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Abstract

This study examines the qualitative properties of solutions to a system of
ordinary differential equations arising from MHD forced convective flow in a
saturated porous medium in the presence of thermal radiation. It is assumed that the
forced convection is driven by buoyancy force similar to that of inviscidnon-
conducting fluid flow over a non-isothermal circular cylinder. The viscosity and
thermal conductivity of the fluid are assumed to vary as a linear function of
temperature, whereas the contribution of thermal radiative heat loss is based on
Rossal and approximation. The basic equations governing the flow are in the form of
partial differential equations and consequently reduce to a set of non-linear coupled
ordinary differential equations by applying suitable similarity transformations.
Theorems are stated and proofs are provided on the qualitative properties of the new
system of equation governing the physical model. The approximate analytical solution
to this physical flow model isintended to be examined in our next article..

Keywords. MHD flow, variable viscosity, saturated porous medium, stability,existence and uniqueness, eigen
values.

1.0 Introduction

The problems of heat and mass transfer in the boundary layer flow have attracted considerable attention during the last few
decades due to their numerous applications in several industrial processes. The experimental and theoretical studies of
Magnetohydrodynamic (MHD) viscous flows are important from a technological point of view, because they have many
applications, such as high-temperature plasma, cooling of nuclear reactors, liquid metal fluids, MHD accelerators,
Magnetohydrodynamic electrical power generation, geophysics, recovery of petroleum resources, cooling of underground
electric cables, environmental impact of buried heat generating waste, hot-wire etc. As a result, a significant amount of
interest has been carried out to study the effects of electrically conducting fluids in the presence of a magnetic field on the
flow and heat transfer aspects in various geometries as seen in Wooding [1]. Likewise, the boundary layer analogies for
convection in a porous medium had been proposed and used in Wooding [1].Study of Magnetohydrodynamic (MHD) heat
transfer field can be divided into two classes: in first class, the electromagnetic fields are used to control the heat transfer as
in the convection flows and hydrodynamics heating; while in the second class, the heating is produced by electromagnetic
fields as MHD generator, pumps etc. This study, therefore focuses on the first class. Magneto convection plays an important
role in various industrial applications. From boundary layer along materials handling conveyors, extrusion of plastic sheets,
the cooling of an infinite plastic plate in cooling bath and glass blowing to the continuous casting and spinning of fibers,
flows due to stretched surfaces find enormous applications. EI-Amin [2] reported that the fundamental concept behind MHD
isthat magnetic fields can induce currentsin a moving conductive fluid, which in turn creates forces on the fluid particles and
also change the magnetic field itself. That is, MHD phenomenon is characterized by a mutual interaction between the fluid
velocity field (hydrodynamic boundary layer) and the electromagnetic field. Satisfying the faraday laws, the fluid motion
affects the magnet field and the magnet field affects the fluid motion. Hence he concluded that MHD is a combination of the
Navier-Stoke equations of fluid dynamics and Maxwell's equations of Electromagnetism. However, the single role of MHD
in most of these practical applicationsisto induce flow-that is to bring about forced convection.

Forced convective heat transfer through fluid flow in saturated porous media has been discussed in detail and review in Nield
et a. [3]. A closed form solution of the Brinkman-Forchheimer equation for the forced convection in a fluid saturated porous
medium with isothermal and isoflux boundaries was obtained in Nield et al. [3] , valid for all values of the Darcy number.
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They found that when the Darcy number is large and simultaneously the Forchheimer number is small, the velocity profile is

approximately parabolic, and the effect of an increase in the viscosity ratio {’: ] is due to in decrease the Nusselt number.

Here the viscosity ratio depends on the structure of the porous matrix. Many problems of MHD convection flow in porous
media were treated in [4-6]. Aldoss et al. [7] studied MHD mixed convection from horizontal circular cylinder.Makinde and
Onyejekw [8] analyzed the effects of variable viscosity and electrical conductivity on MHD generalized Couette flow and
heat transfer using numerical technique. Pantokratoras [9] made a theoretical study to investigate the effect of variable
viscosity on flow and heat transfer on a continuous moving plate.Adeghie [10] obtained exact analytical solutions for the
flow of temperature-dependent viscous fluid between parallel heated walls in the presence of viscous dissipation. Ahmad et
al. [11] obtained non-similar solutions mixed convection boundary layer flow past an isothermal horizontal circular cylinder
with temperature-dependent viscosity. They found that the flow and heat transfer characteristics are significantly influenced
by temperature dependent viscosity. Fand et al. [12] carried out an experimental and analytical investigation on the free
convective heat transfer from a horizontal cylinder embedded in porous medium filled with randomly packed glass sphere
and the medium is made saturated with water and or silicon oil. They observed that when the saturating fluid is silicon ail, the
heat transfer rate is significant due to viscous dissipating effect.

The study of magnetohydrodynamic has important applications, and may be used to deal with problems such as cooling of
nuclear reactors by liquid sodium and induction flow meter, which depends on the potentia difference in the fluid in the
direction perpendicular to the motion of fluid and to the magnetic field in Ganesan and Palani [13]. Thermal radiation is one
of the fundamental mechanisms of heat transfer and its effect plays a significant role in controlling heat transfer process in
polymer processing industry. The quality of final product depends to a certain extent on heat controlling factors. Thermal
radiation occurring within these systems is usually the result of emission by the hot walls and working fluid. These effects
become more important when the difference between the surface and the ambient temperature is large. At high operating
temperature, radiation effect can be quite significant and the knowledge of radiation heat transfer is very important for the
design on pertinent equipment in Seddeek [14].Thus, thermal radiation is one of the vital factors controlling the heat and
mass transfer in Dulal and Hiranmoy [15].

Observing various researches into the dynamics of MHD flow, it is seen that there are varying focuses on terms like viscosity
and thermal diffusivity, heat generation or absorption coefficient, magnetic induction, electrical conductivity, Eckert number,
heat dissipative term and a host of others. In a study carried out in Okedoyeet a. [16], velocity and magnetic fields of MHD
flows with buoyancy in the presence of heat generation were examined with a new perspective. In their paper, the magnetic
parameter is not constant. However, viscosity and thermal diffusivity are constant. The combination of variable viscosity and
thermal conductivity of the fluid with thermal radiation arerare in most studies [14-17].

