E;,IS,IS,N,&*,I;):(p 0,0,0,0,0,0,0j

The stability of €, can be analyzed by the method of Effective Reproductive Number (RC) which is determined by using

the next generation method, on model (3) in the form of matrices F(non-negative) and V(non-singular). Where F denote the
new infection termsand V thetransitiontermat €, . Therefore

O O O O oo

b(l-ca) bg,(l-ca) bf,(l-ea) C, C, C,

0 0

o O O o o
o O O o o

0

0 O

O O O O o
O O O O o
O O O O oo
O O O O oo
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where
C, =bqj .(I-€a),C,=b(-€ah,,C,=bgh (1-ca) ardC, =bq, (1-€a)
[k, 0 0 0 0 0 0]
-9, kK, 0 0O 0 0 O
-w 0 k, 0O O 0 O
V=0 -w -g, k, 0 0 O
0 0 -s 0 k 0 O
0 0 O -s -g, k& O
0 0 0 0 -t, -t k|

where
k=0g,+w+m k,=w+m Kk,=g,+s+m Kk, =m+s,
k,=g,+t,+d+mk, =t +d+m k,=m+yd
RC:b(l—ea)(A+B)

KK, KK Kskgk,

where

A: k3k4k5k6k7(k2 +glqc) +g:lj cchk5k6k7 (k2 + kS) + k2k4k6k7w(| ukS +hus )
N WS Ko [GKs (K, +Ky) + 0K K, ]

B=a,ws[t Kkk,ks +t [9Ks(K; +K;) +0,KK,]]

and r is the spectra radius (dominant eigen-value in magnitude) of the generation matrix, FV~

result is established.

5.0 Local Stability of DFE
Theorem:1

The DFE of the model (3) islocally asymptotically stable (LAS) if R, <1 and unstableif R, >1

Pr oof
It is easy to prove that the above theorem holds by using

S=N-E,-E,—I,-1.—A, —A —|; toreduce model (3) into 7 dimensional system.
d_E\J:b(l_ea)[Eu+j U|U+hUAJ+qC(EC+j CIC+hCA)+qT|T][N_EU_EC_|U_|C_AJ_A_|T]

dt N
—kE,
dE,
dt :glEu_kZEc
dl“ =WEu—k3Iu=0
dt
OIIC:WEC+g1Iu—k4IC
dAl
—+=sl,-k
dt A
dA:_SI ¢ TOA, — KA
d

'T =LA A~k

It foIIows that the Jacobian matrix of the system above, evaluated at €, isobtain as;

(6)

! Hence the followi ng

()
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[b(l-ca)-k, bg.(l-ea) C, C, C, C, C,]
o —k, o 0 o0 o0 o0
w 0 —k, 0o 0 O
Je)= 0 w o -k, 0O 0 O
0 0 s -ks 0 O
0 0 S g, -k O
| 0 0 0 0 t, t, -k
where

C,=bf ,(1-€a)
Using the elementary row-transformation [5], we have
b(l-ca)-k bg(l-ea) C, C, C, C, C,
G, G, G G, G G
G G, G,

G, G; G, G
0 Gy Gy Gy
0
0

o
e

~Jde)=

0 Gy Gy
0 0 G,

o O O O O o
o O O O o
o O O o

[b(T-ea) -k~ ][G -G, ~][G, I ][Gs~I ][Go~1 1[G, ~1 ] =0.

gives the characteristics equation which is obtained by using |J =11 | = 0. Hence, the characteristics roots (eigen-values) are
1,=301, =Gl =Gl =Gl s =Gl s =Gl ; =Gy
Where
J J J J,
G=-20G,="2G,=2G, = 3(31 GG -
Jl 2 J3 6 J4 7 9 5 21 \]6

J = b(l-ea)- Kid, = b(l_ea)(kz +glqc)_ Klk2’ J;= k3‘]2 +b(1-ea)wf K

J, =K, +b(@-ea)wggf.(K,+K;), I, =K, +b(l-ea)K,kwsh,,

Js =keJs + b (1-ea)gh ws [gks (K, +k3) +9,Kk,]

J; =k Js +b(1-ea)gws [t KK,k +t [9ks (K, +K,) +0,K,K,]]

It isimport to note that after many tedious algebraic substitution J, = b (1- €a )(A+ B) — kKKK, KKk,

When |, <O foral i =1,2,--+,7, the system is said to be locally asymptotically stable (LAS) a- DFE(e,), hence from

G,, we obtained
b(l-ca)(A+B) _

1= R <1 This completes the proof.
k1k2k3k4k5k6k7
6.0 Global Stability of DFE
Theorem:2
The DFE of the model (3), is global asymptoticaly stable (GAS) inD if R, <1
Pr oof

