
139

Journal of the Nigerian Association of Mathematical Physics
Volume 29, (March, 2015), pp 139 – 146

© J. of NAMP

Optimization of Flexural and Compressive Strengths of Fibre Reinforced Concrete Beams
Using Predictive Models –A Review

1Orie O. U. and 2Ijeh I. P

1Civil Engineering Department, University of Benin, Benin City, Nigeria
2Institute for Energy Systems, School of Engineering, University of Edinburgh,

Scotland, United Kingdom.

Abstract

The mechanical properties of fibre reinforced concrete beams was investigated
with a view to determining the performance of fibre reinforcement in concrete beams,
using coconut coir fibres as a reinforcing material and ascertaining the structural
stability of the material for reinforcing cement composites in construction. The
flexural and compressive strengths of coconut coir fibre have been compared with the
performance of other natural fibres. The procedure for obtaining the percentage fibre
volume and sand to cement ratio that yields maximum flexural and compressive
strengths were established. The paper concluded that the blending of coconut coir
fibre with concrete improves its flexural strength.
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1.0 Introduction
Apart from food, the most basic problem facing man is shelter. The problem of shelter is as old as man and it is unfortunate
that no ideal solution to this problem has evolved over the many centuries of man’s existence. This problem is acute in
Nigeria with increasing cost of construction materials [1]. There is therefore need to develop cost-effective materials that are
also structurally viable [2]. Fibre reinforced concrete (FRC) is concrete that contains relatively high tensile strength fibres [3].
Fibre reinforced concretes have been categorized into, small amounts (<2 vol. %) of fibre and large amounts (>2 vol. %) of
fibre [4].  FRC composite materials has also been classified as particle-reinforced and fibre-reinforced [5]. When the nature
of the matrix is used as a criterion, composite materials are classified as natural, synthetic and inorganic composites [6, 7].
The mechanical properties of the matrix can be improved by controlling certain properties of fibre such as fibre type, fibre
length, fibre volume fraction, dispersion and orientation of the fibres and the fibre matrix adhesion. The mechanical
properties of a fibre reinforced composite has been predicted using the ‘rule of mixtures’ equation [8],

  fm fEEfE  11 (1)

Where 1E = composite axial elastic modulus, f = fibre volume fraction,
mE = matrix elastic modulus,

fE = fibre

elastic modulus
A mathematical model showing the relationship between the compressive strength of cement composite and its fibre volume
percentage have been developed [9],
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Where; λf = volume fraction of coconut fibres in the composite, v = Poisson’s ratio for concrete, P = Compressive load at
failure of concrete cube, b = width of concrete cube d = depth of concrete cube
Research interests have been directed toward coconut fibre as a construction material because of its high ductility [10, 11]. A
study on the effect of coconut fibres on the torsional, compressive and tensile strengths of concrete, showed that on the
average there was  15% increase in the tensile strength with 0.5% fibre content and 3.2% tensile strength increase for 0.75%
fibre content. The torsional strength was also found to increase by up to 25% with increasing fibre content [12]. Stress-strain
curves for coconut fibre in comparison with other natural fibres were produced by researchers to illustrate its superiority in
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ductility over them. Figure 1, show the relative ductility of coconut fibre [13].

Fig.1: Mean stress-strain curve for coconut fibre [13]

This is not the case for other natural fibres with much steeper stress-strain [10, 11]. Figure 2 presents the relative ductility of
some natural fibres and it showed that coconut fibre had the most ductile property. The high ductility of coconut fibre relative
to other natural fibres was also indicated by the stress-strain curves of a group of natural fibres including coconut fibre shown
in Figure 3. The curves further emphasized the superior ductile nature of coconut fibre over other natural fibres. The flexural
strength of raffia palm fibre-cement composites has been investigated and determined as [14];
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Where; Fs= the flexural strength in N/mm2, P = maximum load in N, l = length of the beam specimen in mm, b =
width of the tested specimen in mm, d = depth of the tested specimen in mm
The results from the test were fit to a statistical model,
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Where x1, x2 and x3 represented sand–to–cement ratio, water cement ratio and fibre volume respectively and y represented the
flexural strength.

