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Abstract

In solving Schrodinger’s equation for the hydrogestom, one assumes the
nucleus to be a point charge. The nucleus has aitérsize with some shape over
which the proton charge is distributed. In this wiar we first showed that the
nucleus of atoms have finite size, and then exantinine potential energy for
both the point-like and the finite-size nucleus dfydrogen atom. The results
obtained revealed the finite size charge distrilmutiof nucleus which is not only
spherical but also assumes a cigar-like or oblatis¢uss) shape. The point-like
and the finite-size nucleus of hydrogen atom poteig are plotted against the
radius of the nucleus. The time-independent pertation method was applied to
calculate energy shift due to finite-size nature thfe nucleus of hydrogen atom.
The relative energy change calculated from th&drder correction in the ground
state of hydrogen atom was extended for light, nuediand large nuclei and the
results were plotted graphically as function of rag. The plots have shown that,
due to the finite-size nature, the energy levelaohucleus is shifted upwards and
its magnitude depends on the size (nucleon disttibn) of the nucleus. Thus, for
isotopes of a given element where the proton numisethe same but the mass
number and therefore the nuclear radii are differenthe energy correction will
be different and due to this the spectral lines Mot coincide completely.This
correction is one of many corrections that needite added to the atomic model.

Keywords:Schrédinger’'s equation, hydrogen atom, point nuglénite size nucleus, potential energy,
Hamiltonian, perturbation, relative energy chanmgglear radius

1.0 Introduction
The energy of the atomic levels can be obtainetthénfirst approximation by solving the Schrodingguation for the

electrons in the central potential of the nucldargetZe, where Z is the atomic number. In order to take into account
the spin of the electron, the Dirac equation isodticed. However, in the first approximation, betfuations describe
the nucleus as a point-like charge of infinite ma3se improvement on the simple particle-in-a-pté&mmodel of an
atom takes account of the fact that the atomiceuscis not truly point-like, but instead exhibiisite-size structure in
both its mass and charge distribution [1]. Consatiyethe electrostatic nuclear potential is nogena common
coulomb potential[2]. Thus, for finite-size destigm of nuclei or atoms the introduction of pertatibn theory is
necessary[3].

Also compared to a point-like nucleus, the extendedear charge distribution leads to a shift @& thuclear energy
levels and this correction of the nuclear model meillects on the nature of the atomic spectranefriuclei of atoms [2].
The investigation of atomic spectra has given @rrination about the arrangement and motion (angulamentum) of
the electrons in an atom. Furthermore, it had dethé discovery of electron spin and to theoreticalerstanding of the
periodic system of the elements. Splitting of egdeyel is crucial in understanding certain devetemt of the quantum
theory of matter and radiation. The spectra of at¢amd molecules) play an immensely important irokestronomy[4].

2.0 Theory
To understand completely the finite size of nuche, here calculate the volume of nucleus to sedeit$ation from point
size.Assuming uniform charge distribution with denso . We have for a nucleus of charg& e, the volume

V = J.Ob\/l_?p'dp'i dz'1ﬂd¢’ = 44 mrab’ ()
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And hence the nucleus will have a density given by

o= 32e2 @)
4rab
The shape of a nucleus depends mainly on its chdiggebution. The intrinsic quadrupole moment okymmerty

charged distribution is defined by the relation
1 1 1 1 2 1 2 T
Q=2 =[P (r)[3(z) - (') ] av ©
Where the integration is carried over the wholeugé of the nucleust’ (X', y', Z')is measured from the centre of mass
of the nucleus. The nucleus is assumed to haverasymy axis alongz' : € is the charge on each proton [5].
Using the factthat ' = x'2 + y'? + 2’2 = p'?+ 7' 2anddv’' = p'd p'd ¢ 'dz’ we find:
ze 12 12 12 [— 2 2 _ 2 (4)
Q= g ff (327 - 2= Yo = 2 (ot - 0)
4 2 5
A Tab“e
The quadrupole moment is connected to nuclear oiefiion. A non-zero quadrupole mome(@tO indicates that the
charge distribution is not spherically symmetri@r\spherical nuclei able to rotate about axes dter the axis of the
symmetry: this rotation gives rise to characterispectral feature which permits the quadrupole erdrto be measured.
By convection, the value OQO is taken to be positive (i.e. whan> b) if the ellipsoid is prolate and negative (i.e.

