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Abstract

Differential eguations can be solved using many methods that are generally
accepted in Mathematics. However, it is believed that one method should be more
accurate, efficient, sufficient and unique than the other. Thus; solutions of First
order Differential Equations (FOD’s) with Initial Value Problems (IVP’s) by the
three different methods; Picard, Euler and Modified Euler Methods (PEMEM) will
be exercised. As such numerical computational algorithm, convergence rate,
approximation errors and uniqueness will be investigated.
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1.0 Introduction
Parker and Sochacki theorem on Existence and Uniqueness states that if both f (x, v) and 'I— are continuous in some region
around the point (a, ¥;) then there is aunique solution to the IVP[1]
¥ =f(xy)

b = ) @
Valid in some interval around x;. In other words, if the lope field is sufficiently smooth at each point, then there is unique
integral curve passing through any given point. How do we prove such a theorem? There are two methods, but both use a
sequence of approximate solutions and prove that these approximations converge at least in a small interval aroundx;. One
method is due to Euler and is quite simple to use in practice: one simply ‘’connect the dots’’ in the slope field. The
disadvantage to this method is that it only gives an approximation “’at the dots’’. In other words, Euler’s method only
approximates the values of the solution at a finite list of points. It does not give us formula for an approximate function at
every point. However, Euler’s method has the advantage that its accuracy can be improved with only minor modifications.
Foremost applications some version of an improved Euler method is ideal. A second method is due Picard. The Picard
method gives a sequence of functions which converges to the solution. Picard’s method is far less efficient computationally
than Eulerian methods, but it introduces an important technique that will be useful for the error analysis of Eulerian methods.
An approximation method is useless without an estimate of the error. Picard’s method begins by transforming the pair of
conditions that are the IVP into a single integral equation. Estimates with integrals are fairly straightforward.Parker and
Sochacki (2000) showed that a large class of ODE’s could be converted to polynomial form using substitutions and using a
system of equation. While this class of ODE’s is dense in the analytic functions, it does not include all analytic functions.
They also showed one can approximate the solution by a polynomial system and the resulting error bound when using these
approximations [2]. Parker and Sochacki also showed that if x; # 0, one computes the iteration as if a; = 0 and then the
approximated solution to the ODE isy"(x + x,). This agorithm is called the modified Picard method (MPM). While the
MPM algorithm easily computes the approximations, since it only depends on calculating derivatives and integrals of the
underlying polynomials, it has some limitations. They also showed how to handle the PDE including the initial conditions.
However, the method requires the initial conditions in polynomial form. While in some PDE’s this is the case, many time
one computes a Taylor polynomial that approximates the initial condition to high degree.
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This results in a substantial increase in computational time. For some problems, the initial condition is not explicitly known,
but only a digitized form of the data.For example, in image processing, most of the data have already been digitized and we
have to interpolate the data using polynomials in other to apply the Modified Euler Method (MEM). If this is done, the
resulting polynomia may not effectively approximate the derivatives of the original function. The polynomial approximation
might contain large number of oscillations that do not represent the underlying data accurately. Finally, we would also like to
handle boundary conditions in a simple manner, but keep the extensibility of the Modified Euler Method (MEM), which does
not allow for a boundary condition.Picard’s method, sometimes called the method of successive approximations, gives a
means of proving the existence of solutions to the method of DE. Emile Picard, a French Mathematician, who developed the
method in the early 20" century. It has proven to be so powerful that it has replaced the Cauchy- Lipchitz method that was
previously employed for such endeavours.

Picard developed his method while he was a Professor at the University of Paris. It arose out of a study involving the Picard-
Lindel of existence theorem that had been formulated at the end of the 19" century. Picard’s method is utilized in similar
situations as those that employ the Taylor series method. It is a method that converts the differential Equation into an
equation involving integrals.Some DE’s are difficult to solve, but Picard’s method provides a numerical process by which
solution can be approximated. The method consists of constructing a sequence of functions that will approach the desired
solution upon successive iteration. It is similar to the Taylor series method in that successive iterations also approach the
desired solution to a DE. Picard’s method allows us to find a series solution about some fixed point. The number of terms or
iterations that is required to reach the desired solution depends on how far from the chosen point the solution must apply. The
closer the chosen point to the known point, the fewer terms that are needed. It can be shown that the series is convergent and
provides a solution to the differential equation of interest although the number of terms will depend upon how rapidly the
series converges as well[3].The details of Picard’s method involve starting with an initial value problem and expressing it as
an integral equation. This is done by integrating both sides with respect to one variable from a defined starting point to a
defined termination point, a; £ x,. Theinitial value given is substituted into the resulting integral equation. Thisyields the
simple fraction evaluated at the initial value summed with the remaining integral, after a simple substitution and appropriate
arrangements of the limits on the remaining integral, the result can be used to generate successive approximations of a
solution to the initial equation. The number of iteration steps is determined by two factors; how quickly the series converges
and how far away from the point of interest is the value given in theinitial problem [4].The term “’Picard iteration’” occurs in
two places in undergraduate mathematics. In numerical analysisit is used when discussing fixed point iteration for finding a
numerical approximation to the equationx = g(x). In differential equations, Picard iteration is a constructive procedure for
establishing the existence of a solution to a DE ¥' = f (&, ¥) that passes through the point(ay,, ¥;)[5].Picard iteration is a
widely used procedure for solving the nonlinear equation governing flow in variably saturated porous media. The method is
simple to code and computationally cheap, but has been known to fail or converge slowly [6].Picard showed that an entire
function can omit not more than one finite value without being reduced to a constant function and if there exist at least two
values, each of which istaken on only a finite number of times, the function is a polynomial [7]. Otherwise the function takes
on every value, other than the exceptional one, an infinite number of times. His beautiful proof of what is known as Picard’s
Big [8].Picard iteration is a specia kind of fixed point iteration. We call x a fixed point of a function if x = f(x).Suppose a
sequence is defined by:x,., = f(x,), 2, = [$¢ g a the f P ]. Often you will find that x,, converges to a
fixed point of f. The process of taking the successive terms of such a sequenceis called iteration. We are going to apply this
iterative idea to differential equations and we come up with the Picard method. Basically, we are going to apply fixed point
iteration to a whole differential equation. The goal here is to use Picard method to find a solution to the given FODE with
IVP of the form in (1) ODE frequently occurs as mathematical models in many branches of science, engineering and
economy. Unfortunately it is seldom that these equations have solutions that can be expressed in closed form, so it is
common to seek approximate solutions by means of numerical methods [10]; nowadays this can usually be achieved very
inexpensively to high accuracy and with a reliable bound on the error between the analytical solution and its numerical
approximation. In this section we shall be concerned with the construction and the analysis of numerical methods for FODE

of the form in (1). For the real — valued function y of the real variablex, where y' = % In oder to select a particular integral

from the infinite family of solution curves that constitute the general solution to (1), the FODE will be considered in tandem
with aninitial condition: given two real number We seek asolution to (1) forx > x; 3 ¥(x;) = ¥,. The FODE (1) together
with the IVP is called FODE with IVP. In general, even if f (i, )is a continuous function, there is no guarantee that the IVP
in (1) possesses a unique solution. Fortunately, under a further mild condition on the functionf, the existence and uniqueness
of asolution to (1) can be ensure: the result is encapsulated in the next theorem[11].