Fig.2: Typical stress –strain curves for the non-wood plant fibre [10]
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Fig. 3: Stress strain curves for natural fibres [11]
The statistical model was then developed and optimized using the tool box MATLAB 7.0 and optimal values of factors that
maximize flexural strength were determined.
The present work investigated the effect of varying fibre volume fractions using natural bandage fibres (made from coconut
coir) as a reinforcing material.

2.0 Materials and Methods
The work applies statistical analysis approach to generate a model expressing the relationship between the relevant variables
and using a computer based optimization method. The optimal sand to cement ratio and fibre volume percentage at a constant
water-cement ratio that yields maximum flexural and compressive strengths can be determined. A range of samples varying
in s/c ratio and fibre volume are tested for flexure and compression and a statistical model generated and fitted, to establish a
relationship between the dependent and regressor variables. Optimization is carried out using the MATLAB computer
application to determine values of regressor variables that yield maximum values of the dependent variables (flexural
strength).

3.0 Background theory
Linear models play a central part in modern statistical methods. On one hand, these models are able to approximate a large
amount of metric data structures in their entire range of definition or at least piecewise [15].

4.0 Linear Models and Regression Analysis
Suppose the outcome of any process  denoted by a random variable y, called a dependent (or study) variable, depends on k
independent (or explanatory) variables denoted by X1, X2,…,Xk. Suppose the behavior of y can be explained by a relationship
given as;

  ),...,,,,...,,( 2121 kKXXXfy
(5)

Where f is some well-defined function and β1, β2,… βk are the parameters which characterize the role and contribution of X1,
X2,…Xk, respectively. The term ε reflects the stochastic nature of the relationship between y and X1,X2,…,Xk and indicates that
such a relationship is not exact in nature. When ε = 0, then the relationship is called the mathematical model otherwise the
statistical model. The term “model” is broadly used to represent any phenomenon in a mathematical framework.
A model or relationship is termed as linear if it is linear in parameters and nonlinear, if it is not linear in parameters. In other
words, if all the partial derivatives of y with respect to each of the parameters β1, β2,…,βk are independent of the parameters,
then the model is called as a linear model. If any of the partial derivatives of y with respect to any of the β1, β2,…,βk is not
independent of the parameters, the model is called as nonlinear. Note that the linearity or non- linearity of the mode l is not
described by the linearity or non-linearity of explanatory variables in the model [15]. For example;

  3322
2

11 log XXXy
(6)

is a linear model because δy/δβ1, are independent of the parameters βi, (i = 1,2,3).
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On the other hand,

  XXXy log3221
2

1 (7)
Is a non-linear model because δy/δβ1 = 2β1X1 depends on β1 although δy/δβ2 and δy/δβ3, are independent of any of the β1, β2 or
β3.
When the function f is linear in parameters, then;

  ),...,,,,...,( 2121 KKXXXfy
(8)

is called a linear model and when the function, f is nonlinear in parameters, then it is called a nonlinear model. In general, the
function is chosen as [15];

KKKK XXXXXf   ...),...,,,,...,( 112121 (9)
to describe a linear model. Since, X1, X2,...XK are pre-determined variables and y is the outcome, so both are known. Thus the
knowledge of the model depends on the knowledge of the parameters β1, β2,… βK. The statistical linear modeling essentially
consists of developing approaches and tools to determine β1, β2,… βK in the linear model,

  KK XXXy 2211 ...
(10)

Consider a simple example to understand the meaning of “regression”. Suppose the yield of crop ( ) depends linearly on two
explanatory variables, viz., the quantity of a fertilizer (Х₁) and level of irrigation (Х₂), we can write;

  2211 ... XXy
(11)

5.0 Multiple linear Regression
In linear regression, there exist one dependent variable, y and more than one regressor variable say k-1. The relevant
relationship has been given as [15];

ikikiioi XXXy    1,12211 ... (12)

Given i = 1(1)n

Where y is the dependent variable, while β and X represent the model parameters and regressor variables respectively. For a
given set of data, these variables can be represented in matrix form,
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The model expressed in equation (12) can then be represented in its matrix form as;= + . (14)