This study extends previous work of EI-Amin [2], who investigated combined effects of viscous dissipation and joule heating
on MHD forced convection flow over a non- isothermal horizontal cylinder in a fluid saturated porous medium, to account
for the effects of variable viscosity and thermal conductivity of the fluid in the presence of thermal radiation. The focus of
this study is to examine qualitative properties of solutions of coupled non-linear differential equations arising from the new
MHD flow model. In most of the studies, of this type of problems, the viscosity and thermal conductivity of the fluid were
assumed to be constant. However, it is known that these physical properties can change significantly with temperature. When
the effects of variable viscosity and thermal conductivity are taken in to account, the flow characteristics are significantly
changed compared to constant property case. To accurately predict the flow behavior, it is necessary to take into account the
variation of viscosity and thermal conductivity with temperature. Motivated by the above investigation, the present study is
proposed to investigate the problem of MHD forced convective flow over a non- isothermal horizontal circular cylinder in a
fluid saturated porous medium having variable viscosity (1) and thermal conductivity A(1"), which are taking to be linear
function of temperature in the presence of radiation effect. The surface temperature 1, of the circular cylinder is higher than
that of the ambient fluid temperature 1., . In formulating the equations governing the flow the viscosity and thermal
conductivity of the fluid were assumed to be proportional to a linear function of temperature, a semi-empirical formula for
the viscosity u(1)as seen in Bachelor [18]. The governing partial differential equations are reduced to local non-similar
partial differential forms by adopting appropriate transformation variables. The transformed boundary layer equations are
reduced into systems of first order differential equation. Qualitative properties such as existence and uniqueness of solution to
the problem, and the nature of stability are examined.

20 Mathematical Formulation

In this study, we consider a steady two-dimensional hydromagnetic flow of a viscous incompressible electrically conducting
forced convection fluid flow over a horizontal impermeable circular cylinder in a saturated porous medium. A uniform
magnetic field is acting normal to the cylinder surface. The magnetic Reynolds number is taken to be small enough such that
the induced magnetic field along the flow is negligible. The x-axis is taken to be along the parallel surface of the plane
measured from the lower stagnation point and the y-axis is normal to the surface. Under the above assumptions and invoking
the Boussinesq and boundary layer approximations the boundary layer equations governing the flow and heat transfer of a
viscous incompressible fluid can be written as follows;
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|i_ + |-_ = 0, (201)
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Subject to the foIIOW| ng boundary conditions:

¥y=0 u=wn T=T,

¥ o> o00: :,—= 0. 1T -1, (2.04)

Porous medium Absorbing fluid

Figure 1: Physical configuration of the flow in a porous medium.

Where u, ,,,4 and , are the thermal diffusivity, density, thermal conductivity and specific heat capacity at constant pressure
of the fluid, respectively, k is the effective thermal conductivity of the saturated porous medium, w is the angular velocity, p
isthe pressure, T isthe temperature, 1., isthe surface temperature, 1., isthe free stream temperature, &, isthe radial magnetic
field, fiisthe thermal expansion coefficient, i is the kinematic viscosity of the fluid and g is the acceleration due to gravity. &,
F, g, and K are the porosity, an empirical constant, radiative heat flux and permeability respectively. The last two terms in
equation (2.02) represent the first- and second- order solid matrix resistance. The surface temperature is assumed to vary with
the stream-wise direction, i.e.

1, — 1, = E(1 — cosw)™, (2.05)

where b and m are constants, note that m = 0 represents the isothermal wall temperature case. To simplify the transformation
of the given equations (2.01)-(2.04), the imposed pressure is assumed to be similar to that of the inviscid non conducting
fluid flow about acircular cylinder, i.e.

- EL = ﬂsm {1 COS t. (2.06)

Most of the effort in understanding fluid radiation is devoted to the derivation of reasonable simplification Aboeldahab [19].
One of this simplifications was made in Cogley[20] and assumed that the fluid is in the optically thin limit and, accordingly,
the fluid does not absorb its own radiation but it only absorbs radiation emitted by the boundaries. For optically thick gas,the
self-absorption rises and the situation become difficult. However, the problem can be simplified by using the Rosseland
approximation (Rosseland 1936). Rosseland approximation requires that the media is optically dense media and radiation
travels only a short distance before being scattered or absorbed. We are interested to study the radiation of heat within
optically thick fluid before the heat is scattered, radiative heat transfer is taken into account, and Rosseland equation is used
to account for the radiative thermal conductivity of the fluid. Rosseland equation is a simplified model of Radiative Transfer
Equation (RTE). When material has a great extinction coefficient, it can be treated as optically thick. g, is the radiative heat
flux and is defined using the Rosseland approximation in Raptig[21], Sparrow and Cess [22] as

T
=T, (2.07)
where #*is the Stefan-Boltzmann constant and K*is known as the absorption coefficient. We assumed that the temperature
differences within the flow are sufficiently small such that 1 may be expressed as a linear function of the free stream
temperature 1,,,. Thisis obtained by expanding i1 in a Taylor series about 1,,,and neglecting higher order terms. Considering
the Taylor’s series expansion of a function f(x) about

FQ) = F@0) + (a— 20)f"(x0) + “E 0 () + - CE ), (2.08)
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Likewise, expansion of Tabout T,,. Setting f (x)=T7 and f(x;) = f(T.) = T7.in above equation. Neglecting higher
order, we obtained

1= 4151 — 311, (2.09)
LI
Pty 0 Gpu gkt oy (2.10)

In this present problem, we consider a case where the viscosity and thermal conductivity of the fluid are linear functions of
temperature. This assumption isvalid since it is established that the physical properties of the fluid may change significantly
with temperature. For lubricating fluids, heat generated by the internal friction and the corresponding rise in temperature
affects the viscosity of the fluid and so the fluid viscosity can no longer be assumed constant. The increase of temperature
leads to a local increase in the transport phenomena by reducing the viscosity across the momentum boundary layer and so
the heat transfer rate at the wall is also affected greatly. In industrial systems, fluids can be subjected to extreme conditions
such as high temperature, pressure, high shear rates and external heating (Ambient Temperature) and each of this factors can
lead to high temperature being generated within the fluid. Hence, substituting the equations (2.05)-(2.10) into the governing
equations (2.01)-(2.03), we obtain modified governing equations as follows:

._ + ._ =0, (2.12)

d d A 1 d ()d . ghifu K Fa*u*
Ut b =—= sm-:ucosa.l+—;.||(T)rJ ~ P—“—“—iy (T—Tu,)smw—P——?— — (2.12)

w ¥

d f___ i 1dmd | opze” () i‘." Pl - R
“ a T - j( )r-' yd & & + Pocy, Py, {ﬁ A s,uch,If* iy (2'13)
Subj ect to thefoIIOW| ng boundary conditions:
y=0 u=w 1T=1,
¥ > 00 :— =0, T-T, (2.14)
The following relations are introduce for uand vasu = :—and = —i—reﬁpectively. Here Y(x, y) is the stream function.

Introducing similarity variables

1
§@ = 4fsinDI, @ =2, n(xy) =y sin(), Px,y) = @0 wa:f € n), (2.15)
for the forced-convection-dominated regime. Dimensionless temperature, temperature dependent viscosity model in Bachelor
[18] and temperature dependent thermal conductivity model in Salema and Fathy [23] are defined respectively as

E(x,y) = —=

#(1) = |1+ [0, = 11], (2.16)

A = A1+ alr —1.]).