2.0 Material and M ethod

3.0 Picard’s Method
Thisisthe first method we shall consider. This deals with successive integration as we progress from one step to another.
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The details of Picard’s method involve starting with 1\VVP and expressing it as an integral equation. This is done by integrating
both sides with respect to one variable from a defined starting point to a defined termination point, X, t0 X, . Theinitia

value given is substituted into the resulting integral equation. This yields the function evaluated at the initial value summed
with the remaining integral. After a simple substitution and appropriate arrangements of the limits on the remaining integral;
the result can be used to generate successive approximations of a solution to the initial equation. The number of iteration
steps is determined by two factors: how quickly the series converges and how far away from the point of interest is the value
given in the initial problem[12]. The equations (equation 4) as the equivalent solution to equation (1), will be used for the
valuesof n = 0, 1, 2.. in determining the solution to (1).

4.0  Picard’s Method of Successive Approximation
Considering the FODE with the IVP in (1), then the solution to equation (1) is equivalently given as the integral equation:

y=yo+ [ Flxy@)a 2a)
=y (x) = g + j Fla,y® D) d @b)
Pr oof )

In this method, the value of the dependent variable ¥ is expressed as a function of x.
To show that (2a) and (2b) are the equivalent integral solution of equation (1) it suffices that:
Let ¥ = f(x,¥) be the FODE with IVP y(x;) = W, ie from equation (1)
Since ¥(x) is a differentiable function in some neighbourhood of x; then, jfl:x, y(;:)jl is a continuous function of x in some
neighbourhood ofx;,. Thus; it isintegrable in this neighbourhood of x;,. Now, if we integrate (1) between x,and x, we get :

d
ie d—i = f(x,y) with the initial condition x = x;,y(Xs) = Va

= dy = f(x,y) dx
= J dy = j f(x,y) dx
e e

> Ll = f f(x,y) dx

X

x
2y = VYo =j f(x,y) dx

By

= y00 =yo+ | fixy) dx Ga
This equation satisti&cthe initial condition in equation (1) as
&
¥ =yo+ | fxy)d 38)
Ay

The value of v is replaced by v, in the RHS of equation(1) and assuming the solution is ¥¥ (x), then the first approximation
of ¥ becomes:

L

7@ =+ | fayod (30)
Ay

Againy®(x) isreplaced in (3c) from (3b) and the second approximation y*) (x) is obtained as:
L

7.0 = o+ [ 1ay®)d

Ay
This way, the following approximations of y are generated.
.

y=(x) = J’n+J f'i—’:'}“(‘)_:ld

A

Ya(®) = yo + j Flay®) d

Ay

ie;y“(x) = Yo + J ﬂ:X' y(:ll— ])_:I dx (4)
L
Hence equation (3b) and (4) gives theProof of (2a)and the n'Miteration for the Picard’s Method (PM) respectively.
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Thus a sequencey,,y. ... y, Of ¥ is generated in terms of x. Equation (4)will be used forn = 0,1, 2.. in determining the
solution to any first order DE of the form ineguation (1).
Problem 1

Use Picard's Method (PM) to solve the differential equation:
dy

&=X +y (5)

with initial condition
y(0) = 0. Also find the values of y(0.1) and y(0.2)
Solution
From equation (5):
d
q xr+y
by the initial condition :
y(0) = 0.
iey(0) = valueofyatx=10
ie y=0whenx=0 I:Initial Condition (IC):I,where
f(x,y) = x* + yby equation (1)
So, by equation (4):
p ]

iery,(x) = yo + J ﬂ:X’ Y- J):I dx

.

Supposen=1sincen € £*, then;

k.
by equation (4) =y, (X) = y; + J fl:x, y(,,_,)jl dx becomes:

Hy

iey;(x) = ys + J ﬂiX'y(J—J):I dx

e

sincey, =0 and x; = 0 by the Initial Condition (IC) then;
=y, (x) =0+ J f{x yo)) dx

u]

x
2 yi(x) =ys + J(x‘+ ya) dx
i)

>y,(x) =0+ J (x*+ 0)dx,y; =0 and x;=0
i

er X.:+]"‘ X."‘
[~ 5 -1
: 2+1), ~ |3,

evaluating the interval

2 0 2
SO L
- [5)- (%)
B (? B (T ]
— Xj
_ 3—0]
— Xj
_ _?]_
hence y,(x) = % (6)

again when n = 2 then (4) becomes:

$h®=h+jM%JW
L

2y.(x)=ys + j f(x,y,) dx; where f(x,y;) = x* +y,,
.

i
Yo =0 andy,(x) = 3 by (6)
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5.0 = y.:+j (o +y3) dx
X

C

= o+f WA
= xX 3 X

kY : XE
-LE (X + ?) dx
J:(X") dx + J: (x?-) dx; x; =0
X+ * X+ *
[2+1] +[3(3+1)
X7 x
o~ LB - o