Consider the Lyapunov function

QE, +QE +Ql,+Q,l +QA +QA +1;

Where
kR

4 b cay,
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Q= 0cKek, (ks +f W) +sw(gh k; +qt )

qu2k4k6
Q3 — k4k6k7(k5f u +Shu) +Sk4[qch ck7gz +qT (t c92 +t uks)] +glk5[k7qc(k6f [ +th )+th cS ]
qu3k4k5k6
o, = Gk (kf  +h.s ) ot s
) GrkyKs
QS - k6(k7hu +th u) + (qchck7 +th c)92
O KsKs
_9h ks +aqt
Q =_c¢c ¢/ 1 C
° Orks

The time derivative of the Lyapunov function is given by (where a dot represents differentiation with respect to time t)
L=QE, +QE +Ql, +Q,l  + QA + QA +1;

Using the coefficients, and with further simplifications to obtain

L:ﬁ[E—leu +%(%—1JEC+&(%—1]IU+M(E—1JIC+M(%—1]AJ

o\ N o o g N O
k S S
A (B[P

L :r:(i(Eu +0E +f 1, +ad ol +h,A, +ah A *qT'T)(%‘lj

T

Since S< N inD, we now have

-k

LSq—7[Eu+chc+fulu +0f ol +h A +ah A +0.1:](R. -1)
T

Note that the quantity in square bracket is always positive.

Clearly, L<O when R, <1and L=0ifandonlyif E,=E,=A =A =1,=1_=1, =0 hence [ =0,
It follows from invariance principle , that every solution to the system (3) with initial conditions in D approaches €, as
t — oo . Thus, since the region D is positively-invariant, the DFE isGASinD if R, <1.

7.0  Existence of Endemic Equilibrium Point (EEP)
In order to obtain the endemic equilibrium point of the model (3) (i.e, in the presence of infection, where at least one of the

*k o kk

infected component of the mode! is non-zero). Let € =(S",E, ,E, 1, ,1.,A, A |1 ,) represents any arbitrary
endemic equilibrium of the model (3). Solving equations in model (3) to yield the following

s =P g= TP p. ofp
I' +m k[T +m k[T +m
" = wl'p
! k k[T +ml
e 2WOLP(K k) e WS ®)

‘ ki Kk, [T+l K Koke [T + 1]

po ZSWEDIGK (K, ) £ k]
kK Kk, Keke [T +
I: - SWEp[t . (9,ks (K, +k5) +gi!<2k4) + KoK Ke]
Kk koK Keksk, [T +ml

where T is expressed at equilibrium, as
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+h, A +0 (B + 1S
N

and (6) gives the associated effective reproductive number.

HhA) 40,17 ]

u

F** - b(l_ea)[E:* +fu|**

8.0 Existenceand Local Stability of EEP: Special Case
The existence and local stability of endemic equilibrium is explored for a special case where thereisno AIDS induced death (

d =0) or assumed to be negligible [2,4,12,13] In the continuing absence of HIV/AIDS cure, this assumption and
corresponding analysis has no public health meaningful insights [10] but it allows us to investigate the worst scenario as the

accumulation of AIDS individuals is at its maximum [14], Thus under this setting (with d = 0), model(3) has a unique

endemic equilibrium point €], of theform €, = (S, E/, E., 1,1, A,, A.,11) where
__b E;:E E.C:gll"'S' ILJ:WI"'S'
fon ST BT M
X _wo,I" S (k, + k) A =5WF$
© T Kok ok ©
A = sw S[g,ks (k, + ks) +0,KK,]
. k1k2k3k4k5k6
I = SWI'STt (9:ks (K, + ;) +gz!(2k4) +t KoK Ks]
M K, Kak, Kk

and the associated Reproductive Number

_b(l-ca)(A+B)

Rcl kK K K, KK (10
172734 5k6

where
A = koK, koks (K, +9.0:) +0if Awkskem(k, +K;) + KoK ksmw(f ks +h s )
+gh wsnigks(k, + k) +0, + kk,]
B, =g,ws E uk2k4kle +t c[glk'li(kZ +k;) +gzk2k4]]
From(l)(ilj—ltI =p—1N sinced =0, sothat N —)r:—nZ N’ ast — oo . Therefore the force of infection I at the special
case of endemic equilibrium can be expressed as
r= b(1-ea)lE,+f I, +h A, +'qC(EC +f 1. +h.A)+0d;1+] 1)
Substituting the expressionsin (9) intcl)\l(ll) with further simplification gives

. b(l-ca)r's nk3k4klslk;s(k2 +glqc) +0,f cchkLsklen'(kzl"‘ ky)
NT = m + kK ksmw(f ks +h s )+cht ws rriglks(k2 +k;) 10