Where y, it are constants and their values depend on the reference state and thermal properties of the fluid i.e. p,,and4,,. In
general,¥ > 0 for liquidsand ¥ < 0 for gases.The non-dimensional form of viscosity and thermal conductivity parameters
L, and L, can be written as,

L, =u(ly, —1) (2.17)

Then by substituting the expressionsin (2.15) and (2.16) into equations (2.11)-(2.13), the transformed momentum and energy
equations take the form

' ) . o ¢ 25— F13 P
(1451 - 611" — L, 6+ f+({q_“—(¥,-mk‘)) DI =
,.r-' d
2£ {f 1<) (2.18)
(@ +L.6) + 2k *36‘+ﬁ‘f—2raf‘6+%(6“)‘+2f ) +E @G-o(1+L,[1-6])(") =
26 (15 —6" j (2.19)
Subject to the following transformed boundary conditions;
F(60)=0,1(50)+26" 2 =0,6(,,0) =0,/ "(§,0) =0,  6(0)=1. (220)
In the above equations the pnm% denote the differentiation with r%pect ton.

_ EB(Tw—T w)ip*
K=

ume

Where & = “=js the reference kinematic viscosity, G, =

0

is the Grashof mass number, Re = is the Reynold

number, Ha = r E is the Hartmann number, Mn = ]'i is the Magnetic parameter,k, = é%f is the first order solid matrix
"l,l 0

rlpml

resistance, N = ]i—r_ isthe Buoyancy parameter, k., = ( ) isthe second order solid matrix resistance parameter,
K.

3
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[T 40 P R

Excy is the Eckert number, Ra = m'f‘ is the radiation parameter, Pr = . is the Prandtl number, Ra* = sy
modified radiation parameter, D, = 0B, is the thermal conductivity parameter,D, = yB, is the viscous parameter and B, =
(T,, — T.) is the temperature difference between the wall and the flow stream temperature. The buoyancy parameter N
measures the effects of buoyancy forces;, for W > 0 implies that the surface temperature is larger than the free-stream
temperature assisting flow. For ¥ < 0 the opposite is true-opposing flow.

For practical applications, the mgjor physical quantities of interest are the local skin friction coefficient and Nusselt number.
The wall skin function and local Nusselt number defined are defined as follows:

C = a/is w7 (£0) _ o aw Ty WEls (wm#ED

f Ji No= T —T5 {.u - JE/R)

Ec = is the

Whereq,, = —k-|y_0 = —k (a, (3% sin(@)é', r;)) =~k 4 (2= sin()s' (£, 0),
and K ==~ isthelocal Reynolds number.

It is imperative to note that when D, = D, = Ra" = 0, in equations (2.18) and (2.19), we obtain the governing equations
solved in EI-Amin [2].

2.1  Transformation of the model equationsto system of first order ODE

The transformed governing equations (2.18)-(2.19) are coupled non-linear differential equations, which are not amenable to
exact analytical method of solutions. Therefore, a second level local non-similarity method is adopted to convert the non-
similar equation (2.18)-(2.19) into system of ordinary differential equations. Consequently,equations (2.18)-(2.19) can now
be written as:

(s + g — 6Df" —a "6 +ayf’ |+ as(f) + g +ach+aof = a, (20— 2], (2.21)
(gl + agb] + a; )6 +ay () +ay (P +ay |ay+a.[1-6]|(F") +ay ['6+a,6'f =a,.{ ’:——6':—]
(2.22)
subject to
e 4 d (4 1 e 1
F1(£0) = 0,/ (£,0) + 262 = 0,6(%,0) =0, ' (§,00) =0,6(4,0) = 1. (229)
Where
_ o _ ..:lt—"]'\_ Fl4 _"]—..:lt _ L
u]—l,u_‘—br,uj—({q_ﬁj (l'l-mk;))ﬁu‘]_ ‘:l—lt'u:_i-]—nt’ \
F r 1 * I':|:|
We = — 5 [M 4+ &yl o, = 2&, g =Pi,aq = L, my =;—TH My =5
w =28 =F G4-Oa =-2n,a =|( “‘]—( ) > (224)
3=t (ta-e): )/
4 N F .
iz ——m,uz —im,uz __(‘J—'t)‘[M +.if]],u2 —(4-2-?;)&., j
[ = 2k

We desire to obtain an approximate transformation to the equations (2.21) and (2.22) with the boundary condition (2.23)
based on the local non similarity method.

2.2  Local Non-similarity method

The local non-similarity method was developed in Sparrow and Yu [24] and has been applied by many investigators, for
example inMinkowycz and Sheikh [25], to solve various non-similar boundary layer problems. This method embodies two
essential feathers. First the non-similar solution at any specific stream wise location is found (i.e. each solution is locally
autonomous). Second, the local solutions are found from differential equations. These equations can be solved numerically
by well-established techniques, such as forward integration (e.g. a Runge-Kutta scheme) in conjunction with a shooting
procedure to determine the unknown boundary conditions at the wall. The method also allows some degree of self-checking
for accuracy of the numerical results.Before proceeding to the local non-similarity method, it is useful to examine equations
(2.21) and (2.22) from the standpoint of local similarity. The local similarity solutions give first order estimates of the heat
and mass transfer rates in boundary layers. Therefore, the local similarity solution is aso known as the first level truncation
as seen inDulal and Harmony [15]. By this concept, the right-hand sides of these equations are assumed to be small and thus
can be neglected. The equations on the left sides are treated as ordinary differential equations and solved. Thus,

(g +ufuy —6DF" —af 6 +ayf" [ +us(f)* +ug+ub+ugf" =0, (2.25)

(ugliny + o] + ey )6 + oy (B)* +uy (F)* +uy Juy+a[1-6]|(F ) +u; f'6+u6F =0 (2.26)
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Turning to the rationale of the local similarity concept, the reduction of equations (2.21) and (2.22) is clearly justifiable for
values of £that are very close to zero. On the other hand, when £is not small, local similarity is based on the postulate that
derivativesinvolving £are very small EI-Amin [2]. Uncertainty on whether to neglect the right-hand side of equation or not is
the weakness of this local similarity concept. To correct the drawbacks of the local similarity method, Sparrow and Y u [24]
presented a local non-similarity method in obtaining the solutions for the non-similar boundary layer equations. Accordingly,
the terms on the right-hand sides of equations (2.21) and (2.22) are all retained. Auxiliary differential equations are
introduced to approximate them. These auxiliary equations are obtained simply by differentiating equations (2.29) and (2.30)
with respect to £ and defining the new dependent variables G and i as

6= =1 (220
These represent two additional unknown functions; therefore it is necessary to deduce two further equations to determine
& and . Thisisaccomplished by creating subsidiary equations by differentiating the transformed conservation equations and

boundary conditions with respect tof. The subsidiary equations for & and ¢ contain terms i, & and their derivatives. That
isto close the system of equations at this second level, the terms invoIving'l';—,'l':— or higher order are neglected. When these

terms are ignored theequations (2.21) and (2.22) are reduce to a system of ordinary differential equations that provides locally
autonomous solutions in the stream wise direction. This form of the local non-similarity method is referred to as the second
level of truncation, because approximations are made by dropping terms in the second level equation.