[5e3d, =[5 ﬁ] [+ (0.1

3
~ X:+ %1 040 <= x" _ X:+ %1
T 13 34 37 34 T 13 34
X
hence y, (x) = [—+ ﬁ] @)
again when n = 3 then (4) becomes:
= yi) = vo+ [ fOuys) ds
LR
= i = vo+ [ fOuydx
e
>y:(X) = yu + j f(x,y,) dx; where f(x,y.) = x* +y.,
e
0 andy,(x) = XE+qu )
Yo = U andy.(x) = 34 y
>y:(x) = 0+J (x* +y.)dx
H
= o+ [ [« XE )4
= J X + —4 X
= j (x + —+—)
e
3 hY X-:I
= J(X)dX+J (3)dX+Jn (ﬂ)dxi X =0
X..:+] X_+] = X.n:|+] E
- [2+1] * [3(3+1)] +[3.4(4+1)L
e y-( 3 x1 B x3+x"+ x= 1"
ley:(0 = 34| " [345], T |37 47345
T |37 34 345
x*  x71 X" 0 (0 (0)F
R +3.4.5] B [ 3 T34 3.4.5]
= X_+ X‘]+ x [0+0+0]= XE+X‘]+X£ [0]
T |3 34 345 " 13 4 "5
~ x3+ 1 N E
133 3.4.5
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e

X X=

<&
hence y=(x) = ?+ — +

|
34 345 7 ®)
Remark

Equation (8) gives y-expressed as a power series in x. By choosing a desired value
for x = 0.1 into (6), (7)and (8) then :

now; by evaluating equation (6) for x = 0.1 as:

ie whenx = 0.1

(0.  0.001 B
= ¥,(0.1) = 3 = 3 =3.333333333 x 1071

~ %,(0.1) = 0.0003 9
ggain when x = 0.2 then (3) becomes:

i
by (6):y:(x) = [—]

3
(0.2)°

= 3,(02) = —2

0,008

T3

= 2.666666666 x 10~
. ,(0.2) = 0.0027 (10)
- b (7 y.(x) rox 0.1
zi H = |— — = V.

YelX Y B
(0 = 3. (01) = (O.)° (0" _ 0001 0.0001

Yol) = ¥ 0.0 = 3 34 | | 3 3

= [3.333333333 x 1077 + 3.333333333 x 107F]
ie y,(0.1)=3.666666667 x 10

hence y,(0.1)=0.0004 (11)

at x=0.2 becomes:

similarly; by(7)
3 4
ie y,(x)=y,(02)= {(0'2) 02 } - [(0'008) + (0'0016)} — [2.666666667 x 10 +1.333333333x 10 |

3 34 3 12
thus; y,(0.2)=0.0028 (12)
also equation (7) when x = 0.1 becomes:

3 4 5 3 4 5
ey, (x)=| X+ X X |y 0)= (0.2) +(0.1) +(0.1) ={0.001+0.0001+o.00001}
3 34 345 3 34 345 3 12 60

= 3.333333333x10* +8.333333333x 10 °® +1.666666667 x10~" = 3.418333333x10*

hence y,(0.1)= 0.0003 (13)
Moreso; when x=0.2 equation (8)becomes:
3 4 5 3 4 5
ey, (0= X X X |y (02)- (0.2) +(0.2) +(0.2) :[0.008+0.0016+0.00032}
3 34 345 3 34 345 3 12 60

= 2.666666667 x10° +1.3333 33333x10* +5.333333333x10 ° = 2.805333333x10°°
Thus; y,(0.2)= 0.0028 : (14)
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Table 1: Result generated From Picard Method (PM) for the step size h =0.05, for thevaluesof x = 0.1a 0.2

il vyt x=0.1 ¥yt x=0.2
1 0.0003 0.0027
2 0.0004 0.0028
3 0.0003 0.0028
Analytical Solution | 0.0003 0.0028
Associated Error 0.0000 0.0000

5.0  The Euler’s Method (EM)
This is the most simple but crude method to solve differential equation of the form in (1). Considering the FODE with the
IVPin (1), then the solution to (1) is equivalently given as finding solution to the integral equation:

y' = f(x,y)
[y(xn) = y,(IVP) (15a)
VYne1 = ¥+ AF(a,¥,),n=012,.. (15£)
Pr oof

To show that equation (15b) is the equivalent solution to any first order DE of the form in equation (1) by Euler Method
(EM) also suffices that:
Let ¥ = f(a,¥) be the FODE with IVP y(x,) = ¥ i | (15w)

d —
= d_—f(.x,_‘j-")

d =fy)d
Let x, = x, + h, where h is small. Then by Taylor’s series

d Y e fd
yi=y(o+h) = yo+ (> +7{;JL
— 1

, where £y lies between I,a X
d Ay

Yo + hf (20, v0) + %J’J (GN)

If the step size h is chosen small enough, then the second-Order term may be neglected and hence y, is given by:
= Y1 = Yo+ hf (2, ¥0)

= ¥: = Y1+ hf(a, 1)

= ¥s = ¥ +hf(a,3.)

And so on
In general,
Yusn = ¥+ A (G ¥), =012, .. (15¢)
where x; = X, + kh (15d)

Thus: equation (15a) givesthe(n + 1)th iteration , hence the Proof of Euler Method (EM).

This method is very slow. To get a reasonable accuracy with Euler’s method, the value of h should be taken as small.It may
be noted that the Euler’s method is a single-step explicit method. According to Atkinson et al., (1989) “* Euler method is a
first-order numerical procedure proposed by Leonhard Euler for solving ODE’s with 1VP’s”". It is the most basic explicit
method for numerical integration of ODE’s and is considered as the simplified Runge-Kutta method

Problem 2

Find the values of y(0.1) and y(0.2) from the following differential equation

d_.ﬂ
=ty

with initial condition

y(0)=04a the v o v(0.1Da v(0.2)
Solution 2

leth = 0.05,x; = 0; y; = 0 by the ivp then;

by Xy = Xy_y + hwherek =1,2,3, ..., (16)
whenk =1

= Xy = X3 =Xy_3+h=x;+h

= X; = Xp + hwherex, = 0andh = 0.05

ie x;, = 04 0.05 =0.05

~ by equation (15a)whenn =0

Yat+1 = Yu + hf(X,,y4),n =012, ...

ie yo+1 = Yo + hf(xg,yo),n =0
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iey; = yo + hf(Xg,y5),n=0

iey; =y(0.05) = yg + hf(xg,y0),n =0

iey, =y(0.05) = yo+ h(x; +y;),n=0
= 0+ (0.05)((0)*+ 0)

hence; ys =0 17)
again by (15b) x; = xy y, + hwherek =1,2,3, ..,
when k = 2

= Xy = X, =X,_y+h=x;+h
= X, = Xy + hwhere x, = 0.05and h = 0.05
ie x, = 0.05+ 0.05 = 0.1
~ by equation (15a)whenn =1
Vasr: = Vo + hf(Xy,y,),n=0,1,2,.. andk = 1,2,3, ...
ey = y1 +hi(xyy),n=1k=2
iey; = yi+hf(xs,y1)
ey, =y(0.1) = y, + hf(x.,y1)
iey(0.1) = y; + h(xj +y,),where x; = 0.1,y; = 0 and h = 0.05
0 + (0.05)((0.1)* + 0)
(0.05)(0.01)

