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Abstract

Using Born’s approximation techniques, to investigathe dependence on
energy of scattering cross-section by spherical aguwell potential, an analytical
expression for the differential scattering crosscsien has been calculated and
energy limits were obtained.The dependence on ep@fscattering cross-section
in the low and high energy limits were examined bymputing numerical values
of the scattering function. Graphical plots were sal obtained to check the
pictorial representation of scattering cross-sectibhe study has shown that
Born’s approximation is only applicable in the higlkenergy limit where the
potential is weak. It indicates that the potentié strong enough to bind a
particle, thus Born approximation cannot be appliéd the low energy limit and
in the scattering at low energies.

1.0 Introduction

Whenever a beam of particles of any kind is dirdetematter, the particles will be deflected outtdir original paths as
a result of collision with the particles of matighich they encounter, and the process is knowrcasesing [1]. The

problem of studying scattering process is imporfantwo reasons; firstly, a great many interestafifgcts such as the
stopping electrons in gaseous discharges, thesioilidetermined, at least in part, by the probgbiif scattering;

secondly, the fact that from the detailed studthefresults of scattering, much can be learnt atheubature of particles
that are being scattered, and as well as thosateatoing the scattering. [2].

Scattering theory has found vast number of apptinat such as echolocation, geophysical survey, destructive

testing, medical imaging, cross-section calculaiand quantum field theory [3]. Born approximatisrused to show
the dependence on energy of scattering cross sednyispherical square well potential, which showesdifference in the
low and high energy limits.One can also showwhasenBapproximation can be applied and where it oaive applied

if the potential is too weak or too strong.Scatigrcross section is of paramount importance inearcphysics. The
study of the dependence of scattering cross-sebii@pherical square well potential using Born’pragimation goes a
long way in understanding nuclear cross sectioncaost section calculations.

This study will therefore help in understanding tencepts of scattering by spherical square welent@l, cross-

sections or nuclear cross-sections and Born’s appetdion. Also the comparison between theory antherical analysis

will be appreciated.

2.0 Theory

Scattering by a square well potential

The zero energy scattering can be characterizgdgdbyne parameter, the scattering length. As tieegy is increased,
more and more of the partial waves would beginetbsgattered and in turn making scattering deperutgth on energy
and the scattering angle. If the energy is onlghsly higher than the zero energy, the energy dégrece makes its
appearance. This energy can be described in tefrmparameter called effective range. It can hesitiated in the case
of scattering by a short range attractive squaré pegential which is displayed in Fig.1land repreteel mathematically
as
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Fig. 1:Square well potential.
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It is known that the radial part of Schrodinger &tipn in the presence of scattering potential Y4r) = 0, is given by

1 d (r?d¥,

r—z;(rT) +[k2 UMY, =0 (2a)

2UE 2V (r)

Where k? = = U ==~ (2b)
After substituting?, (r) = %r) , the above equation takes the form

2

O k2F@) =0, <R (3a)
with k2 = K2+ K2, K2=20 (3b)

h2
Similarly puttingU(r) = 0 in equation (2) and further substituting,
yo(r) = @,Where zero in the superscript 8, represents radial solution, in the absence of Wg)get

2
IO 4 k(1) =0, >R (4)
The Schrodinger’s equation to be solved for thenBoapproximation, for a spherically symmetric pudial, can be cast

in its differential form as

V2p(r) + 5 [E - VD)]p(r) = 0 (5)
Or, (=V2=k»)e(r) =Ume()=F()
On application of Green'’s functions, the differahgquation (5) becomes

) ikr )
@(r)r = ez i%f e fnT (U (r)dr (6)

ikr
Equation (6) implies that the second term is thedpct of an outgoing spherical wa%a— and some angular amplitude

independent of r. Thus the scattered amplitudaerBiorn approximation will be given by

f(6,0) =~ [ e T (r)Ur)dr )
We now use the Born approximation method to sotpeagon (7).