The procedure as described above in the formulation of the local non-similarity method can result in a large number of
ordinary differential equations that may require simultaneous solution. For example, at the second level of truncation there
will be four equations. It is expected that the accuracy of the local non-similarity method results will depend upon the

truncation level. Below is the simplification of the method. Let introduce two auxiliary variables G = :— and i = :— into the
equation (2.21) and (2.22) we obtain:
(g +a fuy —6DF" —wf 6 +ayf" fHu(F) tug+ub+ugf =a;(f'6" - ['6), (2.28)
(rglery + ] + 0y )6 + 1ty (6 + gy (F)* + g foy + 0w [1—6]|(F)* +uy f'6+us6'f = a,(f (t:" - f;JJ’G),

2.29
(g +ug iy —6DE" —wtf —wuf' ¢ —w6'G +uyf' G +uy fG 4wy 77+ 2ufG +uy +usgh 4+ 6+
a6 +ay fr=2016" -1 6)+a,l6c-6'6"), (2.30)

(g +uy 64uy )G +uy G6 +2uy 6'¢" + 20y F'G +un 15420y PE g sy f —wug 67 4
2uy fUG dwg wf T — 20y BFTG —wy fCR Ay PRy B a4+ a8 =2 - 6'G) +

a, (6" — GE") . (2.31)
Subject to

f(0) +u; G(0)=0,f'(0)=0, f"(») =0, G(0)=0,6(0)=0, & () =0,¢(0) =0,

() =0, &(0)=1,6(0)=0. (2.32)

To reduce the equations (2.28)-(2.31) subject to (2.32) to system of first order ordinary differential equations, we let f, =

F!Jf;: = Fr!JfF = .F”'.F-':Iz{;'.rf =Gr1f6 =GJ'I'.' ='5!Jfﬂ ='5r11+"l =¢5,h =¢:r
Consequently, we get

h=f==%L, (2.33)
E=1"=Fk, ] (2.34)
fi=f" = m{ua[(ﬁft) = (faf)] +uafafs —ugfsfy —wsfif —ug —ucfy —ugf.} (2.35)
fa=6"=f, (2.36)
fe=6"=fs , (2.37)
fe=6" = : [2(fef. — fafs) + u, (B8 — fefe) +ufof > ]{u.-[(f;f:)—(fij)] +ufofs —uafafy —

ity (g —ify) [beg+ues (eey—F)
wafl —wg—uwefy —wgf}] tunfofy Fusfafe —wahifa —wofofe —wy FF - 2asfufe —uws —wefy —us fi —ugfe —
iy fi, (2.38)

f=6=/, (2.39)

fa=86" = |u;.|ul+u-_.(:’_-—:l)|+u; I[u.-(ﬁlfn —fafa) —way f§ —uy [P —wy Eul +u, (1 - Jf'.-):'lfsi —uy fufy —ugfahfil )
(2.40)

=¢'=h . (241)

1
ot g e (5= 1) 4y

=¢" = : ) [2[f.fo — fofal +u, {fafe — fafy } —uy fq[ Iu.-(ﬁfﬁ_fﬂf-:)_ul fa —

Wy +uy +ug (-

iy .F:_HL {u1+u.¢(u1_lf'.-):|1f3‘_ul f;f'a_ulfﬂf1|]_2uL IEJ’-L _Zul Jf;glfi:_u:: Jf.:_zul f;fe.—u:u:: Jf3‘+

wpity fofd — 20y fofe —waun 5+ 20 fifsfe v (o —w fofo—wy ffe —wafify —wafefa]. (242)
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Subject to the initial conditions:
JF](O) = O,f_‘(O) = 0! JIE_'(O) = .ﬁ]! f-:l(o) = OJJFE(O) = O'fr:u(o) = .ﬁ‘i! jlr.'(o) =1
fa(0) = fiz, fo(0) = 0, f; (0) = fis (243)

3.0 Properties of Solution
In this section, we formulate some basic theorems relating to properties of solutions such as existence and uniqueness
ofproblem (2.28)-(2.31)subject to (2.32) and establish the proof respectively.

3.1  Theorem on existence and uniqueness of solution

Letfi(i=1,..4)>0,{<4and0 <X, <0, 0< X, <y, 0 < X <ty by S Xy <ths, 0 < Xe <ttg, 0< X, <tte, k, <
Ay <ug,0< & <, b <8y <, 0< & <y,

Es <X, <oy wherem (1 =1,2,..,100a  E(j = 1,..,4) are positive constants. Then, there exists a unique solution of
problem (2.28)-(2.31)subject to (2.32).

Proof:

Let Xy=0 , A:=f, Xa=F X=f"A=GCX =6 X, =6G" Xg=6,4,=6

Xy =g X =¢

Then, we obtain that

[N
m><'_‘

(3.01)

X

o
Iy

S <
Il
XX >

XXX XXX XXX

S

» X >

> X
> X

Subject to initial condition

X,(0) 0
X,(0) 0
X5(0) 0
X,(0) b,
X5(0) 0
Xs(0) |=| O (3.02
X,(0) b,
X4(0) 1
X,4(0) b,
X10(0) 0
Xll(o) b4
where
Ay =) =, (ke — Xake) Ay = Xady — XX,
E]
Ay =~ XS — g — Wedp — el Ay = 2(Mplz — Xgde) , Ay = w, (X7 — X X)),
Ay = Ay Ay + XXy Ay = w XX, — wp X —ug ALK,
Ay ==y A5 — 2084 — e —ucXy , Ay = —un Ay — ugdy —un As,

Az = w (XX —Hoe), Az = —wy X5 —uy X3, Az = —wy A4,

Ay = -y XoXg — g XoX, Az = 2(X: Xy — XoXe), Az =, (X Xg — Xedy ),

Ao = —uy Ky A; — 20y AXy An = =20y XXy — o A5 — 20y A4,

Ao = —urgutn A + i XgAi — 20y XX, A = —wun X3 + 20y XgApk, + oy A34

Ry ==ty KoKy~ KoKy — KKy —tyKoke, A, = 0D g et s it )
gt _ 1 _ 1
Aq = Ag ! Ag Wy iy g (Kp—1) 0 ©  wytia(ua—Xy)
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By=4y +4, +4, , B.=4; +4; +4; ,
szﬂz +|I'12 +.I'1_2 +|I'12 ,E..]:.I"lz +|I'12 +.I'1_;| .