+09,K,K, ] +a,ws [t KK ke +t [9Ks (K, + K;) +9,K,K, 1]

NT _ b(l-ea)lT S(A+B)

| ok,
N =SSR,

5.1 12)
N R

R.p p
I'+m " m
mp(R, -1) =pr
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r= mR.-1)>0 whenever R. >1 (13)

The component of €, can be obtained by substituting the unique value of r, given by (13), into the expression (9). Thus, the

following result is established.
Lemma:1l

The model(3) with d = O has a unique endemic (positive) equilibrium, given by €, whenever R, >1
Theorem:3

The associated unique endemic equilibrium e1 of the model (3) with d =0 isLASIf R, >1

Pr oof

usng S=N-E,-E.—I,-1.,—A —A —I;, themodel (3) with d = O can be re-written as:
dE, _b(-eca)lE +j ), +h,A +G.(E +] J. +h A) +0 1 ][N-E -E I, -1, - A -A -]

dt N
—kE,
dE,
dt :glEu_kZEc
dl“ =WEu—k3Iu =0
dt
di, =wWE_ +g,l,-K,l.
(;K (14)
—b=s],-k
=Sl KA,
dl
—L=t A+t ,A-n
CELA A
Linearizing the model (14) around the endemic equilibrium, e1 ,gives
d ) .
TE“=(pl—pz—k1)Eu+(qcpl—p2)Ec+(Jupl—pz)lu+(qacpl—pz)lc+(hup1—p2)/%
+(qchcp1_ pz)'%"’(q'r pl_ pz)IT
dE
dtc =0,E, —k;E,
d, =wWE, -k, =0
adt
dlc :WEc+gllu_k4|c
(;j,f\ (15)
—V¥ =g —k
=Sl KA
%:Slc"'gzplj_kepk
dIt
—L =t +t m
dt UAJ CA: T
where
0 = b(l-<ca)S
1_ "
N
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p._beaﬂﬁ+hh+MAﬁﬂJE+H%+m&HﬂHH
2 N
The associated Jacobian matrix of the system (15), evaluated at el isgiven by

‘p-p -k AP-P, JP-P O P-P. hyp-p, G G
-9, K, 0 0 0 0 0
w 0 -k, 0 0 0 0 (16)
J(e) = 0 w g, -k, 0 0 O
0 0 s 0 —K, 0 ©
0 0 0 S g, -ks O
0 0 0 0 t, t, -m)
where

C=0;p—-p, and Cs=qh.p,—p,
The proof of the above theorem is based on using the Kranoselski’s sub linearity trick, as given by Hethcote and Thieme
(1985); Adewale et al (2009), Garba and Gummel (2010), Esteva and Vargas(2000), Sun et a (2012). This technique

essentially entails showing that the linearized system (15), around the equilibrium e1 has no solution of the form
Z(t)=2¢e" 17)
with z, eXB\{O},X €eX,zeX,z=(Z, Z,, Z3, Z,, Zs, Zg, Z,) and R,(X)=0, where X denotes the

complex number. Substituting a solution of the form (17) into the linearized system of (15), at el gives the following linear
system.

XZl = (p_l__ P, _k1)z1+(qcp1_ pz)zz+(i uPi— p2)23+(ch P pz)z4+

(hu P pz)zs + (q(.hc P pz)zs + (qT (S pz)z7

XZ, =0.2,-k2Z,

XZ, =wZ —-kZ,

XZ, =WZ,+0,Z;-K,Z, (18)
XZS = SZ3 - klszs

XZG = SZ4 +gzzs - kgze

XZ, =t Z,+t Z,—n¥,

Solving the last five equations of (18) for Z,, Z,, Zs, Zy and Z,, and substituting the results in the first two
equations, after some al gebraic manipulations we obtain the following system

Z\[1+ R (X)]+ Z,[1+ F,(X)] = (Mz)l + (Mz)z
Zy[1+ F(X)] = (MZ)3
Z,[1+ F,(X)] = (MZ)4
Z 1+ F(X)] = (MZ)S
Z[1+ F(X)] = (Mz)e
Z;[1+ F,(X)] = (MZ)7

(19)

Where
_X+h B _X. bk _X
F(X)= 3 +k1T11 F,(X) k2+k1T21 F3(X) K
_X _X _X _X
F4(X)—k4,F5(X) i Fs(X) < F (X) -
with
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'R 9R j.,R ai.R hR 9ghR oR

k kK k, K K K

9 o o 0 o o0 0

k2

Y 0o o 0 ) 0

ks

- w9
M=|0 C b o 0 0 o0
o 0o = o o o0 0
ks
o o o = % o o
Ke ke

o 0o o o W L g
L m m .
=" 4 oW +

YOX 4k, (X k(X +K,)

g SW L SwIg(X+k) +g,(X+k)]
(X + k(X +kg) (X +K)(X+4)(X +k)(X + k)
st L SWg (X k) +g,(X +K,)]