In the zeroth approximation, we neglect the iraeggrm in equation (7) and sgtr) = ¢°(r) =e*?, then we
use the zeroth approximation on the right hand sfdequation 6 to compute the first Born approximmte?(r). Thus
we have

. ikr . .

o(r) = q01(.,.) =pikz _ i%f e—lk‘l’l.relkZU(r)dr (8)
Insertp(r) on the right hand side of (8) to compute the secapproximationp?(r) and so on. The"happroximation
is

. ikz 3
P (r) = elkz _ ﬁeTf e—Lkn.r(p(n—l) (MU @)dr 9)
Thus in the general case where M£ V(r), the scattered amplitude in the first Borpegximation would be given by
f(8,0) = ——J e~inreikey (r)dr (10)

Let ko be a vector of magnitude k that has directiorhefincident beam (polar axid),is the vector of magnitude k for
the scattered particle afids the angle of scattering. Note that the mageisug and k are the same since the scattering
is elastic. Thug*?= e~o-T Substitute this in the above equation to obtain

£6,0) == [ el 0T U@ dr= — L XU Gdr (11)
where&K = kg—kas shown in Fig.This is Fourier transform of the scattering potainti
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The magnitude oKis [(ko-k).(ke-k) = {2k2(l-cos9)}% = 2ksin@/2)]. Its physical significance is thatK is the
momentum transferred to the particle in its enceuntth the potentiaK is the momentum transfer vector.

kK

Incident beam

—>

Ok —»

Fig. 2 The incident wave vectdt, the scattered wave vectarand the transferred wave veckor

The differential scattering cross section in therBapproximation is

2 . 2
0(6.0) =1/ 6,0 = () |[e* u(r] (12)
For a central force, V{ = V(r). In the majority of practical situationg/e deal with central forces. Thus the scattering
amplitude, equation (11), in this case would be
f©) = ——[e®ru(rdr, (13)
whereK depends of. The integrand being scalar, the integral wilifdependent of the coordinate system in which it is
evaluated. Integrating in polar spherical coordratstem, we get

f(6) = —:—nfom fon fozneiK”osaU(r) r?sinadrdadf (14a)
Where ¢, a, 8) define the position of particle with respect te #— axis as the polar axis. This results to

(= _zl( fooo rsinKrU (r)dr (14b)
Hence the differential scattering cross sectiomvalgiven by

a(8) =1f(@)|? :é|f0°orsinKrU(r)dr|2 (15)

Equation (14)implies that(9) is independent ab (as expected) and dependsfotirough K and not on the momentum
of incident particle or on scattering angle indivadly.

2.0  Validity of born approximation- case of squarevell potential
In obtaining equation (8) we replacedr) in the integral term by™Z. This is possible if Born approximation is to be
valid, that is if the second term can be neglettetbmparison with the first term, that is
loM)| « |e*?| =1 (16)
iklr—f .
Where o(r) =-- felf_r,l etz () dr (17)
which depends on U(r) or effectively on V(r) whishappreciable near the origin for a short rangemal. That is the

value ofg(r) would be largest near the origin (the centre @fttecing potential at r = 0). Thus the validity ddion
becomes

lp(0)] « 1 (18)
From equation 16 in the case of spherically symimewtential, that is U( = U(r), we get

o= —J" I foz”%kreikZU(r)rZsinedrdeda) (19)
Putting z = rco8 and integrating over the polar anglés@) of r, we get

0(0)= = [, U(r) (e** — 1)dr, (20)

u(r) = 225and V(r) = Vo.
L . . . . _ 2uv(r)
The validity condition using equation (16) and (2d the relatiok(r)= ”h—z becomes
LAV — Ddr| « 1 (21)

"2k
We shall analytically determine the dependencthefcross section on the energy by examining théesing

amplitude of the attractive square well potendt).