Adegbie and Fagbade J of NAMP

Where
wy(k =1,2,....,23)are real constants defined earlier and ff,(j = 1,2,3,4)are guess values that must satisfy the boundary
conditions.
Let
X' FL (X Xy, Xgyeey Xip)
xz' f2(xl’ szxs!"'v Xn)
X! fo (X, Xy, Xy X))
X,' (X, Xg0 Xgheey Xi0)
)(5I fs(Xl,Xz, x3l'"1X11)
Xe' |=] fo(Xy Xy Xgyery Xpy) (3.03)
X,' (X, Xy Xgheey Xp)
X' fa (X0 Xy, Xy, Xip)
Xgl fg(xple X31----X11)
>(10l flo(xl'XZ’XB""’Xll)
Xlll fll(xl’XZ’x3""’xll)

It is obvious that f;(X,, X.,Xs,....,&; ) for each i = 1,2,3...,11 is Lipchitzcontinuous. Thus, we show that %Vé,j =
I

. oy . i . .
1,2,3..,11 are bounded and there exist K such that ”%|sh where 0 < K <co. Hence, differentiating
!
Fe(Xy, Ay, A, ..., Xy, foreachi = 1,2,3,....11 with respect to X, X,, X=, ..., X; , we have
|'_II|'] — r'lll-J — r‘lll-J — r,lll'] — |'_II|'] — r'lll-J — r‘lll-J — r‘lll-J — r,lll'] — O
ol T Lol T LD T Dol T loagl T lowel T Lol T Lo T law T
ar ar
[ = |2 =o0. (3.04)
iy iy
rll II-‘ — rll Il-d. — rll Il-d. J— rll II-‘ J— rll II-‘ — rll Il-d. — rll Il-d. J— rll Il-d. J— rll Il-d. J— O
R B T R P S P R P s P (R P R T R FT
| (L7 e [ 1 (3.05)
iy iy ’ ’
LY S L3 FY iy 0 ) Sy Sy L Y [ L Y iy L) iy 7Y gy 7 ) e
T B T B TR I T e T B P B T B P R T B
|—f“"J =02 =1 (3.06)
iy ilky ) .
dfa dfa —ilyAq - dfa| _ |u i Xe — 20z Xz — g <7
ax, ’ ax, iy + (g — X))l T ax; wy + (=) 17
W] _ | dadgtug e —pg iy | — —U iy <7 | _ —U gy <7
R gt (g —Xy) = liks PP i PN wyti (ug—a) = F
Wl _ Wl _ —pb gt (i g =)+ (ot (g — Mg g )i N e — 0 g g X — 0 N T — g — s N —ip A )
i, R o g (g —Xy)
<15,
o = | #ata i “a = M = (3 07)
[ oyt (=) T P kg oy ! ’
|ﬂ£| — |f1|"a — |f1|"a — |f1|"a — |f1|"; — |”£| — |f‘|"a — |f‘|"a — |fJ|"a -0
Ky i, oAy iy kg i, oKy K, iy !
| =0, [ =1 (3.08)
iy g ’ .
iy iy iy gy il [{E iy . iy !
e | — |r.|,",= _
|M1 i =1 (3.09)
r-'i =0, i, = |- —gtghy Xy _ X, S'.I':I.,
Ky L (i g+ie, (o g—Kp)] gty (g —Ag)
a;-,| 2X; i, Xy Ay 2uscr Xy Xs e, Xy 2iy X
= + — - - — — =
2 + — F F F + —
ax; g+t (g = Xp) (u]+u.¢(u]_‘¥ﬂ)_‘|l (u]+u.¢(u]_‘xﬂ):l (u]+u.¢(u]_‘xﬂ):l wy +u, (g — Xg)

it Ay [ .
— — <15,
ity +oir, (g — Xg) oy + oo, (i — Ap)
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i) —2K. oo Xy X N TR ooy X . o5 Xy
2y ey + 5 (uty — K) (g + oz (ary _‘]fn:):E [y + o5 (ary _4]':}:)_1,.I [y + o (ary _4]':}:)_1,.I ity + ot (12, — X)
oy Xe
iy + o (g — Xg)
—2Xs . g Xy Xs s Ko Xy —uroirg Xy A i Xy
T ey g (e — X)) (ezy + e ery —.-'ft):: (ezy + o (ery —.-'ft):: (ezy + o (ery —.-'ft):: iy + oz (g — X))
iy Ke <3
g + ity (g, — XD T
|§}‘-,. _ —2X4 Xy Xy iy Ay <7
aX: ty + g (g — Xg) (ery + e, (uy —,TE):I‘ wy e (g — Xg)| T
|§}‘7| _ 2X; N 2K (13, o . [TNIoF oF 25 45
dXg ity + oo, (g — Xg) ooy oo, (org — Xg) oy + o, (i — Xp) [:u_r] + (it — XE)JI‘ ity + ir, (iry — Xg)
o
- e <1,
iy + uy (iry — Xp)
|ﬂ£| — —aXg [T, 08 _ gy <
i, i (g—Xp)  ogteg(g—Xe)  wgtug(ug—k) T T
af, Xy Xy i i, X
jr.'| — et | 4q _ 2 + F] _ < f.l ‘
dXg ity + oo, (g — Xg) ooy +ou, (ory — Xp) [:u_r] + o, (try — )fﬂ):l
af, s Xq X
alrll|: Flakl bt | ‘+u_“xl. Sf.l‘
A EU-'J + i, (ury — ‘xﬂ),‘l
afy | _ trir, (Xo X — Xgle) + a Mgy — g MaX, — XS — ig — Xy — gz e
ax; {a, + o, (g — .."fﬂ)jl1 ity + i, (iry — Xg)
< el (Ko X — Xagde) + XXy — XXy — WX — g — UeXy — Uek; —Ug
- {u, + ., (i —..’EE):I‘ ty + g (g — Xg)
=
| _ Wyl e
|r.uc1 | B MRS =% (3'10)
|“'£|— M| _ || [ M| o 2] = |2 o [P = (] |2 _|rJ.f= =0
r.:l.'f_;, B TR B TS B T s T B P B T B P B T B T B
el —
|r.uc._.| 1. (3.12)
r.'i _ L9 - gy ™.
|r.l.'c,| =0, da |l 7 iy iy oy (xt—1)| =4
|af,,| _ Xy 2ury A5 iy Ag |
aX; Bl y +uy Fuy (Kg—1) wy vy v (-1 w vuy oy (M—1)
< oAy | N —2uy A | N —iry Ay |
iy iy iy (ﬁﬂ_l) iy +iy +ily (ﬁﬂ_l) iy iy iy ("’fﬂ_l)
=1
|‘-:'|.r"a| _ |_2 ity Xq(uey + (it — Xg)) - [—2uy Xq(ery + a, (ory — X)) <
a"’f-! iy +ily Fily (ﬁﬂ_l) B |u1 +ury iy ("’fﬂ_l)l -
|r'llr'.' —H Ay <‘| r"i — r"i —
sl iy iy 4wy @e—nl = 2 land T lax T
5 | 1 | e E 4
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afs| oy K 3 iy X 3 iy KXy . oy iy XE
X ey oy oy (-1 wy o oy (-1 (@ oty (G -1)F (n foy o (K —1)F
. oy oy X3 Lol fleey +ce;(l—.-'|.’t):.-'|.’_'f N iy oy XX
(y +oy oy (K —1))° (o +oy +oy (K —1))° ( +ey +oy (K —1))F
RO, P [ . o )
+ — =+ = = JII ,
(i +oyp +og (K —1D)* (o +uyp +uyp (K —1))F
afa| | —il, A 2y Ay X
g - (al +ury oy ("’fﬂ_l) (al +uay oy ("’fﬂ_l) (al +uay oy ("’fﬂ_l)
<,
dfa | _ | 54z |< |5, Xz T
a"’fl (al +ay oy (ﬁﬂ_l) _l(al +ay (ﬁﬂ_l)l_ 2
2| =o. (3.12)
il
o L IO L o O O O (o o O . o O L o O L P L —0
44X, ax, aX; aX, AX: a4 ax, aXg ax;
A | _ i | _
o | =0 1= (3.13)
o |
FTH
afy _| iy tyly Xy _ [L3%.9
X, (y +uy +uy (K5 —1)) (uy +uy +uy (Kz—1)
iy iy X, Xg =il Xy o
< | =+ | | < -rg s
(ul +ury iy ('xﬂ - 1))" (ul +uy iy ('xﬂ - 1)
afy 2K, iy AT 20y oy MK ooy A X 2X5u04
"-:sz B (al +uay oy ('xﬂ - 1) (al +ay oy (*‘TE - 1))" (al +y oy (*‘TE - 1)
2uts A5 iy Xy
(uy +uy oy (Kg—1) (uy +uy +uy (K1)
- | 24, . iy iy A +| 2ury gy KXo Ay
oAy g Fuy (Mg —1) (ay +uy +uy (M —1)) (ay +uy +uy (M —1))
N | iy iy Ay Xg N | —2X 4 | N | —2ity A
(ul +uy + gfl ('xﬂ - 1))" (ul +uy iy (*‘TE - 1) (ul +uy iy ('xﬂ - 1)
Ty Ay

