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Abstract

This paper presents a mathematical model describitigg dynamics of
Chlamydia Trachomatis infection in a human carriefThe model incorporated
relevant feature such as recovery through drug adustration. The existence and
uniqueness of solutions of the model were examiney actual solution. The
stability analysis of the critical points was condied. The results show that it is
globally asymptotically stable under certain condits. The system of equations
were solved analytically using parameter-expandingethod and direct
integration. The results are presented graphicalnd discussed. Our results
showed that the concentration of free extracellul@hlamydia particles, number
of infected, uninfected and recovered epithelialllseare significantly influenced
by the parameters involved.
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1.0 Introduction

Chlamydia trachomatis is a ubiquitous human pathogen that is responsdlehe most prevalent bacterial sexually
transmitted diseases (STDs) worldwide [1]. As arigalte intracellular bacterium, it has a distinetiwiphasic
developmental cycle [2]. The cycle begins when imalteally inactive elementary bodies (EBs) infdut thost cell and
reside in a vacuole termed an inclusion body. EBsréntiate into non-infectious, metabolically izet reticulate bodies
that multiply by binary fission and re-differengainto EBs after 30—48 hours and then are relefasedthe cell by lysis
or exocytosis to initiate a new round of infect[@h

Men or women who have receptive anal intercoursebeainfected with Chlamydial infection in the naet, which can
cause rectal pain, discharge, or bleeding. Chlaamgdn also be found in the throats of women and aseresult of
having oral sex with an infected partner [3, &hlamydial infection of the cervix can spread te tiectum and the
greater the number of sex partners, the greataigkef infection [4]. The disease also affects tlagina in females and
the urethra in males and can be treated with antidisi, but if left untreated can lead to sterili§hlamydia as the most
common S.T.Q worldwide, often causes asymptomatic infections &dong duration of time without detection and
hence capable of infecting a very large populatiwough transmission and sexual contacts over ihe

A lot of work dealing with Chlamydia has been rdpdrby many researchers [6 - 9]. In this paperextend the model
of Wilson [10] by incorporating recovery throughudradministration. This present study investigétescriteria under
which the rate of recovery of infected cells throudyug administration could lead to the stabilifyttoe equilibrium
point. To simulate the dynamics analytically uspagameter-expanding method and direct integrati@nassume that
the free extracellular chlamydia particles are poedl at a constant rate.

2.0 Model Formulation

We modify the model of Wilson [10] by incorporatingcovery through drug administration. In additis® assume that
the free extracellular chlamydia particles are poedi at a constant rate. Arising from the above, tblevant
mathematical equations are:

d—(t: =P. +K,l - .C(1)
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%=—K2I ~ P +K,CE- el - @3)
Z—T=(5+V)I—uER—aR (@)

As initial condition based on our assumptions, wease

C(0)=C, >0, E(0=E,>0, I(Q=l,> 0,R( 0=R,= 0 (5
where C(t) is the concentration of free extracellular Chlaiaynarticles,E(t) is the number of uninfected mucosal
epithelial cells (main host cell for Chlamydialﬂt) is the number of Chlamydia-infected epithelial eltime t, R(t)
is the number of epithelial cells which recovereshf Chlamydia-infectionK, is the rate at which Chlamydia particles
are released from infected cell§,, is the rate of Epithelial cell infection which mbg influenced by antibodie$); is

the Reproduction rate of mucosal epithelial cells, is the natural death rate of epithelial cel%; is the natural death
rate of Concentrated Chlamydia particlgs, is the rate of clearance (recovery) of infectetlscdue to cell-mediated

immunity, O is the recovery rate due to drug administratiE};, is the recruitment rate of the Chlamydia partidee

to external interaction anft is the waning off Immunity.

3.0 Method of Solution
3.1 Existence and Unigueness of Solution
Theorem 1 Let P. =0, f =/l = /. Then the equations (1) — (4) with initial condiits (5) has a unique

solution for allt 2 0,
Proof: Let P. =0, =4 =4 andg=C+E+1| +R,we obtain

d
£e_ =R —uy, ¢(O)=(CO+E0+|0+R0)=¢0

dt (6)
Using method of integrating factor (see Boyce aiqtitha[11], p.16), we obtain the solution of praibl€6) as
P - _
7]

Then, we obtain

T
5 o5
[ +[¢6 J E(t)+R(t))

()= 2+(a-2)e M}—(c<t>+E<t)+l<t)) .