= (0.0005)
hence; y. = 0.0005 (18)
similarly; by (15b) x; = xi_y + hwherek =1,2,3, ..,
whenk = 3

= Xy = X:=Xs:_3+h=x,+h
= X; = X, + hwherex, = 0.1and h = 0.05
ie x: = 0.14+0.05=0.15
-~ by equation (15a)when n = 2
Var: = Vo + hf(xy,v,),n=0,1,2,.. ,k=1.23,....,
ie Vet = Yz + hf(XJ'Y;);n =2 'k =3
fey: = y.+hf(xsy.)
iey: =y(0.15) =y. + hf(x,y.)
iey(0.15) = y. + h(xz +y.), where x; = 0.15,y, = 0.0005 and h = 0.05
= 0.0005 + (0.05)((0.15)% + 0.0005)
= 0.0005 + (0.05)(0.0225 + 0.0005)
0.0005 + (0.05)(0.023)
0.0005 + 0.00115

= 0.00165
hence; y= = 0.0017 (19)
similarly; by (15b) x; = xi_y + hwherek =1,2,3, ..,

whenk = 4
= Xy = Xq3=Xg_3+h=x:+h
= X3 = X; + hwherex; = 0.2and h = 0.05
ie x4 = 0.154+0.05=0.2
-~ by equation (15a)whenn = 3
Vas: = Vo + hf(xy,y,),n=0,1,2,... ,k=1,23, ...,
ieyssr = ys + hf(xgy:),n=3 k=4
leys = ys:+hf(xqy:)
leys =y(0.2) =y: + hf(xq,y:)

iey(0.15) = y. + h(x3 + yz), where x4 = 0.2,y; = 0.00165 and h = 0.05
0.00165 + (0.05)((0.2)* + 0.000165)
0.00165 + (0.05)(0.04 + 0.00165)

= 0.00165 + (0.05)(0.04165)

= 0.00165 + 0.0020825

= 0.0037325
hence; y4 = 0.0037 (20)
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Table 2 : Result generated From Euler Method (EM) for the step size h =0.05

(REN ¥ Analytical Method(AM) Associated Error (AE)
1 | 005 | 0.0000 0.0000 0.0000
2 |01 0.0005 0.0003 0.0002
3 |015 | 0.0017 0.0012 0.0005
4 102 0.0037 0.0028 0.0009

6.0 Modified Euler Method (Heun Method). (MEM)
Considering the FODE with the IVP in (1), then the solution to (1) is equivalently as finding solution equation in (15a) for
the Modified Euler Method given as:

h 3
Vig+na) = Yit 2 [f(x_ ROES fI{X_+:| ' Yi (_+J),:||)|‘ (21a)
Pr oof

To show that equation (21a) is the equivalent solution to first order DE of the form in equation (1) which suffices Heun
Method:

Lety" = f(x,y) bethe FODE with IVP y(x;) = y, ie from (1)
dy

& - f(X, Y)

= dy = f(x,y) dx

= J dy = j f(x,y) dx
vC i

=

= [yli, =J f(x, y) dx

x
2y = Vo =j f(x,y) dx

My
:m=m+jmwm
e

The integration of the RHS can be done using any numerical method. If the trapezoidal rule is used with step size h(= x, —
1) then the above integration becomes:

h
y&) =y + 2 |f|:X|:| 'Y(Xu)j + ﬂ:X] 'Y(XJ)H (21b)

Remark
The RHS of (21) involve an unknown quantity (i, ). This value can be determined by the Euler Method (EM). Denoting this

value by y,(':') (x;). Then the resulting formula for finding ¥,is:
h @, \1
yi(x2) = y(xa) + 3 [flxs y0x0)) + £{x1, 987 () ]|
= Ygﬂ) =yq + hf(xq,y0)
. h
iey(” =yo + = [f(xo,y0) + f(xs,y2)] 22)

Equation (22) gives the first approximation of y,.
The second approximation is:

n h
iey(” = yo+ 5 [f(c, o) + fxs,yD)]
The (n + 1)th approximation of y is.
. h
.k ,
lng = Yot §|f(xu Yo) + ﬂ:X] 'Yﬂ|
Generally,
= y_(f'_)] =y; + hf(x;, y1)
. . h 3
ie rewritten as yiy5.) = Vi + 3 [f(x_ V) + f{X_.H Y{G+na) ) (23)
fori=n=1,23,..
Yigenw) =Yi+hf(,y) fori=n=0. (24)

Wherei = n=10,1,2,3, ...
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The iterations are continued until two successive approximations ¥) and "7 ¥ coincide to the desired accuracy. The
iterations converge rapidly for sufficiently small spacing

70  Modified Euler Method (MEM)
In this method, problem of the form in equation (1) will be solved using Modified Euler Method. Thus; Considering same
problem solved in problem (1) and problem (2) for Picard and Euler Methods respectively using Modified Euler Method

inproblem (3)

Problem 3

Find the values of y(0.1) and y(0.2) from the following differential equation
dy +
dx xry

with initial condition

y(0) = 0. Also find the values of y(0.1) and y(0.2)

Solution 3

From the given general term of Modified Euler Method in  equation ((7) and (8)):

h

ieyigenm =i t+ 3 [f(x_ V) + fI[x_*_;I LV (__,_,),JHJJ fori=n=1,23,...
Yigenw = Yi + hf(x;,y5), fori=n =0
Using adesired step size of h=0.05
By the IVP:
y(0) = valueofyatx=10
ie y=0whenx=0 I:Initial Condition (IC):I,
where f(x,y) = x* 4+ y by equation (1)
atx,; = 0,y; = 0,h = 0.05,i = n = 0,and f(xy,ys) = X5 + Va
Yicn,a) = Yo + hf(xg, ya)
Yicn,a) = Yo +h(xi +ya)

=0+ (0.05)[(0)* + 0]
hence yj(y 57 = 0.00000 = 0
ie: yi(ay,a) = 0 (25)
atx; = 0,X;, =X3 +h=0+0.05=0.05y, =0,h=0.05i=0=n=1,

