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Abstract

The viscous Ag-Water and Cu-Water nanofluids flowes a stretching
surface is studied by means of approximate analgti@as well as numerical
method using Homotopy Perturbation Method (HPM) fothe approximate
solution and Runge-Kuttamethod (RKM)for the numeat solution of the flow
problem. Comparisons aremade with published workiethreveals an excellent
agreement.
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1.0 Introduction

Nanofluids have attracted enormous interest froseaechers due to their potential for high rate efthexchange
incurring either little or no penalty in the pressdrop. The convective heat transfer charactesistf nanofluids depend
on the thermophysical properties of the base flaidd the nanoparticles, the flow pattern and tbe fstructure, the
volume fraction of the suspended particles, the edision and the shape of these particles. The yutilit a
particularnanofluid for a heat transfer applicatzan be established by suitably. Recently, Sarited.[d] numerically
examined nanofluid laminar flow and heat transfiea two dimensional (infinite depth) horizontalteergular duct. They
observed that heat transfer in such a duct incseagh increasing nanofluid volume fraction. An eltent collection of
articles on this topic can be found byBuongiornh Kuznetsov and Nield [3], Nield and Kuznetsov,[Bachok et al.
[5] Khan and Pop [6], Rana and Bhargava [7], Makiadd Aziz [8] and Bachok et al. [9].

Analytical solutions of the above mentioned prolseame not possible due to its non-linear naturan#fytical solutions
exist for such flow problems, it deserves greatrdaivn, since it allows us to gain a deeper knogéedf underlying
physical situation. Moreover, it provides the pbgiy to get a benchmark for numerical solvershwieference to basic
flow configurations. Recently, Homotopy perturbatimethod (HPM) has been established by He [10-Tl&. method
does not depend on a small parameter in the equdtidhhas however, been applied to solve linear aodlinear
equations of heat transfer [17-19]. Ganji [20] dased HPM to solve boundary layer flow and corivedieat transfer
over a flat plate while Raftari and Yildirim [21}rloyedHPMs to analyzeMHD flow of UCM fluid abovenous
stretching sheets. Yildrim and Giilkanat[22] alstaoted new solitary solutions with compact supgortBoussinesq-
like B(2n, 2n) equations with fully nonlinear dispersion usihg homotopy perturbation method (HPM). Saddiqulet
[23] carried out the hydrodynamic squeezing flonaofiscous fluid between parallel plates using (HPR&shidi etal.
[24] examined the hydrodynamic squeezing flow atweus fluid by homotopy analysis method (HAM).lroder work,
Rashidi etal.[25] used the HAM for obtaining appmate analytical solution of the steady flow overogating disk in
porous medium with heat transfer. The validityle# bbtained solution is verified by numerical metho

The flow behaviour of viscous Ag-water and Cu-watanofluids over a stretching surfacehas beenstigated
numerically usingKeller Box Method [26].The purpasfethis work is to provide approximate analytisalution to the
problem of viscous Ag-water and Cu-water nanofflogv overa stretching sheet. In order to checkvhigity of HPM,
the problem is solved by Runge-Kutta Method.
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2.0 Equation of Motion
Consider a steady two-dimensional laminar fluidiflover astretching sheet. The basic boundary lageation can be
written as [26]
ou N ov _
FVRiFvE ()
ox ady
ou  0u _ My 0°u
U—+v—=—"-—
X 0y P 0y
wherau andv are the velocity components along x grdirection respectively.
The boundary conditions for the problem are
u=bx,v=0aty=0

)

u - O aSy - (3)
The effective density of nanofluids is given as

(o) =@-¢)o; +p,

whered is the solid volume fraction of nanoparticles.
The effective dynamic viscosity of the nanofluidey by Brinkman [27] as

U = Hy
nf = [ \25
() (5)

(4)

Here the subscriptaf, f and s represent respectively the properties of the midg] base fluid and the nano-solid
particles.
By defining the similarity transformation

/ b ,
n=[yus bxf'(r7), v=—-/ by f(n) (6)
f

where prime denotes differentiation with respeclﬂto SubstitutingEq.(6) into Eq.(2), the governing &iipn and
boundary conditions reduce to

f"=(1-¢)"°|1-¢+¢ P {17 -1} @)
Ps

f=0f=1a7=0

f'_’Oasn_>oo (8)

3.0 Method of Solution
We will use HPM in order to obtain the solutionkx.(7). Assumindg=¢Eq.(7) can be written in following form

¢m+ F(¢)=O (9)
in which

F(g)=-(-9) Alp2(n)-s(n)e"(n)) (10)
where

A=(1-¢)+ ¢{&J

P (11)

Let

A = (1_ qo)Z‘SA 12)
According to the homotopy perturbation method [28, construct a homotopy in the form

¢"-a’¢'+ p(F(p)+a’¢')=0 19
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with the initial conditions
#'(0)=1.¢(0)=0,¢'(=)=0 (14)

. . gm _ a2¢l - 0 .