whena < b) if the ellipsoid is oblate and zero (i.e. wiger= b) if the ellipsoid is a sphere. Fig.1 depicts thsgible
charge (shape) distribution of nuclei.

z z z

Prolate(cigar-shape); Oblate (discuss); Sphere(protants)
Fig. 1: Electric quadrupole moments for different charggribution

The Mathematical aspects of nonrelativistic Quaniethanics are determined by the solutions to ttta@linger’s.
The energy of the atomic levels can be obtaindterfirst approximation by solving the Schrodingguation (5) for the

electrons in the central potential eneMyr ) of nucleus with charge-Ze, where Z is the atomic number.

_%dzd(p—rgr)”v (r)e(r)=Ee(r) ©)

Where ¢(r) is the Schrodinger’s wave function. The completetton including the time dependence is
—-iEt

W (x,t)=g¢(x)e "
~iEt/h

If E is real then the wave function has an amplim(ex) and a phas€

(6)
[6].

In solving the Schrédinger equation for the casthefatom with a single electron, it is always assd that the electron
feels the coulomb attraction of a point nucleus,
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ze?
V(r):_k ! I‘ZRN (7)
r

Wherek = (47750 )_l = 9x 10°mF ~!is the proportionality constang, = 8.854x 102 Fm™tis the
permittivity in free spacee = 1.6x 10°C , is the electronic charge.

As a more realistic assumption, the nucleus waedasbeing described as a finite-size source withirm distribution
of charges[7]. Since real nuclei are not points,dlectron wave function can penetratd ts RN , and thus the electron
spends part of its time inside the nuclear charigtriloution, there it feels a very different inteti@an[6]. As an

approximation, we can assume the nucleus to befarmnty charged sphere with a radiLIE‘.N for which the potential

energy of the electron fdf < RN is given by;

2
2

VR) =[] ] -3 ®
2R, [\ R,

where R, = rOA%, Abeing the mass number, = 1.27x 10*°m , is the radius parameter

Schrodinger’s equation (5) or its solution (6) apglonly to point sources (charges). Thus the thtotion of an

approximation method is necessary for finite-sigel@ or atoms [3]. It is possible to use the pdyation theory to see
the effect of the finite-size by observing the aitospectra.

By adding the perturbative electric potential (8)tihe quantum mechanical model of hydrogen atom¢avecalculate
the shift in the spectral line of hydrogen atomsealiby the presence of an electric field [7].

The T' order time independent perturbation theory is mias:

AEY = <¢£°) ¢£°)> ©)

It says that, the perturbative energy correctiohsl*b order are given by the expectation value of theupeing
Hamiltonian in the unperturbed states.

AR’

Therefore, the spherical electrostatic potentiabﬁmnV(RN ), corresponding to a nuclear charge density distioh

(2), will then used to replace the common Couloroteptial for a point-like nucleus, (7), in numetieéomic structure
calculations [1].

Even though the potential (7) divergestaE O, it does provide an analytic solution to the Haonilan given by

« n'o* zée’
H0 =  —-k— (10)
2m r
The Hamiltonian is formed by the addition the kioenergy term.

After producing the new potential due to finiteesizucleus of radiusRN as the perturbation of the common Coulomb
potential (8), we also developed to a new Hamiiarequation;

22 2
A #20 2.2 2 ) )
L S i I S I,
2m 2m 2Ry | \ Ry
Z€ 3. (rY
Where AH ' =k— &——+ — | [ r=R (11)

Rl 2 R

The effect of the finite size of the proton in theergy levels in hydrogen can be calculated toiolitee energy shift
A El(l) using the T order time independent perturbation theory. Theupeative state correction of thé' brder is
given by:
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AEW :<¢g°> Aﬁ'\g¢°)> = [V 20° %7 = [ @, A gl (12)