.‘l &£ &£

f{X]'YI(]),DI__J = X1+ Yia) Yime) = 0and f(xg, ya) = xi + yq

h 3
Vi@, = Yot 2 [f(Xn Vo) f{XD+] Y (I:I+]),|:||_-JJ
Vi, = Yo +E f(xq , o) + fl x4 ‘Y|(:|),|:||j

2
=Va +E (Xi +yo) +Ix3+ YI(]),IIII__:
2

0.05
Vi = 0+ (5 [ + (0.05) + 0)]

= (0.025)[(0.0025)] = 0.0000625
ie Yi(p,1) = 0.0000625

hence y;y ) = 0.0001 (26)
atxy; =0,y, = 0,h =0.05,i = 0,n = 2,and f(xq,ys) = x5 + Vg
\l £ £
f{X]'YI(]),.:I__J = X1t Y Yim, = 0.0000625, f(xq,y5) = X5 +ya =0
X, =Xy +h =0.05+0.05=0.1.iex, = 0.05and x, = 0.1
h 1

Yic+ne) = Yo T 3 [f(Xu Vo) + f{X: ﬁYI(]),]I__JJ

h 3
Vi) =Yot3 [f(Xn Ya) + f{X: J’u(:),:ul

=y, +;[(xa +ya) + {Xi + YI(:).:IJJ

0.05
Vi = 0+ () [© + ((005)* +0.0000625)]
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= (0.025)[(0.0025625)] = 6.40625 x 10~%
ie Vi) = 640625 x 10 —*

hence yj(;) ) = 0.0001 27)

atx; =0,y =0,h=0.05,i=1,n=0,and f{x,,y,(,)"lj =X1+ Vi
yl(])';"l = 6.40625 X 10 —=
X] = Xl:l + h = 0 + 0.05 = 0.05.ieX] = 0.05
3
Yicm = Yiwz) hf{XJJYI(:I),EI__J
. 3
Yi@a) = Yiwa) + h{X: + Yiwa))
= 6.40625 x 10°% + (0.05)[(0.05) + 6.40625 x 10~F]
= 6.40625 x 107% + (0.05)[(2.5640625 x 10™%)]
= 6.40625 x 107° + (1.28203125 x 10~

= 1.92265625 x 107*
thus; yj (0 = 0.0002 (28)

. 3 P
atx; =0,y; =0,h=0.05,i=n= 1,f{x;,,y,(,)"|)l =X1+ Vi)
Y _ oz z s
f{XEJYI(‘),leJ =x;+ Yiw,a X1 +Y|(])'_‘| = 2.5640625 x 10
i@ = 1.92265625 x 10 %, x, = x; + h = 0.05 + 0.05 = 0.1.

ie : X, = 0.05,x, = 0.1and y5).| = 640625 x 107"
h

3 3

Vi) =Yima t3 [f{X: Vi, t f{X‘ Y (‘)"”,J]
h 3 3
Vi1 = Vi) "‘E[{X? TYiwe, Tt {Xi + Y|(‘),nul

_ 40.05 i
Vi) = 640625 x 107% + (T) [((0.05)* + 6.40625 x 1075) + ((0.1)* + 1.92265625 X 10™)]

= 6.40625 x 10~% + (0.025)[(0.0025 + 6.40625 X 1075) + (0.01 + 1.92265625 x 10~)]
= 6.40625 x 10~% + (0.025)(1.275632813 x 10~%)
= 6.40625 x 10~% + 3.189082031 x 10~*

ie yi(yq) = 3.829707031 x 10~

thus; yjc.y 1) = 0.0004 (29)
) Y.
ath=0.05i=1,n= 2,f{x,,y,(,)_‘U =x1+ Yiw,:)

Y 3 3 _s
F(%e0 Vi) ) = X5+ Vi XE + Vi) = 25640625 x 10~
Y1) = 3829707031 x 10 — %, x, = x, + h = 0.05 + 0.05 = 0.1.
ie : x; = 0.05,x, = 0.1and yj(,),) = 6.40625 x 107",

h 3 3
Vi)l = Yi),: +Elf{X] Vi) T f{X; ,Y|(;),:|u‘
P 3 2 k]

Yi),2) = Yiw),:) +§[{XJ + Yim,) ) + {Xg +Yi (.:),]I__JJ

0.05
Vi) = 640625 x 107° + (T) [((0.05)* + 6.40625 x 107) + ((0.1)* + 3.829707031 x 10™7)]

= 6.40625 x 107 + (0.025)[(0.0025 + 6.40625 x 1075) + (0.01 + 3.829707031 x 10~ )]
= 6.40625 x 107 + (0.025)(1.29470332 x 107%)
= 6.40625 x 107 + 3.236758301 x 10~*

ie Vi) = 3.877383301 x 10~

thus; yj..) = 0.0004 (30)
ath=0.05i=2,n= O,f{x‘,y, (:),:Ijl =X:+ Yiwe)

Vi) = 3.877383301 x 1077, x, = x; + h = 0.05 + 0.05 = 0.1,

iex, =0.1

Via) = Vi) +hflxs yes)
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Vi@l = Yi@az +h {Xi + Vie)z |J
— 3.877383301 x 10~ + (0.05)[(0.1)* + 3.877383301 x 10|
=3.877383301 x 1077 + (0.05)[(1.038773833 x 1074)]
= 3.877383301 x 10~ 4+ 5.193869165 x 10~ *
=9.071252466 x 1071
thus; Yy (=) oy = 0.0009 31)

ath =0.05,i=2,n= 1,f{x;,y, (‘)MJ =X+ Vi)

F(%e, Vo)) = X5 + Yoo XE + V() = 1038773833 x 10~
Vi) = 3877383301 X 1077, y((z) q) = 9.071252466 x 10~

X, =X;,+h=0.05+0.05=0.1,x: =x, +h=0.14+0.05=0.15
iex; = 0.15and x, = 0.1.
h

Vi) = Vi@ t3 [f{X‘ Vi |] + f{Xs 5% (s),m]‘
hye .
Yi@a) T Yi@a Ty [{Xi * Vi), |] + {X§ i (3),n|3]

0.05
Vi(o,a) = 3-877383301 x 1077 + (T) [(1.038773833 x 107%) + ((0.15)* + 9.071252466 x 10™%)]

= 3.877383301 x 10~ + (0.025)[(1.038773833 x 10~%) + (0.0225 + 9.071252466 x 10~%)]
= 3.877383301 x 10~ + (0.025)(3.379486358 x 107%)
= 3.877383301 x 10" + 8.448715894 x 107"

i€ Yj(a,1) = 1.23260992 x 10~

thus; (g = 0.0012 (32)
ath=0.05i=2,n= 2,f|{:x‘,yI (:),:I] =X+ Vi)

F(%e Vi) ) = X2+ Vi, XE + V() = 1.038773833 x 10~

Vics) = 3-877383301 X 107,y ) = 1.23260992 x 10~

X, =X;,+h=0.05+0.05=0.1,x: =x, +h=0.14+0.05=0.15
iex; = 0.15 and x; = 0.1.