. B
(g +uwy +uy (K5—1)

‘-:’.rl _ |2u1 iy Aqly (!I] + u.:(l _'xﬂ)) 2“1 A, 2“]”2 Xa
a"’f-! B (ul +ury iy ('xﬂ - 1))" (ul +uy iy (*‘TE - 1) (ul +uy oy ('xﬂ - 1)
2ur,itn Agdy 2ity A, 2ut ity Kq
(uy +uy +uy (Ag—1) (uy +uy +uy (—1) (up +uy +uy (K1)
ity K, A 2iry XXy

+ +
(ul +uy iy (ﬁﬂ_l) (ul +ury iy ("’fﬂ_l)|

2uy wy XaXy (uy +u.(1— X)) —2u, X, | . | —2utytty Xq |
- (uy +uy +uy (Mg —1))° (uy +uy +uory (X —1) (g +uy +ury (A —1)
. | —2ut. iy Xgdg | N | —2uy X, | N | —2ur, ity Xg |
(ey +uy +uory (Xg—1) (ery +uy +uy (A —1) (g +uy +uy (X5 —1)
2uy A, Xy 2iry Mgk

+ + <1, ,
|(U-'1 ity il (xﬂ_1)| |(U-'1 iy iy (EE_1)| ?

df;
axX-

—2X; Xy iy Aoy oy,

= - +
|(u1 +ury iy ('xﬂ _,-'I:EL) (ul +uy iy (*‘TE - 1) (ul +uy iy (*‘TE - 1))"
yig

(ey +uy +oury ("fﬂ_l)|
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—&X. —ay Wy Koy Wy =i g,

< sl a I+ =t
(my 4oy +oy (Kp—1) (g +og +ory (Np—1) (g +ory +org (Hp—1))* (my +oy +oy (Hp—1)
afy Ay 2y A iy Ay |
axﬁ B (al +uy ("’fﬂ_l) (al +ay (ﬁﬂ_l) (ﬂl +ay oy (ﬁﬂ_l)
Xy | | —2iry A | | —ily Ay |
< + +
(ﬂl +y oy (ﬁﬂ_l) (ﬂl +uy ("’fﬂ_l) (al +iy (ﬁﬂ_l)
=
fl'f',_ _ _uL X..] 2!,![ I..] + 2!,![ IEI..] |
X, - (y +uy +uy (g—1) (uy +uy +uy (K5—1) (up +uy +uy (Kz—1)
S| —uy Ag |+| =2y Aq |+| 2ury AgXy |
(y +uy +uy (Mg—1) (ay +uy +uy (M3—1) (g +uy +uy (M3—1)
<15,
i fis 2
af, Ag(—my X, E+a;a2 Ag + 2y XX, —ay X — oy By
axgl A2
Ak
- BT N @z X ‘| 2a; XaX, — s X
- (ﬂl +y oy (ﬁﬂ_l) (ﬂl +ury oy ("’fﬂ_l) (ﬂl +ury oy ("’fﬂ_l)
—iry Xg - )
+ | iy Ag |+ | iy g <1,
(ul +uy iy (ﬁﬂ_l) ((ul +uy iy (ﬁﬂ_l))‘
whereT; isareal constant.
afy _| —2X- . gy Xy A- . iy Ay g,
axy (g +ay +uy (Kg—1)  ((oy +ay +uy (K — 1)) ((y +ay +ury (K — 1))
iy A . 2uy g Xy Xg 2uy Ay |
(g +uy +uy (Ag—1)  ((y +uy +uy (g — 1)) (uy +uy +oy (X — 1)
<| —2X: . iy Xy Xe +| iy Xy oA,
Ty F gy oy (K5 — 1) ((ey +uy +uy (K —1))* ((ey +uy +uy (K — 1))
5 20wy Xy Ay —2uy Xy N
+ | + 7|+ | =1a,
(al +uy g ("’fﬂ_l) ((al +uy ("’fﬂ_l))‘ (ﬂl +y oy (ﬁﬂ_l)
l'.:ll|r|_ |_ 2-*:_. + I:!;Xt
ax | @y vy oy (-1 (1 vy +uy (K —1)
Cuy [2unK Ky - NKoom —ey XD -y XT oy (o g (LK) AT oy KoK - oKUK
((y +oy +oy (K —1))F
iy Xf iy X_. .
+ - < ||I_| y
(ery vy +uogp (K —1) (g +oyp +ig (.Jl.’t—l)l
afl | _ | —i I.JT: 2!,![ )I.'q u].-‘f_‘
a"’fl B (ul +uy iy (ﬁﬂ_l) (ul +ury iy (ﬁﬂ_l) (ul +ury iy ("’fﬂ_l)
—it g —2ilg Mo [ET e
T luy g g (Ke-2) (g +ity +irg (Hp—1) (g +uty +ig (Kp—1) = .f-_;‘ ' (314)
Then there exists a number (Lipchitz constant) K, 0 < K < oo, such that
k=m {4} i=1. 10 (3.15)