3.0 Methodology

The method that will be used for the dependenaenefgy of scattering cross-section by sphericadusgwell potential
is the Born approximationbysolving for the analgticesultwhich will be used to obtain the scattgrimoss- sectiofo)
that will enable one to obtain the energies inltwer and higher limits, whichin turn will show thllependence on
energy of scattering cross-sections.
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An attractive square well potential is represeig@quation (1), where the scattering amplitudtnis case is given by
f(e) = —=J, ru(r)sinKrdr (22)

where K = 2ksin2—.

Substituting the value of U(r) in equation (2b)yimtquation (22) gives

f(e) = _1f sz/(r) sin Krdr (23)
Using equation (l) into equatlon (23)

() = zwof rsinKrdr (24)
Integrating equation (24) by partsgives

f(0)=—22 (sin KR — KRcosKR) (25)
The differential scattering cross-section is

a()=If(6)|? (26)

Using (22) in (26),
o(0)=[222 (sinKR — KRcosKR)]?

h2K3
Substitute x = KR =2kRn?, to obtain
0_(0) — (ZMVOR) (smx XCOSX)Z (27)
Let (smx XXCOSJC)Z g(x) (28)
o(6)= "ok ""3)2 9(x) (29)
Further, the total scatterlng cross-section woddjiven by
ZuVOR ) f fZT[ sinx— xcosx) sinfdo d@ (30)
Since x = 2kR;1n;, dx= 2kR cosEdH and xdx= (KR)én 6d6.
Orsinf0df = dez
(kR)

ThUS, t_(ZuVoR )zf (smx ;ccosx) sin 8 do J-OZHdQ)

2
(ZuVOR )22 J-n (sinx—xcosx)®> 1 d

x6 (kR)Zx
Substitutmg y = 2kR and changingto y .
226 2 o 2 .
0t:32np;4vo R fy (sinx xxscosx) 2 dx 32nu V0 )/(y) (3la)wher¢(y)— 1 foy (sinx xxscosx) dx = 4y2 (1 _ ﬁ m;:y _ 531,%)
(31b)

Equation (30) is the analytically calculated tatedss section as seen by the Born approximatiothiospherical square
well potential. This will be used to determine tlependence of cross section on lower and higheggtienits.

4.0 Discussion of Results
0] Cross section dependance on the low energy limikR<<1), k small
To see the dependenceadf)in the low energy limit, apply trigopnometric expans (e in radians) to equation (28) to

obtain
_|{<"‘j§—3)"(1"§—2)}| - [(1—%)—1(1%)]2 =1 (32)

org(0) :% . Fig.3 shows the plot of the functié{a’%versus X. A® increases x increases, since K increases, anefdher

g(x) decreases. The variation 5fx—) =9g(x) with x shows that at x:(ﬁ,(i) is unity but falls off rapidly and at x ~ 4, it

is zero. At x ~3—" %’? =0. The computed values are shown in Table 1.

Table 1: Differential scattering cross-section as function of scattering angle.

X(Radian) gx) g(0)(radian) g(x)g(0)
0 1 1 1
9 9

n 0 0.14 0
2

3r 0 0.33 0
2

Sm 0 0.33 0
2
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3 Sr x@rad)
=z =

Fig. 3: The variation of% =9g(x) with x

W=

The differential scatteringross section using equation (29) and (32) would be giv

_ (2uVoR3 2 _ (2uVyR3 2
o) = (%) 909 = (5) 3
2uVoR3
9aiff ksmall( 3h2 )
This infers that the scattering is isotropic (independgstattering angle) at low energi

Now for y(y) =y(0) = % the total cros-section at low energies from equation (31a) wouldjiven b

(33)

32mu2vgR® 32mu?v@R® 1 16mu2VER®
o, = h—4°.y(y) = t 0 ‘5= %40 , KR>>1, klarge (34)
0] Dependance of cross section in the high energy lin

In the high energy limit (kR>> 1), x would increase mudakter thartsinx as the maximum value sinx is 1. Thus
equation (28) becomes

g(0=(~22)’ (35)
Using this in equation (22)
o) = () () )