Vi) = Vi) T g [f {X‘ Vi), |J + f{Xs 5% (s),:u;]
Vi) = Yiwe T g l{Xi R /(OF |J + {X§ + i (s),u”

Vi(o,e) = 3-877383301 x 1077 + (?) [(1.038773833 x 107%) + ((0.15)* + 1.23260992 X 10~)]
=3.877383301 x 10~ + (0.025)[(1.038773833 x 107%) + (0.0225 + 1.23260992 x 107%)]
=3.877383301 x 10~ + (0.025)(3.412034825 x 107%)
= 3.877383301 x 10~ + 8.530087062 x 10~*

i€ V()] = 1.240747036 x 10~

thus; yj(a.) = 0.0012 (33)
ath=0.05,i=3,n= O,f{xj,y, (3),:I:IJ =X3+ Vi@

xz = 0.15 and x, = 0.1,yj(z) .y = 1.240747036 X 107

Yi@o) = Vi@, T hflxsye)

Yio) = Y@y +h {X§ + Vi) |J

= 1.240747036 x 10~ + (0.05)[(0.15)* + 1.240747036 x 10~"]
= 1.240747036 x 10~ + (0.05)[(0.0225 + 1.240747036 x 10™7)]
= 1.240747036 x 10~ + (0.05)[(2.374074704 x 10~)]
1.240747036 x 10~ + 1.187037352 x 10~*
= 2.427784388 x 10~
thus; yy(g),0) = 0.0024 (34)
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ath =0.05,i=3,n= 1,f{x;,y, (3),£I:IJ =X3+ Vi@

Y " -2
F(%a Vicao) ) = X5 + Vicayop X2 + Vi) = 2.374074704 X 10
Viayn) = 2-427784388 x 107, yj(z) .y = 1.240747036 x 10"~
X; =X;+h=0.05+005=0.1,%x: =x:+h=0.1+4+0.05=0.15
X3 =X: +h=0.15+0.05=0.2iex; = 0.15and x4 = 0.2.

h 3 3
Vi1 = Y@, T 2 lf{x; WYi@e) + f{X-':I ' Yi (q),uu‘

. hpe o 3 : 3
18:Yiay,1) = Y@ T 2 [{X§ TYi@a, T {X-‘i +y (-:),nu]

_ 40.05 i _
= 1.240747036 x 10~° + (T) [((0.15)* + 1.240747036 x 107%) + ((0.2)* + 2.427784388 x 10™)]

= 1.240747036 x 107 + (0.025)[(0.0225 + 1.240747036 x 10™%) + (0.04 + 2.427784388 x 10)]
= 1.240747036 x 107 + (0.025)(6.616853142 x 107%)
= 1.240747036 x 10° + 1.654213286 x 10~

ie V(a1 = 2.90663972 x 10~

thus; yj(q) 4 = 0.0029 (35)
ath=0.05i=3,n= 2,f{x;,y, (3),£I] =X+ Vi)

| [ g _z
f{x‘:IJYI(-j),”-J = X-] + Y|(.:|)']|, Xj +Y| (3)'_” = 2374074704 X 10
Yicay,a) = 2.90663972 x 10 =%,y ()1 = 1.240747036 x 107
X, =X;+h=0.05+0.05=0.1,%x; =x.+h=0.1+0.05=0.15

Xg3 =Xz +h =0.15+0.05 = 0.2iex; = 0.15 and x4 = 0.2.
h

Via,:1 = Yi@.: T 5 lf{x; VY (3),;|J + f{Xq )Y (q),:uj‘
hye Vo, o !
Yi,z) = Vi) +§[{Xs TYi@e )t {Xa: + Y (-':I),ZII__JJ

Vicays) = 1.240747036 x 107% + (%) [((0.15)* + 1.240747036 x 107%) + ((0.2)* + 2.90663972 X 10™%)]
1.240747036 x 10~% + (0.025)[(0.0225 + 1.240747036 x 10~%) + (0.04 + 2.90663972 x 10~%)]
1.240747036 x 10™% + (0.025)(6.664738676 x 10™%)

1.240747036 x 10 % + 1.66184669 x 10~ =

ie Vi(ay.) = 2:906931705 x 10~

thus; yjcq.) = 0.0029 (36)
Table 3: Result generated From Modified Euler Method (MEM) for  the step size h=0.05
il X, ¥ Analytical Solution | Associated Error (AE)
1 0.05 0.0001 0.0000 0.0001
2 0.1 0.0004 0.0003 0.0001
3 0.15 0.0012 0.0012 0.0000
4 0.2 0.0029 0.0028 0.0001

8.0 Analytical Solution of the Problem

The equation considered in this scope can also be solved through the analytical method using the method of integrating factor
asfollows:
By the equation described inproblem (1, 2 and 3):

Problem 4
Find the values of y(0.1) and y(0.2) from the given differential equation below:
dy _
dx Ty

with initial condition
y(0) = 0. Also find the values of y(0.1) and y(0.2)
Solution 4

Given that% = x*+y2
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Using the method of integrating factor the solution to the given problem as described in (3.1) is given below:
ie:%=x‘+y5y‘—y=x‘ (37)
dy i B . dy
> o V=X Ey-y=x ,where y =&,p(x) =(-1)
q(x) = x* and integrating factor (I. F) = e/#®¢
by the I.F = ef+®d
— -1
= e_fd
=g
LEF=¢7* (38)
now; multiplying equation (37 ) by equation (38)
ie: (37) becomes; y'e™ —ye™ = x‘e™™*
ye ™ —ye ™= dlve ) =
i dx
:d(ye )dx = x‘e *dx

dx B
ie: d(ye ™) = (x“e ®)dx
integratung both sides:
j d(ye*) = j(x‘e*")dx
ye ™ = J(x‘e"‘)dx (39)
applying method of integration by part to the R.H. S
j udv = uv — j vdu, (40)

where u = function to be differentiated and
v = function to be integrated

ie: j (x*e™)dx = RHS (41)

x“e™*

where dv =e *dxandv = J dv=v

o e A=) e
|e.v—je dx = [e *] = -1 e
hence;v = —e™*

) _ ., Qu_ d(x*) .
again by u = x - dx du = (x*)dx

du = 2(x*™ %) = 2xdx

v= —e ¥ u=x*dv=e*and du = 2xdx 42)
substituting equation (42) into (40)to give the point process integral
solution of (39)

ie: j udv = uv — j vdu
j(x‘e‘“)dx = —x‘e* — j(zx)(—e‘“)dx
= —xée* — (=) j (2%)(e=*)dx
=—x‘eT"+ J(Zx)(e‘-“)dx