When p=0 Eqg. (13) becomes a linearised equatfon ’ where an unknown parameter to be further

determined. Whep=1, the equation becomes the original problem. &héedded parametprmonotonically increases
from zero to unit as thetrivial problem,

mo_ 2 41
g"—a‘¢g = 0, is continuously deforms to the original problegag, (9). By introducing the HPM, we assume that the
solution to Eq.(13) can be written as a power sdrig.

¢=¢0+ p¢l+ p2¢2+"' (15)
Substituting Eq.(15) into Eq.(13) and equatingtdrens with the identical power pf we have
P’ 45 -a’$; =0, #,(0)=1 4,(0) = 0, g5 () = 0 16)
o gr-a’g; =~(F(p)+a’4;). 4(0)=0.4,(0)=0. ¢i() =0 an
where F8)==A (852 - 8,81 (18)
The solution of Egs.(17) and (18) can be readitaivied, which reads
1 -
P =— (1_ e )
0( ) (19)
a’-A
g W e—m]
¢1 202 ,7 (20)
Where @ = A (21)
Therefore, we obtain
#(7) = 8,(n)+2,(n) (22)

Settingg=0, the present problemreturns to the flow problamlisd by Crane. [29].
The exact solution for the velocity fieldis

—1—pn"
f(7)=1-e (23)
In the presence of nanofluid particles volume fmc(¢ #0 ) the approximate solution of Eq.7 satisfythg required
boundary conditions is given by

t'(n)=e (24)
Where

<1—¢>2{<1—¢)+¢;ﬂ

(25)
The shear stress at the surface of the sheetirededs
_ #nf aU _ 1 _E n
Z-w - 0 u2 a_y - (1_ )2,5 (Rex) 2 f (O)
fYw y=0 ¢ (26)
Re, =u,X/Vv,
Here (Local Reynold number).
From Eqgs.(19) and (20) we obtain
n —_— n — n n — A*
£"(0)=¢"(0) = #:(0) + ¢;(0) = -—
a (27)

4.0 Discussion

Figs. 1-2 have been made in order to see the effieatinoparticles volume fraction parameter on wadl normal
velocity profile and stream-wise velocity profilerfboth Cu-water and Ag-water nanofluids. They shinat by
increasing the values of a nanoparticle volumetivac the wall normal velocity profile and the stme wise velocity
profile decrease. The numerical values of the Bigtion for several values of the nanoparticletuwee fraction
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parameter are given in Tables 1-2, using HPM, R-K ptttind Vajravelu et al. [26].The results show that the methods
are in good agreement with each other. It is clear flioentéables that wall stress increases when the values df soli
volume fraction increase.

5.0 Conclusion

In this study, we have applied homotopy perturbation methodRaimgje-Kutta method in solving the flow problem of
viscous Ag-water and Cu-water nanofluids over a stretchinfacr Comparisons between the methods show a
remarkable agreement and reveal that the HPM nesdclemputation work to achieve reasonable accuracy. Tee mo
important feature of the HPM that makes it favoured ablegentimerical schemes is that it provides the relation leetwe
dependent variable and the controlling parameters of thegathg#iuation.

Tablel Comparison of the values (Ef (O) obtained by HPM, Brld Vajravelu et al for the case of Cu-water
nanofluid

HPM RKM Vajravelu et al.[26]
¢ ~'(0) ~0) - (0)
0.0 1.000000000 1.0000011307476 1.001411
0.1 1.17474602 1.17474618415: 1.17520:
0.2 1.218043809 1.2180439101310 1.218301

Table 2 Comparison of the values gf (0) obtained by HPMK Bnd Vajravelu et al for the case of Ag-water
nanofluid

HPM RKM Vajravelu et al.[26]
¢ - £"(0) - £"(0) - £"(0)
0.0 1.000000000 1.0000011307476 1.001411
0.1 1.225068142 1.2250682355712 1.222537
0.2 1.289788015 1.2897880605508 1.289507
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Fig. 1. Wall normal velocity profilé vs.n for different values o for the case. (a) Cu-water and (b) Ag-water.
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Fig. 2. Streamwise velocity profflevs.n for different values o for the case. (a) Cu-water and (b) Ag-wat
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