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Abstract

It is obvious that all harmonic oscillators in theniverse are affected by
perturbation such as friction or defects in the eléc potential. In this paper, we
determine the eigenenergies of the perturbed quanttharmonic oscillator by
method of Hermite series expansion. The first notalesult of the work in this
paper is the discovery of the indefinitely fine isions of thewell known sequence
of Schrédinger's quantum mechanical eigenenergiesued to a quartic
perturbation potential..
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1.0 Introduction
Method of Hermite Series Expansion had been emglaye derive the eigenenergies and their correspondi
Eigenfunctions of the relativistic quantum lineangle harmonic oscillator [1] with kinetic energperatorT given by
[2-4]
w2 92 at 9t
2my 82 8mjc? ax* @)
and potential energy V given by
V(x) = §m0w§x2 2
In this paper we show how to apply this method pedurbed quantum harmonic oscillator.

2.0  Theoretical Analysis
Consider a given entity of non-zero rest mags in the one dimensional Hooke’s field under thiéuence of friction

having natural frequenay,, under a quartic perturbation potential energgivVen by:
1

V(x) = Emow(z)xz + ex* (3)
whereeis a small constant. The perturbed quantum mechbaitergy wave equation is given by:
.0 B K2 02 1 2.2 "
LhE‘P(x, t) = {_EW + (Emowox + ex )}‘P(x, t) ()]

whereP(x, t) is the quantum mechanical wave function, whicbkubject to the condition of uniqueness and regylari
everywhere and continuity across all boundariesramthalization.
Now the variables may be separated as:

—iEt
Y(x, t) = U(x)exp[ N ] (5
where E is quantum mechanical energy and U is thentgm mechanical energy wavefunction which sassthe

equation:

h? 1
= " —_— 2,2 + 4
0 g U'(x)+ [E 2moouox + ex ] U(x) (6)
Let ¢ be a new independent variable defined by:
1
MyWo\2
= () ”
Then gquantum mechanical energy wave equation éopénturbed quantum harmonic oscillator (6) tramsoas:
_ 2e€h
0=U”(€)+[/1—€2+ > 254] U(x) (8)
mgWo
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Where

A= 2E 9

= oy ©
Next, let us seek the solution of (8) in the form:
1

U = exn|-5¢2| F© (10)
Then the function F satisfies the equation

0="F"(§) —2¢F' (€)+[(/1—1)+ 36" F($) (11)

Toward the solution of (11), let us note that thetes of perturbed harmonic oscillator is containgthin the space
L,(—o0,00) of all square integral functions over the intefvado, ). Also, the Hermite Polynomials constitute a
sequence of complete orthogonal function in thespk therefore follows that there exist constahtsuch that

FE) = Z Ay (§) (12)
Hence simplifying by usmg the well known recurrergroperties of the Hermite Polynomials, we obth&following:
) = Z 200+ DA Ha(©) (13)
n=0
F(E) = z 2%(n + D(n + 2)Ans2Ha §) (14)
§F() = Z nAyHa(§) + Z 2(n+ D + DAz (©) (15)

o)

e o 1 1
E4F(€)—Zl6 _— (€)+Z§ (n+ DAy Ha(§) + Zg w2 Ha() + Zz("“)(””“n”n(f)

n=

—_

v Z S AaH () + Z% FDUAHE) + Y nin DA

o 1 o 1
+ Z 2+ D+ 2+ DAz Hn(§) + Z 5 (1= DA HA () + ) 20+ DA (E)

NgE
B

v Z T (©)+ ) S D+ 22A,H, (O + D gnln— Dy Hy (D)

2

S
U

1
+ ) =+ D2+ 2) Ap2Hn () + ) snln+ D(n+ 2) Ay Hy(6)
%}2 2 ;2 2
+ Z (n+ 1)+ 2)(n + 3)(n + 4)A, 44 Hy () (16)

Now substltutlng (12)-(16) into (11) we obtaln

o 1
0—222(n+1)(n+2)An+2H (f)—zznA H (€)+azl6 nealn() F Zg(nﬂ)An 2Hn(©)

+i
]
]

nA2Hy(©) T a Z 7O DO+ DAHEOFa ) %(n 1) Ao Ha(©)

S
U
N

+

INgE

a

(n+ 1)24,H,(5) Fa Z %n(n + DAH, @) Fa Z

S
1]
o

0= Dt Fa ), I DAHO T a Y n2d,Hy ()

+l
]
Nk

S
]
w

+i
]
gk

(n+ D(n+ 2)24,H,(&) Z% n(n — 1)A,H, (&) %(n + D%(n+ 2) ApyoHp(9)
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where
_ 2¢h 18
S ] 1%
From the coefficients dff,(¢) we obtain the recurrence equation:
3
0= [(/1 -+ Za] Ay F 64, F 24a4, (19)
Next taking the coefficient de1(§) We obtain the recurrence equation:
51
0= [(,1 -1)-2 + ]A1 —ad; T 140aA, (20)
Next from the coefficient off, (&) we obtaln the recurrence equation:
3
0= [(,1 -1) -4 + ]Az F-ad, T 84aA, ¥ 360al, (21)

Generally, from the coefficient éf, (f) we obtaln the recurrence equation:
3 1 a
[(a —D-2mFa? +n+ E)] FL@n— DA, F2a0+ D0 +30+ Dy

Fan+1Dnn+2)(n+3)(n+4)An4s (22)
(22) Is the general recurrence relation.

3.0 Results and Discussions

3.1  Ground Energy Level
For the ground level of the perturbed quantum haimoscillator, we choose the coefficientAfin the recurrence
equation (19) to vanish:

3
(/1—1)+ a=0

3
A=1t7a (23)
or explicitly using (9) and (18)
By = hwg 42 (24
0= x 4miwi

E,is the quantum mechanical energy of the ground.leve

3.2 First Energy Level
For the first level of the perturbed quantum hariwasscillator, we choose the coefficient 4f in the recurrence
equation (20) to vanish:

15
@-1D-2Fa=0

15
A=3+ i (25)
Or explicitly using (9) and (18)
3 15 eh?

——hwo_ . 2(26)

E,lIs the quantum mechanical energy of the first level

3.3 Second Energy Level
For the second level of the perturbed quantum hamnoscillator, we choose the coefficient4fin the recurrence
equation (21) to vanish:

39
@-1D-4Fa=0

39
A1=5+a 27)

or explicitly using (9) and (18)

5 39 ehz

By =S hw, £ — e (28)

E,is the quantum mechanical energy of the second. leve
3.4  General Energy Level

For the general level of the perturbed quantum baieoscillator, we choose the coefficient4fin the recurrence
equation (22) to vanish:
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_3 1
(A—l)—2n+za(n2+n+z)=0

3 1
l=2n+1i§a<n2+n+§) (29)
or explicitly using (9) and (18)
1 5 1\ €h?
En = <n+z>fl0)0 + 3(7’1 +Tl+z)m(30)
E, is the quantum mechanical energy of the nth level.
Carefully observing each level of the quantum mauts eigenenergies of the perturbed quantum haicvastillator, it

may be noted thak,, ishitherto unknown to the best of our knowledgeudiopn (30) is ageneralisation of the
unperturbed quantum mechanical eigenenergies dintber simple harmonic oscillator, given by;

1
En = (2n + Dhw, (31)

4.0 Conclusion
This work can now be extended to the derivatiothefexact Eigen energies of all perturbed lineamloaic oscillators
having potential energy correctionsof the ferenx™; n=3,4, ...
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