= —x‘e ™"+ J 2xe~*dx (43)
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again; u = 2x,dv = e~*dx

. du  d(2x)
ie: - dx du = (2x)dx
du=1. (2X]_]) (44)
= 1.2x"
=1x2x1dx
= 2.dx
= 2dx
v= —e ¥ u=x“dv=e"and du = 2xdx (45)

using equation (40)
ie: j udv = uv — j vdu,
equation (43) becomes:
= —x‘e ¥+ (uv - j vdu) (46)

where v = —e* u = 2x,dv = e *and du = 2dx 47)
by substituting equation (47) into equation (46)we obtain equation (48):

j udv = j 2xe™*dx = —2xe™ — j(zdx)(—e"‘)
J(x‘e"‘)dx = —xe 4 (—2xe j(de)(—e"‘))
j(xie-x)dx = —xEe¥ — xe~* — (=)2 j (e) dx

= —xe ¥ —2xe *+2 j(e"‘) dx

d(—x)
= —x4e ¥ — 4 e +
x“e 2xe 2([e ] ix ) C
= —x“e ™ — 2xe £+2(_—1)+C

=—x‘e ™ —2xe *+2(—-e"¥)+C
) =—x‘e *—2xe " -2 *+C
=—(x"e"+2xeTF+2e7¥)+C

thus; j (x*e™)dx = —(x*e™* +2xe ¥+ 27 )+ C

by (3.31):ye™* = J(x‘e‘-“)dx =—(x*e*+2xe*+2e*)+C

ierye™ = —(x*e™+2xe™* +2e™*) + C
Coye™®  —(xfeTF+2xe*+2e7¥)+C . B
ie: = ,ie dividing both side by (e™*)

e—."i —X
_ —(xfeT*+2xe7*+2e7%) +C_ fxfe™™ 2xe™®  2e7F C
- e Tl e e T
y(x) = Ce* — (x* +2x+ 2) (48)

Equation (48) gives the equivalence analytical solution of problem (1,2 and 3)

But by the given IVP;iey(0) =0, y=0whenx=0

now substituting the IVP into equation (48)

to obtain the value of the constant term of integration (C)
y(0) = —((0)* +2(0) +2) +Ce"=—2+Cx1=0

ieeC—2=0 C+2-2=0+2, C=2

hence C =2 (49)
equation (36) becomes

y(x) = —(x* + 2x + 2) + 2¢*

thus: y(x) = 2e* — (x* + 2x + 2) (50)
REMARK
Equation (50) gives the general non-numerical solution of problem (1,2 and 3) for any given value of x
Below are the analytical computation of the equivelence unknown sc i b et (54)
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oy =2e* — (" +2x+2)
so when x = 0.05
i:¥(0.05) = 2¢@0) — ((0.05)* + 2(0.05) + 2)
= 2(1.051271096) — (0.0025 + 0.1 + 2)
= 2.102542192 — (2.1025)
=4.2192 x10°°
he  ¥(005) 0
whe x=01
ich iyv@)=2e*—(x*+2x+2)
¥(0.05) = 2™ — ((0.1)* + 2(0.1) + 2)
= 2(1.105170918) — (0.01 + 0.2 + 2)
= 2.210341836 — (2.21)
=3.41836 x 10~*
he  ¥(0.1) 0.0003
whe x =015
by =2e*—(x*+2x+2)
¥(0.15) = 21 ) — ((0.15)* + 2(0.15) + 2)
= 2(1.161834243) — (0.0225 + 0.3 + 2)
= 2.323668486 — (2.3225)
=1.168486 x 10°
he  ¥(0.15) 0.0012
whe x=02
Wby =2e*—(x*+2x+2)
¥(0.15) = 24 — ((0.2)* + 2(0.2) + 2)
= 2(1.221402758) — (0.04 + 0.4 + 2)
= 2.442805516 — (2.44)
= 2.805516 x 10~°

hence y(0.2) 0.0028

Table 4. Result generated From Analytical (AM) for the step size h =0.05

Lanlege, Wachin, Garba and Aluebho J of NAMP

(51)

(52)

(53)

(54)

il X, Analytical Solution(AS)
1 0.05 0.0000
2 0.1 0.0003
3 0.15 0.0012
4 0.2 0.0028
Table 5 Results from Analytical, Picard, Euler and Modified Euler Methods for h = 0.05
y(x)
x Analytical Method(AM) Picard Method(PM) | Euler Method(EM) | Modified Euler Method(MEM)
0.1 | 0.0003 0.0003 0.0005 0.0004
0.2 | 0.0028 0.0028 0.0037 0.0029
Table 6 Some examples of FODE using PEMEM
S/N | Problem | PM Problem | EM
Yy’ =X-y x ¥p Vg Error y’ =14y X Vi Vg Error
1 y(0) =1 0.05 | 09513 | 09525 | 0.0012 |y(0)=1 0 1.00 1.0000 | 0.0000
2 0.1 0.9098 | 0.9097 | 0.0001 0.1 |1.2000 | 1.2103 | 0.0103
3 0.15 | 0.8714 | 0.8714 | 0.0000 0.2 | 14200 | 1.4428 | 0.0228
4 0.2 0.8374 | 0.8378 | 0.0000 0.3 | 1.6620 | 1.6997 | 0.0377
5 0.25 | 0.8075 | 0.8078 | 0.0003 0.4 |1.9282 | 1.9836 | 0.0554
Problem MEM
y'=1+y x Vi Error
y(0) = 0 1.0000 0.0003
0.1 1.2103 0.0008
0.2 1.4428 0.0013
0.3 1.6997 0.0018
0.4 1.9836 0.0025
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Table 5 Displays the summary of numerical solution obtained from Picard, Euler, Modified Euler and Analytical Method
(PEMEM & AM) for the specified values of (x).
Furthermore, Figure 1 shows the nature of the numerical solution of equation (1)

GRAPHICAL ILLUSTRATION OF PEMEM

y(MEM)
ey (EM)
0.0037
0.0027
—~~
X 0.0017
>_
0.0007
-0.0003 1 5 3 4

Figure 1Graphical Illustration of Solutions Obtained for problem (1,2 and 3) Using the Three Methods (PEMEM).