AH'is the change in the Hamiltonian resulting from thi#ference between a point charge and some stheric
distribution, either over the surface or volumedphere.
The ground state wave function of the hydrogen atom

1
23 2 _z
%O:[na;‘j e (13)

Whereaois the Bohr radius anﬂ?N [} a,. We choose the ground state for simplicity andeithe ground state
energy is non-degenerate. THeatder correction in the ground state energy oftydrogen atom would be

ajR 7 (r 2 2R’ 5

~ 4a2 2 —o7r Z4e?R?
/1E1(1)=4|<Z € J'RN[R_N_§+ r ]ezZAOrzdrzék% (14)
0

Where the use of equations (11) and (13) have beste SinceR [] a,, we assume the wave function to remain

constant over the region of integration. Hence emiacew(o) byitsvalueat = 0
But the unperturbed energy of an electron movinipénf' orbit around the nucleus (point-like) is

Z%? (15)
2a,
Thus, we can calculate the relative energy chgngédue to finite size of the proton as:

E® = -k

2

_AEP _4(zZR, (16)
a'0

wherea0 =5.29x 10*m , is the Bohr's radius

3.0 Results

Here we compute numerical results from equationsa(®l (16). From equation (8) we obtain Table 1cwhjives
detailed information on potential energy differentetween a point-like and finite-size nuclear agstion. The relative
energy changes have been calculated from equdt®ratd are displayed in Table 2.

Table 1: The values of potential energies for a point-bkel finite-size nucleus of hydrogen atom

Potential Energies
r/'Ry V(N V(R)
0.0 0.0000 -2.7213
0.2 -9.442¢ -2.685(
0.4 -4.7213 -2.5761
0.€ -3.147¢ -2.3941
0.8 -2.3606 -2.1407
1.0 -1.8885 -1.8142
1.2 -1.5731 -1.415!
1.4 -1.3489 -0.9434
1.€ -1.180: -0.399!
1.8 -1.0492 0.2177
2.0 -0.9443 0.9071
2.2 -0.858¢ 1.669!
2.4 -0.7869 2.5036

This information is extended further by plottingraph of two potentials against the radius of theleus,I' (Fig. 1).
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Fig. 1: The potential curves for a point-like and a finite-sizeleus
The potential curve for finite-size nuclear can bensad=ig. 1, represented by the red line. While the pidietpotential
curve can be seen by the blue line, falling® -asl' approaches 0. We can notice how the finite-size nuclear j@btent

V(N

and the point-like potential curves coincide onlyra& & The potential curve for finite-size nuclear can be seen

Fig. 1, represented by the red line. While the poirg-filtential curve can be seen by the blue line, fallindP®as I

approaches 0. It is observed that the finite-size potentfaliie (with magnitude 2.7213 eV)wheh= 0. This shows

that the size of the nucleus is not in fact zero. Jdstive charge of the nucleus is spread out over a distanbeuf a
10™m. At this distance the coulomb potential is no lonfiedependence. Thus nucleus is a spherical shell of charge of
non-zero or finite size radius.. This shows quite evidenca finite size nature of a nucleus. We can also noteethe

finite-size nuclear potential and the point-like potertiaives coincide only af = RV . The difference observed is due

to the finite-size structure of nucleus. This shows geitielence for a finite size nature of a nucleus. Compared to
point-like nucleus, the extended nuclear charge distribugads to a shift of the nuclear energy levels and this
correction of the nuclear model will reflects on the natfrthe atomic spectra of the nuclei of atoms. The apresgce

of finite nucleus size can be estimated. For hydrogen dsatf they are extremely small, but become more impofeant
heavier atoms.

The relative energy change calculated for light, medinthleavy nuclei have been computed using the result obtained
by equation (16) in order to see the deviation from poimttikcleus to finite-size nucleus (see Table 2).