Consequently, z'r" for each ¢+=1,..,11 is bounded and f,(A,, XK., Xz, Xq X, Xg, ..., ) for each ¢=1,..,11 is

Lipchitzcontinuous. Hence there exists a unique solution of the system of coupled non-linear ordinary differential equations
(2.28)-(2.31) subject to (2.32).

3.2  Stability Analysis

The concepts of equilibrium point and stability are motivated by the desire to keep adynamical system in, or at least close to,
some desirable state. The term equilibrium or equilibrium point of a dynamical system, is used for a state of the system that
does not change in the course of time, i.e. if the systemisin an equilibrium at time t;, then it will stay there for al times
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t=1,. A rea system is always subject to some fluctuations in the state. There are some externa factors that are
unpredictable and cannot be modeled; some dynamics that have very little impact on the behavior of the system are neglected
in the modeling, etc. Even if the mathematical model of a physical system would be perfect, which isimpossible, the system
state would still be subject to quantum mechanical fluctuations. The concept of stability in the theory of dynamical systems
is motivated by the desire, that the system state stays at least

close to an equilibrium point after small fluctuations in the state. Stability analysis tells us about the convergence property of
the differential equations. A steady state point is stable, if the differential equation converges to that point. Other-wise, it is
unstable.

3.3  Définition

Assume that X = 0 is an equilibrium point of (2.33)-(2.42) and let II. lIbe an arbitrary norm on R". The equilibrium point X or
critical point is said to be stable, if and only if for every & > 0 thereisan » > 0, such thatll¢(t, £)Il < K for al £l < r and all
L = 0, where gtis the solution of the system.

If the equilibrium & = 0 is not stable in this sense, then thereis i > Osuch that any fluctuation in the state from zero, no matter
how small, can lead to a state x withll£ll = R. Such equilibrium is called unstable. The set of those points in the state-space of a
dynamical system, which are attracted to an equilibrium point by the dynamics of the system, is of great importance. It is called
the region of attraction of the equilibrium.

3.4 Theoremson stability

Theorem 3.4a

Consider the autonomous first order system of differential equations;

A =o X+o; ¥, (3.16)

Y=o, X+uo, Y.

Whereq, , are real constants-Equation (3.16) can be rewritten in matrix form as

UL uy 11X
lr'l - L{t;_ Ly ‘ l}J (3.17)

Thus we obtain an auxiliary equation|A — 4 | = O,where

A= l::; E:; J , listhe identity matrix and 4 is an eigenvalue. Therefore, simplifying the auxiliary equation above we get

A=y +uoy YA+ (0 vy —uz oy )=0 (3.18)

suchthat w; @, —ay, ws # 0and the point (X, ¥5) isthe only critical point. Let 4, and A. be the two roots of the auxiliary
equation above. Then,the critical point is said to be

(i) Stableif 4, and 4, are purely imaginary.

(ii) Asymptotically stableif # 4; <Oandk® 4, <0

(iii) Unstablein al other cases.
Consequently, we formulate theorem on the stability of critical points of system of non-linear equations (2.28)-(2.31) as
follows:
Theorem 3.4b
Let X = (X, X., A5, .4 ) be a critica point of non-linear system &' = H such that the auxiliary equation |H — A | =
Oho ,wherefis10x 10 matrix, | and A; are identity and eigenvalues respectively i« = 1,2,....10. Therefore the critical
point is unstable.

Pr oof:
Considering the system of equations
X, =F, (3.19)
X, =f" =4, (3.20)
X=1" =4, (3.21)
X' = 1 = e [ — Ko Xa)] + €, Xy — i Xey — XS = tq — ek, — g},

(3.22)
Xy=6G" =X, (3.23)
XL=G' =X, (3.24)
X' =6 = ————[2(X.Xe — Xaky) + 0, (X2 — XeXy) + W Xg[B] + 0 XXy + XXy — 0 Xo Xy — @y Xy X —

[oe g4, (= )]

uL .-’fj —Zuj(.-’l.".-’ff _uz _u:xn_uz .-’f.. _u‘._-.x: _u_z .-’I.'_‘] yy

X, =6,

e =x, (3.25)
1

X=6"= (AL Xy — A Xy) — As — A —

B E“ {u[ +u|_ +u|_ (.-’f.—l)}[u'( & B -':I) uL B uL F

wy (o + o, (g — X)) XEXX, — wyXgXy], (3.26)

.x.,-_‘:lf]':,
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_,T['i; = ‘,‘:r = -"Tl , (327)

r — [ J — ] &£
A T=gt = {ta +uy +0g (X,—1) [2[X. X5 — KgXq] + a {XoXe — Hody }— oy Xo€ — 20y XXy, — 20y (X KXo —up X5 —
2ury KX —wgitn X5 oo X X5 — 20y XXy —waun X5+ 2wy X XK oy XoA, —uy XA —uy XA —
X X, — g piy] . (3.28)

Expressing the system of equation above in matrix form,we have

[oX,' ox,' ox,' X"
X, X, X, T Xy
[ X | ox, ox,' ax,' R
X,' X, X, X, T Xy || X,
Xo' | | Xy aXyt aXy' X3 || X
X, X, X, X, T Xy || X,
D Xq
X X,
DS X,
Xl X4
Xl X,
| X' . . S o X
X' Xy Xy Ny
E i SR |
Hence the system becomes
X=H.
Obtaining the partial derivative of the matrix above using the equation (3.19)-(3.28), H becomes
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
o b D, Db D, o Dy Dy o 0
0 0 0 0 1 0 0 0 0 0
H 0 0 0 0 0 1 0 0 0 0
D7 D8 DQ DlO Dll D12 D13 Dl4 D15 D33
0 0 0 0 0 0 0 1 0 0
Ds Dy Dy Dy o 0o Dy Dy Dy, o
0 0 0 0 0 0 0 0 0 1

D23 D24 D25 D26 D27 D28 D29 D30 D31 D32 .