9.0 Error Analysis

E[:J: na (1) — [v(x) —¥(x)li=12, .., (55)
To—w a:Eb . o = ly@) -YE) =12, .., (56)
a lht‘ '“ £ a . EIJ.'.'I fiTs] (I+]) = |.1J"I(J:I'+]) - :"'I(J:I')Il 1= 1121 ey (57)
whe  v(x) = 5 b D Vi M he (D a
F(x)=*& St (5 o b Ar M ho (1))
Table 7 Tabular Representation of The Global Errorsin AM & PEMEM
Ex Ex Ex Ex
0.0000 0.0000 0.0000 0.0001
0.0000 0.0000 0.0002 0.0001
0.0000 0.0000 0.0005 0.0000
0.0000 0.0000 0.0009 0.0001
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GRAPHICAL ILLUSTRATION OF ERRORSASSOCIATED WITH
PEMEM FOR h=0.05
0.001

0.0008
x
O 0.0006
8:: Seriesl
|
—1 0.0004 Series2
g Series3
9 0.0002 Seri
o) . eriesd

0 _—
0 1 2 3 4 5
-0.0002
Axis Title

Figure 2Graphical illustration of Associated Error in the Solution of Equation (1) Using AM, PM, EM and MEM

10.0 Result and Discussion

In Equations [(4), (15), (21) and (50)] shows the derived general form of the three Methods namely (Picard, Euler and
Modified Euler) and the Analytical Method (AM) respectively. Similarly, Equations [(55),(56) and (57)] gives Expression for
the Local, Global and Final global Errors respectively. Also; equations [(9) — (14)], [(17) — (20)] and [(25) - (36)] gives the
approximate numerical solution to four decimal place of problem (1,2 and 3) using the proved equations in [(4), (15), (21)
and (50)] for the three methods (Picard, Euler and Modified Euler) and the numerical results in chapter three. Again
equations [(51) — (54)] and numerical solution for the analytical method of the general solution of problem 4 in equation (50).
In addition, graphical illustrations for the general solutions and associated error were shown and displayed in figures 1 and 2
for the three methods (Picard, Euler and Modified Euler) and Analytical Method (AM) respectively. Tables[1 — 5] shows the
numerical results together with their associated errors where necessary of the solutions obtained from solutions for the
problems (1,2,3 and 4) using the three methods (Picard, Euler and Modified Euler) as well as the analytical method
respectively. Table 1show the numerical solution obtained from Picard Method for the successive iterations. Similarly,
numerical solution from the Analytical Method and the associated error were also displayed. Table 2 shows the numerical
solution obtained from Euler Method (EM) for the successive iterations. In addition, numerical solution from the Analytical
Method and the associated error were also displayed. Table 3 shows the numerical solution obtained from Modified Euler
Method (MEM) for the successive iterations. More so, numerical solution from the Analytical Method and the associated
error were also displayed.

Table 4 shows the numerical solution obtained from Analytical Method (AM). In addition, numerical solution from the
Analytical Method and the associated error were also displayed. Table 5 displays the summary of humerical solution obtained
from Picard, Euler, Modified Euler and Analytical Method (PEMEM & AM) for the specified values of (x) and table 6 thus;
as seen it is important to note that PM gives an average error of 10.8%, EM 25% and MEM gives 20%. Hence it is till
evident to say that PM is more accurate than EM and MEM followed by MEM to EM by average percentage error.
Furthermore, in figure 1 shows the nature of the numerical solution obtained from Picard Euler, Modified Euler and
Analytical Method (PEMEM). In Figure 2. Similarly, figure 2 shows the nature of the associated error in the numerical
solution of problem 1, 2, 3 and 4 relative to the solution from Analytical Method (AM)for the three methods namely; Picard,
Eulerand Modified Euler Method (PEMEM).

More so, the graphical illustration in figure 1 and 2 also displays the distinction and uniqueness by associated errors in the
numerical solutions of the problem 1,2,3 and 4 using the three methods (PEMEM)and Analytical Method. It is clear to say
that; Picard Method is the most accurate method for the solution of the problem which gives closely or approximately the
same solution of the problem as the solution obtained from the analytical solution. Hence considered as most efficient,
accurate and fastest by convergence.
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Mores so, Modified Euler Method (MEM) is considered second position by accuracy but involves much iteration before
converging to the required approximate solution (converges slowly). Conversely, Euler Method (EM) is the last position by
error associated in the iterations involved in the solution of the problem 1,2,3 and 4, the graphical solutions helps to show
how unique by either convergence or associated error a given method is, as such comparing the line curve for the solution of
the problem in figure 1; the graphical solutions displayed for each method as well as the results in Table 1-3 with that of the
Analytical Method (AM) in Table 1, it was observed that Picard Method (PM) Emerged the Winner by Accuracy, less
iteration process, faster rate of convergence, negligible associated error and gives the same approximate solution as the
Analytical Method (AM).

11.0 Conclusion

Explicitly and analytically solution has been obtained for the problem considered for each method and justified; as such it is
very important to conclude that Picard Method (PM) is a more Stable Numerical Scheme (SNS) for the solution of First
Order Differential Equation (FODE) with Initial Value Problem (IVP) with negligibly zero Globally Associated Error
(GAE). However, on the other hand Euler Method (EM) and Modified Euler Method (MEM) are considered to be
Conditionally Stable Numerical Scheme (CSNS). Even though, Modified Euler Method (MEM) is more accurate than Euler
Method (EM) with less Globally Associated Error (GAE) but requires a lot of multiple iterations before converging to the
approximate solution at the given point of evaluation than Euler Method (EM).Thus; by the aim and objective of this paper,
successful conclusion is said that Picard Method is the Best, Accurate, most Convergent, Stable and reliable for the solution
of First order Differential Equations (FODE) with Initial VValue Problem (IVP) over the two other Methods (Euler Method
(EM) and Modified Euler Method (MEM) ) with respect to the Analytical Method (AM).
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