Hence, there exists a unique solution of problem (4). This completes the proof.

(t)+R(1))

©)

% 9+R0)

S IOU IS IOU

= |O-U

(10)

3.2 Stability of the Critical Points
To obtain the critical points, we set

dC _dE _dl _dR_

dt  dt  dt ot
LetC=%x, E=y, =2z, R=v
Then, the steady states of (1) — (4) satisfy tHlevidng algebraic system:
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R +K,z—.x=0
Ty-Kxy+awv=0
(12)
Kxy-az=0

Lz-ov=0

where @ = (K, +y+ . +0), B=0+y, 0=+, T = (P. — 1)
Solving (12) simultaneously, we obtain

P
P = [—C 0,0, OJ (13)
C
qoT (aoty, - P.aoK, +BP.Kw) aoty, -P.aoK, + fR.Kw
b= Kl(aa—ﬂw) ' K.K,or ’ Kz(aJKl_IBKlw)
) =

B(aoty, —P.aoK, + BR.Kw)
oK, (aoK, - BKw)

=(2.¢.%.9) (14)

P aor
Theorem 2:1f —< #

———  there exist two equilibria.
He K (O’U - ﬂ&))

P
Proof: The infection-free equilibrium is given bl = (—C , 0,0, Oj
C

If y#20, z#0, v# O,thenX=L.
K, (a0 - Bw)
Hence the other equilibrium is
aor (aotu. - P.aoK, + BR.K,w) aotu. -PR.acK, +BR.K,w
K,(ao - pw)’ K,K,or ’ K,(aoK,-pKw)

B(aotu. —P.aoK, + BR.K.w)
oK, (aoK, - BK,w)
This completes the proof.
Now, let us denote this infected equilibrium poi(uyq,@,%,@) where each component corresponds to an earlier

specified value.

We let
X=X-@, Y =y-@ Z=z-¢ ¥V =v-g,
Then
dx*
pm =K,Z* = x* (15)
dy* _ o« .
" =1y*-Kgx* -K,gy* +av (16)
dz* . .
T:Kl@x +Kpy* —az a7
adv*
= [z* —ov* 18
qt B (18)
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Thus
X* ' X*
*
v* Vv*
where
“H 0 K, O
A= -q -r O

0 0 B -o

and =K@, r=K@g-1, s=Kg

Thus

|A=A1|=0

implies

A=-0

and

P(A) =A%+ (fe +1+a) A* +(per + pea+ra = Kyq) A+ (pra+K,g(s-r)) =0 (20)
Theorem 3:Let g < 0. Then Equation (20) has three negative roots emagative root and two complex roots.
Theorem 4: The infected (endemic) equilibrium is globally amtotically stable ifq < 0.

Proof of theorems
The proof of the theorems 3 and 4 involved usirg th
(i) Descartes rule of signs:
The number of positive zeros of a polynomial with real coefficientsis either equal to the number of variationsin
sign of the polynomial or less than this by an even number and
(i) Routh-Hurwitz criteria [12]:
All zerosof A° +aA® + BA + y =0 have negative real partsif and onlyif a8 —y > 0.
Therefore, all zeros of (20) have negative reaspand only if

(#e +1+a)(per + et +ra—K,0) - (pra+K,a(s-r)) >0
That is

(e +r+a)(per + pea)+ra(r+a)-K,q(u. +a+s)>0 if q<0.
Proof of theorem 3

From P (/\) in (20), we obtain

P(=A) = =2+ (e +1 +a) A* = (el + e +ra =K, ) A +(prora + K,q(s-r)) =0

So the number of change in sign is 3giK 0. Hence by Descartes rule of sigr%(/l) have either three

negative roots or one negative root and two compess. This completes the proof.
Proof of theorem 4
Since the inequality holds if| < 0. By theorem 3 and Routh-Hurwitz criteria, (20) has

(i) Either three negative roots or
(ii) One negative root and two complex roots whosepad$ are equal and negative.
So in either case the equilibrium is globally asymtipally stable. This completes the proof.