Table 2: The relative energy change for light nuclei

Elements Symbols| Proton no. (2) Mass no. (A RN (xlo—lsm) ,7()(10—6)
Hydrogen H 1 1 1.2700 0.0005
Boron B 5 11 2.8244 0.0570
Neon Ne 10 20 3.4473 0.3397
Phosphort P 15 31 3.989¢ 1.023"
Calcium Ca 20 40 4.3433 2.1571
Rhodium Rh 45 103 5.9531 20.5159
Tin Sn 50 118 6.2391 27.7312
Caesium Cs 55 133 6.4827 36.3426
Neodymiun Nd 60 142 6.6257 45.179¢
Astatine At 85 218 7.6434 120.6863
Thorium Th 90 232 7.8032 141.0483
Americium Am 95 243 7.9251 162.0449
Fermium Fm 100 257 8.0744 186.3799
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Fig. 2: A Graph of Relative Energy Change against the Nu&ealius for Various Nuclei
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It is observed from Fig. 2 that with the increa$&drom Z = 2to Z = 20,The change due to variation of finite-size
nuclear model is very small and is fairly constartus small effects are observed for few-electrimma with a small
nuclear charge distribution. But for medium nualgien the number of nucleod increases from 40 to about 60, a
moderate increase is to be sure.In this case thgveeenergy changes are increasingly small dushémge from point-
like to finite-size nucleus.Fig. 2 also showed pidancline of the relative energy changes in heawglei. This is due to
their large number of nucleons in their nucleugiiér nuclear charges up B = 103 were considered for a particular
case of highly charged because of the uniformitigion of charge assumption gives the largestgneorrection to the
heavy nuclei, because of the contribution of chailgeeach of their proton.

The magnitude of the point-charge nuclear to fimieelear size shift behaves quite different in sheall, medium and
heavy nuclei cases, when considered as a functiah (Fig. 2). Thus, the total energy shifts reflee #equence of the
finite nuclear size potentials over the full rangfeZ covered by this study, i.e., every state is foundb¢ shifted
upward, due to the change from the point-like fihite-size source. It is observed from Fig.tattthe relative energy
change increases with the nuclear radius and thdepends on the size (nucleon distribution) &f tlucleus. For light
nucleus the relative energy change is very smatlpbcome more important for heavier atoms. Thierihce observed
is due to the finite-size structure of nucleus.Efi@e, for isotopes of a given element where thagor number is the
same but the mass number and therefore the nueldi@are different, the energy correction will téferent and due to
this the spectral lines will not coincide complgtel

4.0 Conclusion

Since different isotopes of the same element wittlear charge +Ze have different numbers of nestrtreir charge
distribution will not coincide, leading to a smalift in their electronic level energies. This diénce of an electronic
transition is usually described separately as duthé finite mass of the nucleus and to the sizthefnuclear charge
distribution. In order to extract information abdhé nuclear properties, a proper interpretatiothefmeasured isotope
shifts based on theoretical calculations is neecgsSénce often nuclei with the same Z but différerass number A also
have different nuclear spins, spectra of diffeisotopes may also have a completely different Hipestructure [2].

The history of isotope shifts goes back to 1931emvhxperiments by Schuler and Keyston on the hiymestructure of
thallium and later on mercury led to the discovefya structure which was not due to the nuclean dpit to a
displacement of the atomic levels in different ig@s. The authors pointed out that their obsemstioave to be
explained by some differences in the nuclear figfithe isotopes. Several models for the nuclearggh distributions
have been used in the literature. This effect Gaexplained if the approximation of an infinitelgdvy and point-like
nucleus is abandoned [8]. One of the obvious clkoigeo consider the nucleus as a homogeneoushgetiaphere of
radius R, [2].At this point we can draw the conclusion tha sitomic nucleus is not truly point-like, but eest exhibits

finite-size structure in both its mass and charigéridution. This finite-size charge distributiorf wucleus is not only
spherical but may also be a cigar-like or oblaisciss) in shape. And due to the change of nucteatel from point-
like to finite-size nature of nucleus the energyeleof nucleus is shifted upwards and thus the &ta@pectral line will
not coincide completely.In order to extract infotioa about the nuclear properties, a proper inttgtion of the
measured isotope shifts based on theoretical edionk is necessary. This correction of nucleareh@&one of many
corrections that need to be added to the atomieeiod
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