6.0 Estimation of Model Parameters
The model parameters would be estimated using the least square method by minimizing;
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SSres = ∑ = ∑ ( − Ỳ )2, Where SSres is the residual sum of squares.
Suppose Ỳ= + +⋯+ (15)
SSres=∑( − − − … )2 (16)
SSres=∑ = = − Ỳ − Ỳ = ( − )′( − ) (17)

SSres=Y′Y − Y′Xβ − β′X′Y + β′X′Xβ (18)
Using the least squares method, the SSres has been minimized thus [15];

= 0 (19)

= -2 ′ + 2 ′ = 0 (20)= ( ′ ) ′ (21)
The model parameters are estimated using the relationship given in equation (18), after which the model is fit to establish the
relationship between the dependent variables and the regressor variables. The statistical significance of the model is tested
using the global test in the form of Analysis of Variance (ANOVA). The significance of each regressor variable is tested to
determine its contribution to the model. This is carried out using the t-test.

7.0 Estimation of Percentage Fibre Volume
Percentage fibre volume is estimated using the weight fraction principle and the mixture rule.+ + = 1 (22)
Where Vp is the fraction of porosity, Vm is the volume of matrix while Vf is the volume of fibre and is determined as;= (23)

Where,Wf = weight of fibre in given beam specimen, ρf is the density of the fibre and Vc is the volume of the concrete
specimen which is determined as,

cccc IbtV  (24)

Where, tc = thickness of the beam specimen, bc = width of the beam specimen and lc = length of the beam specimen. In obtaining the
specified fibre percentage fraction in each beam specimen, the density of the fibre is determined as well as volume of the concrete
specimen. After which, the values obtained including the specified volume percentage is substituted into equation (16) and the
corresponding fibre weight is determined. This weight is used in the laboratory instead of the direct use of the volume percentage
fraction.

8.0 Sample Preparation and Testing
Mixing of the composite material is done in batches conforming to standards [16]. Firstly, dry sand and cement is mixed together in
a mixing machine to specified mix ratios after which the specified amount of fibre is added. Mixing is continued until a uniform
matrix is achieved and the moulds are filled. The samples are transferred to the vibration table where proper vibration is carried out
to eliminate voids and achieve appropriate compaction. The specimens are demoulded after 24 hours of casting and stored in curing
tanks. The beams are tested for flexure at 28 days while the cube specimens are tested for compression at 7, 14 and 28 days.
Beam specimens measuring 150mm x150mm x750mm are subjected to flexural testing with the use of the Universal Testing
Machine, with point loading at mid-span (See Figure 5). The deflection values are measured with the aid of a dial gauge
attached to the bottom of the beam during stressing. Loading is incremental by 1kN until ultimate failure.

P

Support

50mm       200mm             200mm           50mm
Dial gauge

Fig.5. Simply supported beam specimen subjected to point load [17]
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9.0 Results
The presentation of experimental results is shown in Table 1. The sand/cement ratio has been used to categorize the beams
into types A-E.
Table 1: Flexural and compressive strengths for varying sand/cement and fibre volumes
Beam type

(sand to cement ratio) X1

Fibre percentage volume

X2

Flexural strength

Y

Compressive strength

P

Type A (s/c ratio = 1)

0

1

.

.

6

Y1,0

Y1,1

.

.

Y1,6

P1,0

P1,1

.

.

P1,6

Type C(s/c ratio = 2)

0

1

.

.

6

Y2,0

Y2,1

.

.

Y2,6

P2,0

P2,1

.

.

P2,6

Type D(s/c ratio = 3)

0

1

.

.

6

Y3,0

Y3,1

.

.

Y3,6

P3,0

P3,1

.

.

P3,6

Type D (s/c ratio = 4)

0

1

.

.

6

Y3,0

Y3,1

.

.

Y3,6

P4,0

P4,1

.

.

P4,6

Type E (s/c ratio = 5)

0

1

.

.

6

Y4,0

Y4,1

.

.

Y4,6

P5,0

P5,1

.

.

P5,6

10.0 Conclusion
Much has been achieved by the use of both synthetic and natural fibre as reinforcement in concrete. The procedure of
obtaining an optimized compressive and flexural strengths of coconut coir fibre concrete has been established, The inclusion
of coconut coir fibre to concrete have been shown to improve its flexural and compressive strength.
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