3.3 Solution by Parameter-expanding Method
Suppose the solutiou(t), y(t), z(t)and v(t) in (1) - (4) can be expressed as

X=X, + K, x, +KZx, +hot
Y=Y + K1y1+ Kfy2+ hot (21)
z=7,+K,z,+K?z,+hot |’

v=y, +Kv, +K?v,+hot

Journal of the Nigerian Association of Mathematic&thysics Volume 28 No. 1, (November, 2014), 23%4 2
238



A Mathematical Study of...

where h.0t. read “higher order terms iK,, andC=%x, E=y, |=gz,
interested only in the first two terms.
Substituting (21) into (1) - (4), and processing, obtain:
d
d_XtO:Pc +KoZy = e Xy XO(O):XO (22)
d
%:ryo+w\/0, Yo (0):y0 (23)
d
“o=-az, 7(0)=2
dv,
T::&o_wo’ VO(O)_VO
d
CT):l_ Koz = pe Xy, Xl(o):O
Y _ _ —
E TY1 XoYo aNl’ yl(o)_ 0
d
dfztl =-az+%Y,, z(0)=0
v,
d—tl=ﬁzl—avl, v,(0)=0

Solving equations (22) — (29) by direct integratiae obtain
x(t) = e [Pce/’C‘ + Koo uc-an J+[XO—P°+KZZ° Je%‘ +
Hc -

ﬂc a ﬂC iuC_a
Ste_m_'_ie-(ucw)x_ie—zucx_'_ S; et Ss 1+(a - )t)e™ +
n (r+ pc) (a—uc)Z( (o= se))
K S g2t 4 S e(rfa)t +iefm +§e(r-llc)‘ + Sy e(/lc‘”)‘+
Yo -2a (r+4.-a) a r e —a
S S S S S S _S
Me @ T+l (a-p)" He—2a (T+p.-a) et
5%
T fe-a
_ Bz, -t Bz, cat__ Vo ot
0 = _ -
N oa)rra)®” oma)rea)® o)
Lz, _ Bz, _ Vo t
[“(a—a)(w) (0-a)(r+a) +(T+0-)Je
_r(1+(a+r)2t)e"’1 L oy re (sl rrge -
(r+0) (r+o+a) (t+o+u,)
r((@ -oa+ar-ont+ o) g (o)
- s +
(a+7) (r+2a)° @
k| BT e T goar T e
"(o-a-u-1) 1 (o0-a-1) (r+0)
ame(zrw)l_ ‘3‘\2"3'7(0“7)l ase_(o%)‘ ratet+ %5 gy ag™"
(r+a’) (g’+r+a) (U+r+yc) 4 (a+r) (r+2a)
_ae ) ag )
a (a+7+ 1)
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zZ(t) =z " +
al -ot & -(a+o)t # —(o+1c )t i to_ t_m % _oat 32
(a—a)e o° +(a—0—ﬂc)e +(T+0/e aletrge | (32
Kl i (r-a)t + % e‘(“*‘ﬂc)t + 3y e("#c)‘ +
T arra)
&__ & _ & _
o @) o) |
4 & _F_F_ 3
(t+a) a 1 1 (a+1-1)
v(t) = (Uﬁ_Zoa) en+ (Vo _Uﬁ_zoajeim *
, (33)
pte + Dgloa_ Pogrlonsedy - Po gy Pa 94 (g-g)t)e+
a Ue (r+0o) (a-0)
Ps -2at Ps (r+o-a)t P, (o-a)t Ps (T=pc )t
K
Ho-2a° +(r+a—a)e +(a—a—,uc)e +(a+r—,uc)e *
P P P Py Ps _ Pe _
Py e(aia)t+ He a 1+0 (0'—0')2 o-2a (T+J—a) -
g-a P, _ Ps __ b
(o-a-u) (o+1-1) o-a
where
R =Kz o R_KZ Bz, ’
He H—a o He Hec—a ’ (0’—0’)(1’+0)
__ Por b = b, = y,+ Pz, _  Bwr, | VY
" (o-a)(r+o)’ r+o’  ° % (0-a)(r+o) (0-a)(r+o) 1+0
a, =(bb, —bb;)=b(b,~b,), a,=bb,-b), a,maz=b{bsb),
a, =bh,, a; =bb,, a,=bp,, a,=bb, agz=bhb, agbb
_ B3 _Ba __ Pa __Ba -
Py =" P, (@-o-1)’ Ps (r+a)’ P, = Bas,
:ﬂia6 :& :& :7ﬂa9
Ps =" " Pe=""" Ps % Ps (@+r-1)’
[ S B 8 % 8 % 8 &
o (a-0) (a-0-u) (t+a) a 1t . (a+7-11)
— k2a1 - k2a2 - k2a3 — k2a4 —
s= : =22 =23 S s, = KA,
a-u Y (a-2u) " (r+a) o
_kag _ka, _ka, - ka,
S= S=, S e Sg (a+r-1)’
sa:(az_ & & _a__a.a_3_ _ a ]
i (a-m) (a2m) (va) @t m (@rr-m)
= :M = oW :7p3w = P.@
r=pw, L= r, 0 Iy (r+o)’ r (a-0)’
Lo PO pw . pw . P = P
* o-2a" ° (r+0-a) (o-a-u) (o+1-1)" ° o-a
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e a r+a_(g—g)2_a—2a_(T+J—a)_(a—a—,uc) (o+1-1) o-a