Recallx = 2kRsin§

2
2uV,R3\* [ —cos (2kRsin§)
O-(e)klarge< h2 ) 2kRsi 22
(2kRsin3)
2 2 . 0
<2HVoR3> cos (ZkRsm;)
o(e)
klarge h? . 0\*
(ZkRSLn;)

VoR \? .6 ]
a(e) prs: (;;;kz) cos? (ZkRsm E) cosec* -~ (37)

which fluctuates wit®, to get rid of theerm cos? (ZkRsin %) let us take its average vahlg[ﬂ]. Thus

VoR\% 1 0
o(e) = (;;;’kz) .Ecosec"‘; (38)

25,2
E = hz—';is the bombarding energy in the centre of mass s

1 (VoR\?2 0
00)= 5 (:—E) cosec* 2 (39)
This result indicatetghat the scattering shows a strong maximum in the forwardtidine® = 0) at high energies.No
for y large andfrom equation (31b)
1 1
YO) =15 “oere (40)
Using equation (37) and the first of equation (2b) in equgfda), the totascattering crossection at large energi
would be given by
32mpuVER® VER*
O’(t) — ﬂﬂh4o Yo) = lmhzoE
From equation (21), the validity of Born approximationdiae:

(41)
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HVo jR ;
— || (e?* —1dr|« 1
h2k [J, o
P-Vo p2ikr
202k [ ik _r] «1
bu'ﬂ(R:y
Ko | iy .
-1- ly| K1
2h2k2 |e
2;;];2 [(cosy — 1) + i(siny —y)| K 1 (42)
Multiplying the above equation (42) by its conjugand taking the square root, one gets;
s [(cosy = 1)% + (siny — P2« 1 (43)

The low energy limit, that is for y small
From equation (42), we have:
2 ; 212 y? 2 y3 2
[(cosy — 1)* + (siny — y) ]ZN[(l_E_ 1) + (y—z—y) ]

1 1
H 4 612

:P+H
4 36

1
6 4 417 2
Neglectingi"—6 in comparison t§4— one gets{,yj]z :%

Substituting this into equation (42) above, wherekR,
2
Mol «1 (44)

h2
The above inequality shows that if tleéeptial is strong enough to bind a
particle, the Born approximation then cannot bdiagdpn the low energy limit.
The high energy limit - y large
V.
2;1121(){2 [(cosy — 1)? + (siny — y)z]% <1
In the first term; neglecting cosy for large ycasnpared tol, in the second
termsiny can be maximally be 1 and hence can blecteg as compared to
y, thus we have + yz)%: y, fory> 1
uVo uVokR uVoR
Thgs, R [v] « 1’_h2k2 « 1 = <1 - . _ (45)
This condition, equation (45), is generally sa¢idfat high energies for weak potentials.

5.0 Conclusion

Scattering by spherical square well potential isied out using Born approximation and it's depermaeon energy in
the low and high limits has been calculated andnéxed.Results show that the scattering is isotr@ipidependent of
scattering angle) at low energies and that theesirag shows a strong maximum in the forward dicec{6 = 0) at high
energies. The study has shown that Born approximasi only applicable in the high energy limit whehe potential is
weak. It indicates that the potential is stronguggioto bind a particle.We have shown that if thettecing function has
values much less than one,Born’s approximationsedely be used in the high energy limit, becausdénhigh energy
limit the potential is too weak to bind a partieled it can be applied in the scattering at highrgies. The dependence
of scattering cross-section by spherical squard patential using Born’s approximation can be apglin particle
transport and nuclear cross-section calculationgdmma rays, electrons, positrons and neutrong[5,6

For further studies, it is strongly recommended B@arn’s approximation be applied to scatteringitfjnite potential
well problem; potential step or potential barrigfg harmonic oscillator problemand such othertedag potentials to
check its further validity in those areas.
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