=4 = =

WhereA = A lﬂE [oe g+, (=i )] ':16 {ig +ug +ug (A-DY

Ay =, [(XXe — X Xg)] + Mo — g Mo Xy — X — g — e, —wgd,

Ay = [2(K, K — Aalg) +u (X2 — X)) + o, Ko[A] +a XX, + w XX — g Ko Xy — g Xy Xy — oy X2 — 200 (X, Xe
_Hz _HEIQ_HQII._HEIE_HEX_‘], 7

Ag = a, (KXo — Xg ) —wy X5 —ay X2 — ey (o + (g — X,) JXEXLX, — g XXy |,

Ay = 2[X. Xy — HpgXa] + o {XoXe — Xaly }—uy Ko€ — 20y Mgy — 20y (MoXe —wp XI — 20y XoXp —wgup X5+

H‘!I;: JTI..-xj‘ - 2”1 XEJTE, - !I_‘HE .-’fj‘ + 2”1 JTI.JT:JTE + t.[-,_ .-’fj‘)l.'q - !II X‘xq - t.[-,_ .-’fl..-’fs - HJXJJT-L - UJJTEX-:

H= j—t By = X — 20X, — Xy By = Xy — 0, Xe — iy Xy By =~ Xotteds + uA, Xy

By =w,Xg— 20y A, —wy w, By = 2w A= By = Aguy X5 — Aguey XL — Aguty

By = —uw, Xy — 20y Xg—ugXy By = 2wy wy XX+ XX ,uy — A5y

By, =24, —2uy Xg —2u5 X, —uy g, By = 20y iy KgXzAe

By = 2uy AXq + 2y X X — 2uity As — 20y A + 20,00 XA — 20,000 Xs — 20y Xy

By =245 +ugXg +u, Xy By =w Xy —2uy X, —uy X, By = 2wy XA — 20y A — 20y As
1

= e

Hy =24, +uw e +uy X5 —wy A, By =a, 4+ Aq By =, Xy + 2uy Ky + gy,

B, = —u,Aq oAy — gy By = —uede +uL A, By = 24 — 20y AL, — e — 2u5X:

e = w i, Xedy — 2u it 804, — wgit Ay By = —2X; X, — gy,

By = —wy XoBa +uLug A5 + 20y X —uwy Xe, Bo = w,dy + 20y Ay +ugd,,
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BT’ = U:XEIQ - u_‘ujx..]xq - ulu‘I]Xq y BE = _ZXE - u].-‘."j y Bq = 23’_‘ + ZHjX: - u;xﬁ - 21.!3.-‘:_‘ - u:-,
B

p.=22 p =58 iy Xz L = iy X, _ B L = i, Xz
]_ﬂci.:_ﬂcij_ 1'1: (s B .|"'|: ’E_ﬂéié_ ﬂ:’
[T S1 0. 0. CRRT B9 & By B B B; By w XA
= ].:'1__ ]n’E:_‘]_'___‘Sq:_:-_'__-"SL :_E_ .-_'1‘
Az Ae Az A2 A A2 Ae Az
i (AN O ¢
||_,:|_ — _"J + Flair S Ll ] ‘
A Az
i b a4 (o ¢ | iz Xy X i, A — i
||_,:|_ — _l Ay = L_ _ atig + Flul PRk ;| by, = 245G + FRbl ’ ||_,:|_ —_* s ‘
1'1: ﬂE ﬂ: 1'1; ﬂ; ﬂ: 1'1:
—ily A
UL — 1 E|’
Ag
ﬁl ﬁl. —u;ﬁﬂ ﬁl ﬁl uj..-"':_‘
L, =— Ly =— L = Ly =— Ly =— Ly = ,
L e .P;)f ¥ A L -‘1.:-.5 s g B ﬂ;ﬁ e
iy i i
.'_52 - 1| 141 _ Rl | , Lo — I + _l , .'_52 - _L + 1| ,
Az Ay A A, A A,
e :”__' :";' :";'_HI.-".II.
b, = a2 A Lz Ag Lz Ag Lz Ag A
I _ _2.-1{.] - Zﬂl .-’fl - ﬂ]ﬁq ﬂl Xqﬁz I _ ﬁz ﬂl_ ﬁz
T Ag AT A, A
. i . o Nady
Ly = - by = .
Henceby substituting the critica points X = (X,, ..., X; ) = (1,0,0,0.5,0,0,—0.3,0,0.1,0) obtained from the system of
equation (3.19)-(3.28), the matrix H becomes:
0 1 0 0 O 0 0 0 0 0
0 o0 1 0 O 0 0 0 0 0
0 0 -1.6716 0 0 0 -2.9289 0 0 0
0 0 0 0 1 0 0 0 0 0
He 0 o0 0 0 o 1 0 0 0 0
0 o0 -3 0 0 -05 -08579 0 -2.9289 0
0 o0 0 0 o 0 0 1 0 0
0 0.1387 0 0 o0 0 0 -2.3880 0 0
0 o 0 0 o 0 0 0 0 1
0 0.2367 0 0 01387 © 0 -4.2857 0 -2.3880
Therefore, we obtain an auxiliary equation
|[H—A4]=0as
- 1 0 0 o0 0 0 0 0 0
0 - 1 0 o0 0 0 0 0 0
0 0 -16716-1 0 0 0  -29289 0 0 0
0 0 0 -1 0 0 0 0 0
0 0 0 (- 1 0 0 0 o |,
0 0 -3 0 0 -05-1 -08579 0 -2.9289 o |
0 0 0 0 o0 0 -l 1 0 0
01387 0 0 0 o0 0 0  -23880-I 0 0
0 0 0 0 o0 0 0 0 -l 1
0 0237 0 0 01387 0 0 -4.2857 0  -2.3880-|

Such thatthe eigenval ues corresponding to the auxiliary equation are obtained as follows:
Ay =0, 4, =0,4; =—2.3481,4; = 2.2489, 4i: =
A, =0.1599 + 0.419i, 4; = 0.1599 — 0.4191i, 4, = 0.0460 + 0.3046i,
A; =0.0460 — 0.3046i .
Hence, by invoking theorem (3.4b), we see that the critical point obtained from the system of equation (3.19)-(3.28)
asunstable. This further explained the fact that Magnetohydrodynamic forced convection flow through porous medium is
unstable as aresult of particles coarseness, rough wall surface etc.

—1.9027, 4; = —0.8596,
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Conclusion

The problem of MHD forced convective flow over horizontal non-isothermal circular cylinder in fluid saturated porous
medium was extended to include more realistic case where the viscosity and thermal conductivity of the fluid changes with
respect temperature in the presence of thermal radiation. The mathematical flow model involves a system of highly coupled
non-linear partial differential equations that is transformed using local non-similarity techniques. The qualitative properties of
solutions which validate system of governing equations representing the physical model were analyzed by formulating
theorems and establishing the proof respectively. The findings of the study revealed that the solution of the flow model exist,
unique and unstable.
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