10

| P P_ B P, Ps Ps P; _ Ps Po J

The computations were done using computer symbolic alggimeiage MAPLE.

4.0 Results and Discussion
Analytical solutions given by (30) - (33) are computed for he t values of
P.=0.1, P.=0.02, K, = 1,K,= 014 = 0024 = 00ly= 0Zx= 0= 0.04
The cells population and concentration values are depicted galiphicFigures 1 — 4.
t
Figure 1 depicts the graph (Yf( ) againstt for different values ofPC . It is observed that the number of uninfected

mucosal epithelial cells decreases as the recruitméntofathe Chlamydia particles increases. This is assalt of
interaction between uninfected mucosal epithelial cells sradxtracellular Chlamydia particles.
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Figure 1:Plots of v( ¢} against t for dfferent values ofPC and

Fo=002 K =10KE=01 =002 py=001y=02 g
=01 @=004 v, =0 x =30, 3, =30, 2, =10

Figure 2 depicts the graph df(t) againstt for different values ofy/. It is observed that the number of infected

mucosal epithelial cells decreases as the clearatedregovery) of the infected cells due to cell-mediatechunity
increases.
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Figure 2: Plots of z(¢) against t for different values of v and
P =0L P =002 K =1LE=01L =002 u=00L d=01 o
=004, % =0, 2, =50, 3, =30, 2, =10

Figure 3 depicts the graph (Z‘(t) againstt for different values ofd . It is observed that the number of infected
mucosal epithelial cells decreases as the recovery rat®dliug administration increases.
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Figure 3: Plots of z(¢) against t for different values of & and
Fm0LP=002, K =L K=01 =002 up=001y=02 @
=0.04. V= 0, x_n=ill _1::.=3I}: 2= 10

Figure 4 depicts the graph o<r(t) againstt for different values oft/. . It is observed that the concentration of free
extracellular Chlamydia particles decreases as naturtl dste of Chlamydia particles increases.
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Figure 4:Plots of x{{) aganst t for different values of |- and

F=01L P =002K =1, d=0.1, E=01pp=001y=02 o=004

v, =0, x, =350, 3, =30,z =10

It is worth pointing out that the effect observed in Fggul - 4, is an indication that if there is no interachetween
uninfected mucosal epithelial cells and free extracell@tamydia particles the diseases can be eradicated or
minimized.

5.0 Conclusion
The system of equations formulated to describe the dynayhicklamydia Trachomatis infection in a human carrier is
solved analytically using parameter expanding method aedtdntegration technique. The governing parameterseof th

problem are the rate at which Chlamydia particles aleased from infected cellsK,), rate of Epithelial cell

infectionwhich may be influenced by antibodid€ (), reproduction rate of mucosal epithelial celld.(), natural death

rate of epithelial cells £/ ), natural death rate of Concentrated Chlamydia partié[é%)( rate of clearance (recovery)
of infected cells due to cell-mediated immunity), recovery rate due to drug administratiad ), recruitment rate of

the Chlamydia particles due to external interactiép Y and waning off Immunity ). We provide criteria under

which drug administration and waning off immunity could providgadle infected equilibrium. It is discovered that the
concentration of free extracellular Chlamydia partictesnber of infected, uninfected and recovered epithelial aslis
significantly influenced by the parameters involved.
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