(X +mM(X + k)X +Ks) (X +K) (X +4)(X + k)X +K)
Toog W sw st .w

Xtk (X+Kk)(X k) (X +m(X+k)(X+K)

Note that the matrix M has non-negative entries and €, = (E,,E.,1,,1.,A,, A, |;) satisfies € = Me, . Hence if Z is
any solution of (19), then it is possible to find a minimal positive real number r, such that

|z|<re, (20)

where, ||Z|| = (||Zl||||Zz||||23||||Z4||||Z5||||ZG||||Z7||) , with the lexicographic order, and |||| isanormin X. The primary
objective is to show that if R,(X) <0, then the linearized system (15) has a solution of the form (17). By contradiction, we

show that R,(X) >0 is not satisfied which will then be sufficient to concluded that R,(X) < 0. Hence consider the two

general casesfor X =0 and X # 0.

Case 1: X=0

In this case, equation (18) becomes a homogenous linear system of the form
0=Gzi=123456,7.
The determinant of the matrix (16) corresponds to that of the Jacobian of the system (18) givenby
A =—p,[nws KK, (Ks +0,) +gWs ks (K, + ko )(MAt ) + nWk Koks (K, +G;) +

y g (SR

Tkokoks (ky +0,) +Ws ko, (t ks +1.9,) + MWkikekey] + migkokokokoks | —o——1

Using equation (12) to show that A < 0. Since A <0, it follows that system (18) has a unique solution, given by Z = 0
(which corresponds to the DFE)

Cae2. X #0

By assumption, we have R,(X) >0, then |l+ Fi(X)| >1 foral 1 =1,2,---,7. We define F(X) = min|1+ Fi(X)|

(for dl i =1,2,---,7), then F(X) >1 and hence F(rX) <. The minimality of r implies HZH > e, . Taking

F(X)
norm of both sides of the equation of (18), and using the fact that the matrix M is non-negative, gives,
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FOX)[Zs] <M (Z])s <r(M [erfps <11, (21)
Then if follows from the (2) that | Z| sﬁlg, which contradicts R (F,(X))>0. Hence R,(X) <0, so that the

endemic equilibrium e1 isLASIif R, >1. Thiscompletesthe proof.

9.0 Numerical Simulation and Discussion of Results

10.0 Numerical Simulation

The role played by some important epidemiological parameters, are investigated with the aid of Maple software for the
numerical ssimulation by comparing the model Effective Reproductive Number, the parameters used, their estimated values
and appropriate source are given in table (2.1).

Table3: Numerical Simulation of the Model at Endemic Equilibruim State.

qC qT a t Cc t u R RC- Remark
0.1 0.9 0.1 0.1 0.9 3.0385 55.7491 Stable
0.2 0.8 0.2 0.2 0.8 2.6178 117.332 Stable
0.3 0.7 0.3 0.3 0.7 2.3462 84.9945 Stable
0.4 0.6 0.4 0.4 0.6 2.1656 69.4375 Stable
0.5 0.5 0.5 0.5 0.5 2.0464 60.9960 Stable
0.6 0.4 0.6 0.6 0.4 1.9729 56.3550 Stable
0.7 0.3 0.7 0.7 0.3 1.9365 54.1951 Stable
0.8 0.2 0.8 0.8 0.2 1.9332 54.0069 Stable
0.9 0.1 0.9 0.9 0.1 1.963 55.7491 Stable

11.0 Discussion of Results
From the table above, it is observed that Rcl > R. >1 having the same remark, implying that the disease will be more

persistent in the absence of AIDS-induced death when compared to the other. Thus the most effective control strategy from
the table above is achievable when . =0.8, g, =0.2,a2 =0.8,t,=0.8,t,=0.2 to give the least persistent

threshold for both Ry, and R.>1.

12.0 Conclusion
In this study,a staged-progression HIV/AIDS model coupled with condom usage, public health education program and
treatment is designed. Some of the main findings of this study are:

(i) Themodel has aglobal asymptotically stability at DFE whenever R. <1;
(ii) The EE is stable for aspecial case whenever RCl >1;

(iii) The numerical simulation result clearly shows that setting d to zero does not affect the stability of endemic equilibrium
since F\’Cl > R. >1 gives the same remark although,the disease will be more persistent in the absence of AIDS-induced

death.
Thus, this study shows that HIV/AIDS will persist and be eliminated from the population whenever RCl >1 and RC <1

respectively.
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